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PREFACE 


P.l HISTORICAL PERSPECTIVE. 

Prom the modern engineering point of view impact, shock, and vibration isolators are control 
systems that react to the dynamic excitation (disturbance) of the object to be protected so as to 
mitigate imdesirable effects of shock and vibration. Therefore, the theory of shock and vibration 
isolation can be considered as a special case of the general theory of control. Modem control 
theory can be considered to be composed of two areas: the theory of automatic regulation and the 
theory of optimal control. The theory of automatic regulation traditionally deals with the 
s 3 Tithesis of the feedback control laws providing prescribed qualitative properties for the controlled 
systems. These properties are mostly associated with the stability of certain motions of the 
system, which the controller is attempting to maintain. The subject matter of the theory of 
optimal control is the construction of the control laws (either open-loop or feedback) which 
provide the best operating mode for the controlled system. To single out the best operating mode, 
a performance index (optimization criterion) is introduced that quantitatively evaluates the 
quality of the control process. Pontryagin and Bellman laid the foundation for the modem theory 
of optimal control. Pontryagin with his colleagues have formulated and proved the maximum 
principle. This principle provides the necessary optimality conditions for a wide class of optimal 
control problems and gives an efficient mathematical tool for the practical calculation of open-loop 
controls. Bellman has formulated the principle of optimality and suggested the method of 
dynamic programming which allows the constraction of a field of open-loop optimal trajectories 
and calculation of an optimal control in feedback form. For details, see the classic books by 
Pontryagin, Boltyanskii, Gamkrelidze, and Mishchenko (1962) and Bellman (1957). The 
fundamentals of the optimal control theory are expotmded in nmnerous textbooks, for instance, in 
Bryson and Ho (1975), Lee and Markus (1967), and Leitmann (1981). 

Several treatises have been published on the theory of shock and vibration isolation viewed as 
control systems. In the book by Kolovskii (1976) the behavior of isolation systems is investigated 
by the methods of nonlinear mechanics. The book provides a classification of shock and vibration 
absorbers, according to their intended use and mechanical structure, as well as a classification of 
common types of disturbances. A detailed presentation of various mathematical methods to 
analyze the dynamics of single- and multi-degree-of-fireedom systems for different types of 
excitations is given. Frolov and Furman (1990) investigate the dynamics of objects isolated from 
vibration and calculate the isolator characteristics (control laws) using the techniques of vibration 
theory. Mechanical properties of the isolation systems which are in most common use are analyzed. 
Considerable attention is paid to the analysis of isolators with hydrauHc devices. In the book by 
Kolovskii, the isolation systems are treated from the viewpoint of the automatic regulation theory. 
A comprehensive presentation of modem approaches to the protection of objects from shock and 
vibration loads can be foimd in the handbook Engineering Vibrations (Frolov, 1995). 

P.2 OPTIMIZATION OF CHARACTERISTICS OF SHOCK AND VIBRATION ISOLATORS. 

Rather topical in modern engineering are problems of protection of occupants and payloads of 
various transport vehicles from intensive shock and vibration loads. Such loads can occur, for 
example, in the motion of an automobile along an \meven road at high speed or during the 
landing of an aircraft. 
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Shock loads are particxilarly high in crash situations. In this case, survivabihty of the occupants 
depends on the efficiency of shock isolators with which the vehicle is equipped. The need to have 
isolation systems that protect occupants and equipment from extremely high shock and vibration 
loading, on the one hand, and advances in the development of the mathematical theory of 
optimization, on the other hand, have stimulated the appearance of numerous publications on the 
optimization of shock and vibration isolation systems. 

P.3 SYSTEMS WITH SMALL NUMBER OF DEGREES OF FREEDOM. 


Much of the hterature deals with a single-degree-of-freedom system. In this case, the object to be 
protected {the body being isolated) and the movable base, on which the object is placed, are 
considered as rigid bodies. The object is attached to the base by an isolator. It is assumed that 
the base translates along a straight line and the object being isolated can move relative to the 
base along the same hne. The consideration of such simplified systems is advisable for two 
reasons. First, such system models satisfactorily describe the behavior of many real systems. 
Second, relative simplicity of this system model makes it possible to carry out a complete analysis 
and to obtain readily interpretable results. Often the simple system can be the basis of an 
investigation of the behavior of more complicated systems. 


Let M and m be the masses of the base and the body being isolated, respectively. A force a{t) 
specified as a function of time is apphed to the base. The isolator introduced between the body to 
be protected and the base generates the force g{x,x,t), which is applied to the body and depends 
on the displacement x of the body relative to the base, its relative velocity x, and time t. 
According to Newton’s third law, the force —g is applied by the isolator to the base. The motion 
of the system is governed by the set of equations 

Mz + m{x + z)—cr{t), 7n{x + z) = g{x,x,t) (P.l) 


where z is the displacement of the body with respect to a fixed (inertial) reference frame. 


To obtain the equation of motion of the body being isolated, eliminate 
(P.l). This yields 

g{x,x,t) _ cr(t) _ Mm 
M ’ ^ M + m 


the variable z firom Eq. 


(P.2) 


The quantity ij, is called the reduced mass of the system of two bodies. If the motion z{t) of the 
base, rather than the force apphed to it, is prescribed, the relative motion of the object being 
isolated is governed by the equation 




m 


(P.3) 


In the theory of isolation systems, the distinction is made between the kinematic and dynamic 
disturbances (excitations) of the system. The excitation is dynamic if the force apphed to the base 
is prescribed and kinematic if the acceleration of the base is prescribed. Thus, Eq. (2) governs the 
motion of the body being isolated in the case of the dynamic excitation, and Eq. (3) corresponds 
to the kinematic excitation. Equations (2) and (3) can be represented in the unified form 

X + u{x,x,t) = F{t), 
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(P.4) 



where u = —g/fJ. and F = a/g. for the case of dynamic excitation; for the case of kinematic 
excitation, u = —g/m and F = —z. The control variable u{x, x, t), just as the force g{x, x, t), will 
be referred to as the characteristic of the isolator. 

Introduce the two performance criteria 


Ji = max |x(t)l, 


(P.5) 


J 2 = m^\u{x{t),x{t),t)\. (P.6) 

The performance criterion Ji defines the peak relative displacement of the body being isolated, 
and the performance index J 2 defines the peak absolute acceleration of the body, which is 
proportional to the force transmitted to the body by the isolator. 


Consider two optimization problems: 


P.3.1 Problem 1. For the system governed by Eq. (P.4) subject to the initial conditions 
a:(0) = 0, i(0) = 0, find the control function u, from a specified class Y of admissible controls, 
that minimizes the peak displacement of Eq. (P.5), provided the constraint 


u\ < U, 


where 17 is a prescribed constant, is satisfied. 

Note that this constraint is equivalent to J 2 < U. 

P.3.2 Problem 2 . For the system governed by Eq. (P.4) with the initial conditions 

a:(0) = 0, i:(0) = 0, find the control function u, from a specified class Y of admissible controls, 

that minimizes the peak acceleration of Eq. (6), provided the constraint on the peak displacement 


where £> is a prescribed constant, is satisfied. 

Problems 1 and 2 are simple but, at the same time, very important problems of the theory of 
shock and vibration isolation. Of particular interest is the problem of limiting isolation capabilities 
(limiting performance problem). In a limiting performance analysis, the isolator function u is 
sought ^ a function of time alone. That is, no state-space configuration is prescribed for the 
isolator and the solution of Problems 1 or 2 gives the lower boimd for the criterion to be 
minimized. The result is the absolute optimal performance, or, as mentioned, the ’’limiting 
isolation capabihties” or the ’’limiting performance”. In control terminology, the problems are 
approached from the standpoint of open-loop control rather than as feedback control problems. It 
would appear that the hmiting performance problems were first defined by Sevin in the late 1950s. 
Limiting performance solutions are considered in numerous pubhcations, e.g., in that by Guretskii 
(1965a) who considers the case where the criterion to be minimized is the peak displacement Ji. 

It is estabhshed that the optimal isolator characteristic is piecewise constant and can always be 
constructed so that it assumes the values +U, —U, or F{t). With allowance for this property, a 
graphical-analytical method for the construction of the optimal control was suggested by Sevin 
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and by Guretskii (1969a). In Guretskii (1968), estimated values were given for the maximum 
number of switching points, depending on the number of the time intervals where the absolute 
value |F(t)| of the disturbance exceeds U. 

In Guretskii (1965b), estimates of the minimal and maximal displacements of the body being 
isolated are made. For the cases, where the disturbance has the form of a rectangular pulse, sine 
wave, or a cosine quarter-wave, analytical expressions are obtained that permit one to ascertain 
the limiting capabihties of protection. 

Guretskii, Kolovskii, and Mazin (1970) provide hmiting isolation capabihties as well as a solution 
of the problem of synthesis of an isolator that consists of an elastic element and a damper. The 
S 3 mthesis is based on the time-history of the optimal control. 

Saranchuk and Troitskii (1969) solved the problem of minimization of the peak displacement of a 
single-degree-of-freedom system subjected to a periodic disturbance. Only the steady-state motion 
with a period equal to that of the excitation is considered. 

Manoilenko and Rutman (1974) investigated the limiting isolation capabihties for Problem 2, in 
which the peak acceleration is minimized. They used an ’’elastic analogy”. The plot of the time 
history of the double integral with respect to time of the absolute acceleration of the object to be 
protected is compared to the equhibrium configuration of an elastic band. The integral 
approximation of the peak value of the acceleration magnitude is associated with the strain energy 
of the band. 

Sevin and Phkey (1971) prepared a brief treatise containing hmiting performance problem 
definitions and several solution techniques. 

P.4 OPTIMAL FEEDBACK CONTROL OF ISOLATORS. 

The hterature is abundant with descriptions of attempts to select optimal parameters of isolators 
with given configurations, i.e., feedback systems. The number of papers is so great that there is 
httle incentive to discuss them here. However, some cases of special interest wiU be mentioned. 

Troitskii (1967) solved the problem of synthesis of the optimal isolator feedback characteristic for 
a single-degree-of-freedom system. The performance index to be minimized was the peak 
displacement Ji. The isolator characteristic is sought as a function of the system phase 

coordinates (displacement and velocity) and time. The necessary optimahty conditions are 
estabhshed. The optimal isolator feedback characteristic is constructed for the impulse excitation 
F{t) = Saranchuk and Troitskii (1971) investigated the problem of synthesis of the optimal 

isolator feedback characteristic for the case of periodic excitation. 

Bolychevtsev (1971, 1973) constructed the optimal isolator feedback characteristics for the case 
where the external disturbance is an infinite sequence of periodically occurring instantaneous 
shocks. The shocks have identical intensities, either aU in the same direction or in alternating 
directions. The optimization criterion (the performance criterion to be minimized) is the peak 
displacement of the body being isolated. 

A problem of the optimal isolation of a multi-degree-of-freedom system is considered in Guretskii 



(1965c). Optimality is defined as the minimization of the maximum (over all coordinates) of the 
peak displacements in each of the coordinates. 

Often in design it is required that the isolator characteristic depend only on the state variables x 
and X and be independent of time. E the class of admissible characteristics is rather wide (for 
example, all piecewise continuous functions u{x, x) whose absolute values do not exceed a 
prescribed level), then the choice of the optimal characteristic is a very comphcated problem. A 
reasonable approach in this case is to seek the optimal characteristic among a parametric family 
u{x, X, oi,..., On), thereby reducing the original problem of optimal control to the minimization of 
a function of many variables. From the engineering point of view, this means that the, structural 
schematic or configuration of the isolator has been determined and it remains to choose the 
isolator design variables ai,..., in an optimal way. Such an approach has been described in 
Guretskii (1966a) and Schmidt and Fox (1964) and turned out to be rather fruitful in solving 
practical problems. Using this approach, Gmretskii (1966b) determined optimed isolator 
characteristics for a single-degree-of-freedom system excited by a rectaugulax pulse. The design 
variables (stifi&iess and damping coefficients) were found for the linear undamped isolator, linear 
damped isolator, and the isolator with a Coulomb characteristic. 

Bolychevtsev, Zhiyanov, and Lavrovskii (1975) foimd the optimal design variables of the linear 
isolator characteristic u{x, x, ai, < 22 ) = o.ix + a^x providing the minimum amplitude of the 
steady-state solution of Eq. (P.4). The problem is solved for an infinite sequence of periodically 
occurring impulsive shocks which act with the same intensity in a single direction. 

The experience of solving optimal shock and vibration isolation problems shows that in many 
cases, commonly used isolators can provide the isolation performance close to the limiting one if 
the isolator design variables are chosen optimally. Bolychevtsev and Borisov (1976) solved the 
problem similar to that considered in Bolychevtsev (1971), the only difference being that the 
optimal isolator characteristic is sought among the two-parameter family of linear functions 
oix + a^x. It is shown that if the force allowed to be transmitted to the object being isolated is 
sufficiently large, the linear isolator with optimal parameters can provide the protection quality 
close to the limiting performance. The technical implementation of the linear isolator is much 
simpler than that of the optimal isolator constructed by Bolychevtsev (1971). 

The parametric optimization technique has been used to find near-optimal isolator characteristics 
by many other authors, among them are Afimiwala and Mayne (1974), Bartel and Krauter (1971), 
Kamopp and Trikha (1969), Kwak, Arora, and Haug (1975), and Wilmert and Fox (1972). 

P.5 MULTI-CRITERIA OPTIMIZATION. 

The design of isolation systems with several performance criteria to be optimized, requires a 
multicriteria procedure. There are several approaches to the choice of the design variables of such 
systems. The most common approach involves the optimization with respect to one of the 
performance criteria, while the other criteria are constrained. The constraints are imposed so as 
to keep the responses corresponding to the constrained criteria within admissible limits. This 
approach was discussed above for the case of two performance criteria (the peak relative 
displacement and the peak absolute acceleration of the body being isolated). 
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Another approach involves the optimization with respect to a combined functional assembled from 
the original performance crit^ia, with weighting coefficients. As a rule, the combined functional is 
a hnear combination of the original criteria. This approach, for example, was used by Karnopp 
and Trikha (1969) to choose the design variables of shock and vibration isolators. 

Bolychevtsev and Lavrovskii (1977) suggested that a Pareto-optimal set be constructed in the 
space of the design variables of an isolation system to be designed. The Pareto-optimal set 
possesses the property that for any point of the set, there is no other point at which all 
performance criteria would be simultaneously improved. In other words, the Pareto-optimal set is 
a set of trade-off values of the design variables. Bolychevtsev and Lavrovskii apply the approach 
associated with the construction of the Pareto-optimal set to analyze the isolation system of the 
model of a walking machine with two degrees of freedom and three performance criteria. An 
effective method for constructing the Pareto-optimal set is described for the case of two design 
variables. The method involves the analysis of the level curves of the performance criteria, 
considered as functions of the design variables, and successive ’’cutting off” of nonoptimal portions 
of the design variable admissible domain. The approach for the calculation of isolator 
characteristics involving the construction of the Pareto-optimal set was also used by Rao and Hati 
(1980), Balandin and Markov (1986), and Statnikov and Matusov (1995). 

P.6 EFFICIENCY OF SHOCK AND VIBRATION ISOLATION. 

Ishlinskii (1963, 1987) showed that the isolation of external disturbances appHed to a base is 
efficient only if the acceleration (deceleration) path of the base, i.e., displacement of the base 
during the accelerated (decelerated) motion, does not exceed the peak relative displacement of the 
body being isolated. Practically, this means that the isolation provides effective protection only 
from impact (shock) disturbances or from high-frequency vibrations. Impact disturbances are 
characterized by high intensity and short duration. If the impact dmation is so short that dining 
the impact time the base moves through a distance which is much less than the rattlespace 
(characteristic dimension within which the body being isolated is allowed to move with respect to 
the base), then the isolator can be designed so that the peak displacement of the body being 
isolated is considerably larger than the acceleration path of the base. Vibration is characterized by 
long-term disturbances (the forces apphed to the base for dynamic disturbances or the 
accelerations of the base for the kinematic distinbances) that are periodic or near-periodic, 
changing in magnitude and direction. If the vibration frequency is high, then the time interval 
dining which the acceleration of the base does not change direction is small, and the distance 
covered by the base during this time (the acceleration path) is also small. If the acceleration path 
is much less than the rattlespace, then, just as in the case of impact, the peak relative 
displacement of the body being isolated is considerably larger than the acceleration path. 

The operating quality of shock isolators is usually described in terms of certain characteristics of 
the transient motion of the body being isolated, whereas the quality of vibration isolators is 
determined by the characteristics of steady-state forced oscillations. This distinction means that 
shock isolation problems are treated differently from vibration isolation problems. There are 
numerous pubUcations on these problems, some of which will be cited here. Problems of optimal 
shock isolation were investigated by Afimiwala and Mayne (1974), Babitskii and Izrailevich 
(1968), Balandin (1985, 1988, 1989a, 1989b), Balandin and Malov (1987), Balandin and Markov 
(1986), Bartel and Krauter (1971), Bolotnik (1974, 1975, 1977, 1983, 1993), Bolotnik and 
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Kaplunov (1980), Bolychevtsev (1971, 1973), Bolydievtsev and Borisov (1976), Bolychevtsev, 
Zhiyanov, and Lavrovskii (1975), Eliseev and Malinin (1990), Gnretskii (1965b, 1966b), Giiretskii, 
Kolovskii, and Mazin (1970), Kamopp and Trikha (1969), Kononenko and Podchasov (1973), 
Ruzicka (1970a, 1970b), Ryaboy (1996), Schmidt and Fox (1964), Sevin (1972), Sevin and Pilkey 
(1971), Troitskii (1967), and Wilmert and Fox (1972). Various problems of optimal vibration 
isolation were considered by Akulenko and Bolotnik (1979), Akulenko, Bolotnik, and Kaplvmov 
(1982), Bolotin (1969, 1970), Furunzhiev (1977), Gmretskii (1969b), Guretskii and Mazin (1976), 
Haug and Arora (1979), Kolovskii (1976), Maksimovich (1970a, 1970b), Ryaboy (1980, 1982, 

1993a, 1993b, 1994, 1995), Saranchuk and Troitskii (1969, 1971), Sevin and Pilkey (1971), and 
Wang and Pilkey (1975). 

P.7 OPTIMAL DESIGN OF ISOLATORS FOR A CLASS OF EXTERNAL DISTURBANCES. 

In the publications cited above, the external disturbance function F{t) in Eq. (4), was assumed to 
be prescribed. However, frequently in practice, information about the external disturbance is 
incomplete, and it is reasonable to design a shock or vibration isolation system for a class of 
disturbances. As indicated in Sevin and Pilkey (1971), this problem has been of concern for 
considerable time. Saranchuk (1974) treated the problem in a minmax (game theory) setting. 
With this approach the optimal isolator characteristic is sought that provides the TniniTmim value 
of the optimization criterion (performance index, objective function), e.g., the peak relative 
displacement, for the worst distmbance F(t) belonging to a specified class of functions and 
mayiTniying the optimization criterion. As a rule, the optimal isolator characteristic is sought 
imder constraints imposed on the motion of the system . In the case of Saranchuk, the objective 
function was the peak relative displacement, with the absolute acceleration constrained. The 
problem was solved for a class of periodic disturbances and for a class of disturbances which axe 
identically zero outside a prescribed time interval. 

Bolotnik (1976) applied the game theory approach to solve optimal isolation problems for the 
class of external disturbances F{t) satisfying the integral constraint JJ” \F{t)\dt < where Po is 
a specified constant. This integral constraint defines a reasonably general class of shock 
disturbances, including impulsive impacts F{t) = 06{t), t£ \p\ < Po, where 6{t) is the Dirac delta 
function. Bolotnik (1976) also investigated the optimal isolation problem for the case where the 
external disturbance is a series of instantaneous impacts. Unlike Bolychevtsev (1971, 1973) and 
Bolychevtsev, Zhiyanov, and Lavrovskii (1975), neither the intensities of the impacts, nor their 
directions are prescribed in advance. Constraints are imposed that restrict the maximiun allowable 
iutensity of each individual impact and the minimum time interval between successive impacts. 

Balandin (1989a) investigated the problem of optimization of the design variables of an isolator 
consistiag of a damper with a linear characteristic, a damper with the Coulomb characteristic, a 
nonlinear spring with a continuous characteristic, and a bang-bang spring for the class of external 
disturbances with the integral constraint of Bolotnik (1976). He established that for the isolator 
under consideration, the worst disturbance is the instantaneous impact with the maximum 
allowable intensity, irrespective of the values of the design variables i.e., stiffness and damping 
coeflBcients. On the other hand, this was shown not to be the case for isolators with arbitrary 
characteristics. For example, for a system with an isolator consisting of a linear spring and a 
quadratic-law damper, an instantaneous impact is not the worst disturbance. The game approach 
to the optimal design of shock and vibration isolators is also discussed in the book by Sevin and 
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Pilkey (1971). Therein, it is shown that computational techniques permit the study of optimal 
isolation systems with broad definitions of the external disturbance, for example, if the 
disturbance lies in a corridor prescribed as a function of time. 

P.8 GENERALIZATIONS TO MOTIONS CONTAINING ROTATIONAL COMPONENTS. 

In the majority of the works cited above, it is assumed that the base and the body to be isolated 
move translationally along a single direction. However, in many practical cases, the motion of the 
system is more complex and contains not only a translational component but also a rotational 
one. In this case, the number of degrees of freedom of the system increases and the form of the 
performance criteria becomes more compUcated. K the motion of the system has a rotational 
component, terms describing the centripetal acceleration appear in the expression for the absolute 
acceleration and, moreover, the acceleration becomes dependent on the location on the body being 
isolated. 

A problem of the optimum shock isolation of a body rotating about a fixed axis was solved by 
Bolotnik (1977) and Bolotnik and Kaplimov (1980). The performance criterion to be minimized 
was the total acceleration at a given location on the body to be isolated, while a constraint was 
imposed on the peak absolute value of the angle of rotation of the body. The Bolotnik (1977) 
paper deals with the optimization of the design variables of the isolator consisting of a spring with 
a hnear characteristic and a damper with a linear or quadratic law characteristic. In the other 
paper, the fimiting performance analysis is carried out. The results of the optimal shock isolation 
of a rotating body are compared with the corresponding results for a translating body. 

Kulagin and Prourzin (1985) and Prourzin (1988) generalize the results to cases where the base 
and a single body being isolated perform more complex motion containing both translational and 
rotational components. 

P.9 COMPUTATIONAL METHODS. 

Even in solving relatively simple problems of optimal shock or vibration isolation for 
single-degree-of-freedom systems it is often necessary to utUize mnnerical methods which need 
computer implementation. The difficulties in obtaining closed-form solutions are associated 
primarily with nonhnearities of the equations of motion and also with the form of performance 
indices characteristic of the optimization of shock or vibration isolators. Often, the performance 
criteria are represented as a maximum of a quantity representing the isolation efficiency. For 
example, typical criteria are the peak displacement relative to the base or the peak absolute 
acceleration of the body to be isolated. These difficulties become even more significant for systems 
with many degrees of freedom. In this case, the development of numerical methods is rather 
essential and topical. 

Problems of optimization of shock or vibration isolator characteristics belong to a particular class 
of the general optimal control problem. Numerous numerical methods for solving various optimal 
control problems have been developed and tested. Basic numerical methods of optimal control are 
presented, for example, in such books as those by Chernousko and Banichuk (1973), Fedorenko 
(1978), and Moiseev (1975). Many of the methods, with modifications allowing for specific 
features of optimmn shock and vibration isolation problems, can be apphed to calculate optimal 
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controls for isolation systems. 


A complicating feature of many problems of optimal shock and vibration isolation is that the 
performance indices of isolation in these problems are represented as a nonadditive functional of 
the form 

= max $(x(t),u(x(t),t),t) (P.7) 

where x is the phase vector of the system, u is the control vector function, $(x,u,t) is a 
prescribed function, and to and T are, respectively, the initial and the terminal instants of the 
motion. Sometimes, functionals of the form of Eq. (P.7) are referred to as maximuTn-type 
functionals. The functionals Jj and J 2 of Eqs. (P.5) and (P.6) are particular cases of the 
functional J(u) of Eq. (P.7). Optimal control problems with functionals of such a type cannot be 
tackled with the traditional optimal control techniques. Hence, specific approaches to these 
problems were developed. 

There are a number of methods for the numerical solution of optimal control problems with 
maximTim-type functionals. One of the simplest approaches involves partitio ning the time interval 
[to,T] into subintervals and setting the control function to be constant or linearly varying on each 
of the subintervals. In such a way, the original optimal control problem can be reduced to the 
minmax problem for a function of a finite number of variables, the maxinmim being taken over aU 
discretization points and the minimum over the values of the control variables on the subintervals. 
The calculation of a trial value of the function, for which the minmax is to be fotmd, may require 
numerically integrating the equations of motion for a specified set of the control variable values on 
the discretization subintervals. The theory of the minmax'of functions of a finite number of 
variables and the nmnerical algorithms based on this theory are presented m the book by 
Demyanov and Malozemov (1972). One of the approaches in question was apphed to the limiting 
performance analysis of shock and vibration isolation systems by Vinogradova (1974). The 
attractive feature of the methods based on the discretization of the control function is their 
simplicity. However, these methods are comphcated because in many practical cases, the discrete 
mesh must be very fine to provide a high precision for the solution, which can lead to 
computational challenges. 

Another approach involves an appropriate approximation of the maximum-type functional by an 
additive functional (for example, integral or termmal functional) which can be minimized by the 

traditional optimal control methods. For the typical case, where $(x, u, t) > 0, the maximum-type 

functional J(u) of Eq. (P.7) is often replaced by the integral 

Mn)= [ 4>‘'(x(t),u(x(t),t),t)dt, (P.8) 

Jto 

where 1 / is a sufficiently large positive number. This replacement is based on the well-known 
relation 

= >^(u) = ^m^j ^(x(t), u(x(t),t),t), (P.9) 

which is valid imder rather general conditions. 

Sometimes, if the function $ is independent of u, the maximum-t 3 q>e functional is replaced by a 
terminal functional with an unknown time for the termination of the process. This approach was 


used, for example, by Kuznetsov and Chernousko (1968) and Troitskii (1967) to solve some 
problems of optimal control in mechanical systems whose performances were evaluated by 
maximum-type functionals. The condition of the vanishing of the total derivative of the function 
$(x(t),t) with respect to time is adopted as the condition of the process termination. At this 
instant, the necessary condition for the extremum of the function $(x(t),t) is satisfied. This 
approach can be effective only for the rare cases where the first local extremum of the function 
<l>(x(t),t) is the global maximum of this function on the interval [to,T] for any control u. In the 
other cases, the use of this method is problematic. 

Because of the practical importance of optimal control problems with maximum-type functionals 
(in particular, in coimection with optimal shock and vibration isolation), computational methods 
have been developed that take into account the special mathematical features of these problems. 
Viktorov and Larin (1969) suggested a computational algorithm which is a modification of the 
method of gradient descent in the space of control functions (Shatrovskii, 1962) for maximum-type 
functionals. This method was applied to solve the optimal isolation problem posed in Guretskii 
(1965a) for a single-degree-of-£reedom system for two special kinds of external disturbances. 

A number of methods for numerical solution of optimal control problems with the functional of 
the form maxt $(x(t),t) were developed by Silina (1976) and Timoshina and Shablinskaya (1980). 
These methods are based on the necessary optimality conditions. It is assrimed that the function 
^(x(t),t) has a finite number of points of local extrema for any admissible control. This property 
permits the reduction of the original problem of optimal control to the search for the extremum in 
a finite-dimensional space, which is simpler computationally. The methods developed were applied 
to the limiting performance analysis of shock isolation systems. 

Sevin and Pilkey (1967a, 1971) used the dynamic programming technique to solve control 
problems with maximum-type functionals for single-degree-of-freedom systems. In Sevin and 
Pilkey (1967a), the worst disturbance problem is solved for a body attached to a base by a linear 
isolator. The class of admissible disturbances is defined as the class of functions of time with a 
prescribed integral. In Sevin and Pilkey (1971), dynamic programming is applied to solve the 
problem of limiting isolation capabUities for a system subject to completely or incompletely 
prescribed disturbances. In both cases, the peak relative displacement of the body being isolated 
was chosen to be the performance index. 

Wang and Pilkey (1975) suggested a method for approximate solution of the limiting performance 
problem for linear multi-body systems subjected to periodic disturbances. For steady-state 
motions the control is sought in the form of a truncated Fomrier series in terms of harmonics 
whose frequencies are multiples of those of the external disturbance. The Fourier coeflScients are 
determined by nmnerically solving a nonlinear programming problem so as to provide the 
minimum for the performance criterion. Even more significant is the use of the Fomrier series 
approach for problems of optimal isolation of linear systems subject to transient excitations.. This 
leads to a linear programming problem in which the coejfficients of the Fourier series are the 
imknowns. In recent years this has become a very viable method since the number of unknowns is 
less than for the approach discussed earlier in which the isolator force is discretized as a piecewise 
constant function. 

In Larin (1969), a numerical algorithm for optimization of the design variables of 
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single-degree-of-freedom isolation systems is presented. The performance criterion to be minimized 
is the peak displacement of the body being isolated. The method is based on the reduction of the 
original problem to a nonlinear programming problem which is solved by the gradient descent in 
the design variable space. On each iteration, to calculate the objective function it is necessary to 
integrate the equation of motion and to calculate the peak displacement of the body. 

Hsiao, Haug, and Arora (1979) developed a numerical method for the optimization of dynamical 
systems with many degrees of freedom for the case where the criterion to be minimized has the 
form of a mayimum of a function of the system phase variables. The approach involves an 
equivalent replacement of the maximum-type functional by an integral functional and apphcation 
of the Lagrange multipher technique. The method was used to calculate the optimal design 
variables of spring-and-damper isolators for systems with one and two degrees of freedom. 

Sevin and Pilkey (1971) suggested a numerical method for determining the optimal design 
variables of shock and vibration isolation systems which does not require integrating the equations 
of motion on each iteration but needs the limiting performance problem to be solved beforehand. 
The heuristic basis of the method is the contention that the characteristics of a well designed 
system must be close to those providing the limi ting performance. Hence, in this approach, the 
feedback control parameters are chosen such that the time history of the feedback control force is 
as close as possible to the open loop optimal control corresponding to the Hmiting performance. 
The practical application of this method seems to be limited. However, it can be used for 
preliminary testing calculations, for example, with the aim of finding out whether a selected 
design of the isolation system allows adjusting the design variables so as to provide the limiting 
performance characteristics for the shock or vibration isolation system. 

P.IO MONOGRAPHS ON THE OPTIMAL SHOCK AND VIBRATION ISOLATION. 

There axe several monographs devoted to optimal shock and vibration isolation. A fundamental 
book in this field was written by Sevin and Pilkey (1971). This book presents general 
mathematical statements of basic problems of optimal shock and vibration isolation, describes 
typical performance criteria and constraints imposed on the performance characteristics, control 
variables, and design variables of isolation systems, and discusses the adequacy of the 
mathematical description relative to the properti^ of real isolation systems used in engineering. A 
classification of external disturbances and types of isolators is given. The problem of the optimal 
isolation of shock and vibration is stated in a general form for a system with an arbitrary number 
of degrees of freedom. The limiting performance problem and the problem of parametric 
optimization are presented as practically important, distinct, special cases of the general 
optimization problem. A linear programming solution is outlined for the limiting performance 
problem of multi-degree-of-freedom linear systems. Particular attention is paid to 
single-degree-of-freedom systems. For such systems, it is proved that the optimal open-loop 
control providing the limi ting performance for the isolation system can be constructed in the form 
of a piecewise constant function of time that takes either upper or lower boundary values. A 
graphical-analytical method to construct the optimal isolator characteristic (optimal control) for 
the limi ting performance problem is suggested. In major features, this method is similar to the 
method of Guretskii (1969a). Various numerical methods for constructing the optimal isolator 
characteristics or determining the optimal design variables for isolation systems are disciissed. In 
particular, Unear programming (for linear systems) and dynamic programming (for Unear and 
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nonlineax systems) solutions for the limiting performance problem are developed. The book is 
richly illustrated with numerical examples, graphs, and figures. An annotated bibhography of 
works dealing with optimum shock and vibration isolation is presented at the end of the 
monograph. 

The monograph by Furunzhiev (1971) is devoted mostly to stochastic problems of optimal 
vibration isolation of systems subjected to random disturbances. The author discusses 
mathematical models of systems with stochastically characterized performance criteria. Various 
problems of optimal control and parametric optimization of vibration isolators are stated and 
methods for their solution are given. The book also contains descriptions of computational 
techniques for the statistical analysis of vibration isolation systems with the aid of a computer. 
Nmnerical examples for the calculation of vibration isolation systems for transport vehicles are 
presented. 

The book by Kolovskii (1976) contains various statements of optimal shock and vibration isolation 
problems and discusses different approaches to their solution. In particular, the problem of the 
hmiting isolation capabihties (limiting performance problem) is formulated. The 
graphical-analytical method of Guretskii (1969a) and various numerical methods to solve the 
hmiting performance problem for single-degree-of-freedom isolation systems are presented. A 
comparative analysis of these methods is given. Various approaches to the synthesis of optimal or 
near-optimal feedback isolator characteristics are expounded. Particular attention is paid to the 
optimal isolation of rigid bodies performing complex motion from shock or vibration. 
Mathematical models of isolation systems for rigid bodies are considered, statements of the 
corresponding optimization problems are presented, and methods for solving these problems are 
disc\xssed. The majority of the issues discussed in the monograph by Kolovskii are illustrated with 
numerical examples. A bibhography of works on the optimization of shock and vibration isolation 
systems is presented. 

In the book by Bolotnik (1983), a complete solution of the problem of the optimal isolation of a 
single-degree-of-freedom system from an impulsive impact is given. The performance criteria are 
the peak displacement of the body being isolated with respect to the base and the peak 
acceleration of this body with respect to a fixed reference frame. Cases where the body moves 
along a straight hne and where it rotates about an axis are considered. The optimal performance 
characteristics aje obtained, and feedback isolators providing the hmiting performance or 
approximations to it are discussed. For the case of the rectihnearly moving body, ah 
spring-and-damper isolators with power-law characteristics that provide the hmiting performance 
for the shock isolation system are identified. The problem of optimization of the isolator 
characteristic for a class of external disturbances is considered in the game theory (minmax) 
setting. The optimal and near-optimal feedback controls are constructed for the case where the 
body being isolated moves rectihnearly and the integral of the absolute value of the apphed force 
to which the system can be subjected is constrained by a prescribed quantity. A number of 
problems for the optimal vibration isolation of a mechanism containing an unbalanced rotor are 
solved. 

Genkin and Ryaboy (1988) investigate multi-mass absorbers (isolators) for harmonic vibrations. 
The isolators consist of inertial and elastic members. The problem of minimization of the isolator 
mass, provided the dynamic load transmitted to the object to be protected is reduced to a 
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prescribed level, is solved. The reduction of the dynamic load is characterized by the 
transmissibihty coefficient of the system. In the general case, the prescribed reduction level may 
depend on the vibration frequency. Estimates for the minimal mass of the isolator, depending on 
the maximum allowable value of the transmissibihty coefficient, are given. The authors suggest a 
number of design schematics for optimal vibration isolators. 
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SECTION 1 


SYSTEMS WITH ISOLATORS AND PROBLEMS OF 
OPTIMIZING THEIR CHARACTERISTICS 


1.1 MECHANICAL SYSTEMS WITH ISOLATORS. 

1.1.1 Purpose and Effectiveness of Isolation. 

The use of isolators in various machines and mechanisms is intended for reducing forces 
transmitted to certain components of the devices. These forces are caused by either the 
accelerated motion of the mechanism or d3mamic disturbances appHed to it. 

An alternative use of isolators is to reduce displacements. For example, one of the purposes of 
using isolators, e.g., springs and dampers, in automobiles is the reduction in the amplitude of 
vibration of the body, due to irregularities of the road profile. 

Consider some simple examples of typical systems equipped with isolators. A mechanical system 
consisting of an object (a body) mounted on a movable base can serve as a model for a wide class 
of engineering systems including devices on machines, ships, aircraft, spacecraft, automobiles, 
motorcycles, locomotives, etc. We assume that the object is a rigid body, which can move relative 
to the base along the line of motion of the base. The base is assumed to move along a straight line. 

The system described is governed by the differential equation 

mx =—my + f{x,x), (1.1) 

where m is the mass of the object, x is the object displacement relative to the base, y is the 
coordinate of the base in an inertial (fixed) reference frame, and / is the force of interaction 
between the body and the base. Dots above letters denote derivatives with respect to time t. 

The force / depends on the elastic and dissipative properties of the jimction between the object 
and the base and, as a rule, is a function of the relative displacement, x, and relative velocity, x, 
of the object. If the object is rigidly connected to the base, i.e., the junction allows no relative 
displacements, then Eq. (1.1) implies / = my and the object is acted upon by a force equal, apart 
from the sign, to the inertia force due to the motion of the base. This force may be so great that 
the intended fimction of the object is impeded. To circiunvent this, the rigid connection to the 
base is avoided in favor of an isolator, a special engineering contrivance that separates the object 
from the base and generates a control force so as to reduce the load on the object, compared with 
the rigid fastening. 

VarioTis isolators are used in engineering, from comparatively simple springs and dampers of cars 
and motorcycles to rather complex systems controlled by computers. 

The motion of the object connected with the base by means of an isolator (Fig. 1.1) is governed 
by the equation 
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Figure 1-1. The object connected to the base by means of an isolator. 
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mx =-my + g{x,x,t), (1.2) 

where g{x,x,t), the isolator characteristic, is a control function that in the general case depends 
on the state variables, x and x, and time t. The explicit appearance of time t allows for active 
isolation systems. 

1.1.1.1 Linear Spring Isolator . In many cases, the use of even very simple isolators leads to a 
considerable reduction of the load on an object. Let us assume in Eq. (1.2) 


fa, for 0 < t < to; 
( 0, for t > to; 


(1.3) 


g{x,x,t) = -kx; 


rc(0) = ±(0) = 0. 

This means that the base first moves at a constant acceleration a and at instant to the base 
motion becomes uniform. A Unear spring with stiffness factor k serves as the isolator. The object 
being isolated is at rest with respect to the base at the initial instant t = 0. The solution of Eq. 
(1.2) under the conditions of (1.3) is 


. 2 ^ ^ 


rtf) - </ 2 > 

l -2* sin if sin [a; 

where = k/m\s the square of the natural frequency. 


for 0 < t < to; 
for t > to, 


(1.4) 


It follows from (1.4) that the maximxun absolute value of the force acting on the object being 
isolated is 

£fmax = maxt | 5 (x(t),i:(t),t)| = maxt lA:x(t)l = 

f 2masin^, for to < ^ (1-5) 

^ 2ma, for to > ^ 

For the object rigidly connected to the base, the maximum absolute value of the force acting on 
the object is 'g^mx = . 


It follows from (1.5) that if the duration of the accelerated motion of the base is comparatively 
short (to < 7r/(3u.')), then gmax < = ^max and the spring isolator provides a reduction of the 

maximmn load on the object. Quantatively, the isolation efficiency can be evaluated by the ratio 


9max { [2sin^] L for to < 5 
\ 1/2, fort„>; 


( 1 . 6 ) 


The greater the ratio of (1.6), the more effective the isolation. The isolation efficiency ^max/^max 
increases as the ratio of the duration of the accelerated motion of the base (to) to the period of 
natural oscillations of the body being isolated (T = Itz/u) decreases. 
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1.1.1.2 Unbalanced Rotor . Consider a mechanism mounted on a fixed base, containing an 
unbalanced rotor (a flywheel) (see Fig. 1.2). Assume that the rotor and the body of the 
mechanism can be treated as rigid bodies and the rotation axis of the rotor is rigidly connected to 
the mechanism body. For the rotor rotating at a constant angular velocity Q, the motion of the 
body with respect to the base is described by the differential equation 


(mi + m 2 )x + f{x, x) = miQrl sin(f>t -r ip). (1.7) 

Here, x is the displacement of the body relative to the base, mi is the mass of the rotor, mo is the 
mass of the body, I is the distance between the mass center of the rotor and its rotation axis, ip is 
the initial angle of rotation of the rotor, and f{x, x) is the force applied to the base by the 
mechanism body. The force f{x,x) characterizes the connection between the mechanism body and 
the base. 

When^he body is rigidly connected to the base, the latter is acted upon by the force (dynamic 
load) / = miQ^l sin(flt + tp) that is due to the action of the rotating flywheel on the mechanism 
body. The maximum absolute value of this force is equal to = rn.iQ.'^l. For high angular 
velocities Vl of the flywheel, the magnitude of /^ax can become so large as to cause problems. An 
isolation system can be introduced to reduce the dynamic load between the mechanism and the 
base. 

If the isolation system is a spring with Hnear rate, then the motion of the body is governed by 
(1.7) with f{x,x) = kx, where k is the stiffness constant. Of primary interest for mechanisms with 
uniformly rotating flywheels are the steady-state oscillations and the concomitant dj-mamic loads. 
The free (transient) oscillations decay with time due to the energy dissipation that always occurs 
in real systems. 

Steady-state oscillations of the system of (1.7) with f{x,x) = kx are given by 


x{t) = 


mil Cf 
mi -I- m2 


sin(f2t -I- ip), 


( 1 . 8 ) 


The force transmitted to the base is 


1/ 


k 

mi -I- m2 


f = kx = 


milu-O^ 

r/2 _Q2 


sin(nt -i- tp). 


The maximum absolute value of this force is expressed by 


/max — 


mili/^Q- 
\iy^ - Q2| 


(1.9) 


( 1 . 10 ) 
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Rotor 



Figure 1-2. The mechanism with an unbalanced rotor on a fixed base 






Equation (1.10) implies that if u- < n‘^/2 , then and, hence, the isolation system 

reduces the dynamic load, relative to that for the rigid connection of the body to the base. 

The use of isolators does not always lead to the desired reduction in dynamic loads. In some cases, 
the isolator produces the opposite effect and increases the load compared with the load level for 
the rigid connection to the base. For instance, it follows from Eq. (1.5) of Example 1.1 that if 
to > Tr/{3u), then > ?max, and the use of the isolator deteriorates the operating conditions of 
the system. It is apparent here that when the duration of the accelerated motion of the base is 
sufficiently long, the acceleration of the base (y) and the relative acceleration (x) of the oscillating 
object at some instants have the same direction. At these instants, the magnitude of the absolute 
acceleration (f + y) of the object exceeds the acceleration of the base and, hence, the force 
(my + mx) = {ma + mx) acting on the body being isolated is greater than the force (ma) in the 
case of rigid connection of the body to the base. 

For the system of Example 1.2, the use of the isolator increases the dynamic load if > Q.-/2. 

1.1.1.3 Guidelines for the Effectiveness of an Isolator. Ishlinsky (1963, 1987) has studied the 
effectiveness of the isolation of objects mounted on a movable base using the model governed bv 
Eq. (1.2). This study led him to a conclusion that the isolation is inefl&cient if the distance 
covered by the base dming the accelerated motion is greater than the maximum relative 
displacement allowed for the body to be isolated. In what follows in this section, we will prove a 
proposition that substantiates this observation. 

Let us call the time interval [ti.ta] the interval of acceleration (deceleration) of the base if the 
inequaUty yy > 0 (yy < 0) holds for any t G [ti,t 2 ]- By this definition, the velocity and 
acceleration of the base have identical (opposite) directions on the acceleration (deceleration) 
interval and the absolute value of the velocity increases (decreases). Refer to the distance covered 
by the base during the acceleration (deceleration) interval as the acceleration (deceleration) path. 

Let us suppose that at time t = ti the object being isolated is in the state of relative rest, i.e., 
x{ti) = x{ti) = 0. Consider its motion over the interval of acceleration of the base. Without loss 
of generality we assume y > 0 and y > 0 for t G [tiM]- Equation (1.2) Lmphes that the isolation is 
effective, i.e., the inequality g{x{t),x{t),t) < my{t) holds, on the acceleration tnter^^al only if 
x{t) <0 for t G [ti,t 2 ]. Indeed, according to Eq. (1.2), describing the motion of the body being 
isolated, the force g acting on this body is expressed as g = m{x + y). We consider the case where 
the base acceleration y does not change its direction. Without loss of generality we have assumed 
that y > 0. By rigidly attaching the body to be protected to the base we can always pro'vide 
g = my. Hence, to make g < my at all time instants we must assure that x < 0. 

We assiune that 

(i) the function y{t) is continuous in the interval [ti,t 2 ]: 

(ii) the isolator characteristic g{x,x,t) is continuous as a fimction of x,x, and f; 

(iii) the inequality x < 0 (the necessary condition for effectiveness of isolation) holds over the 
interval of acceleration of the base; 
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(iv) the maximum absolute value of the relative displacement of the body being isolated is 
bounded by a constant 6: maxtg[ti,t 2 l | 2^(^)1 ^ 

The last assumption is always satisfied because engineering systems are of finite size. 

1.1.1.4 Proposition . Under assumptions (i)-(iv), there exist a time instant € [tiA 2 ] and a 
constant L > 0 such that the estimate 

, . . I LSt) ... . 

la:(t.)l <-> P= max y(i) (1.11) 

5 £€[^ 1,^21 

occurs for any acceleration path s satisfying the inequafity s > 7 > 0 , where 7 is a constant. 

This proposition implies that |x(t.)| —»■ 0 as s ^ oc. Therefore, the isolation efficiency at the point 
is reduced as the acceleration path grows. 

1.1.1.5 Proof . The displacement of the object with respect to the base at the instant t = to is 
represented by 


fti 

= / (*2 ~ r)x{T)dT. 

Jti 


( 1 . 12 ) 


According to the mean value theorem, there exists a time instant t. € [ti,t 2 ] such that 


fAtj- 

:(t2) = x{U) J {t2 — T)dr = x{U) ^ ^ , I\t = t2 — ti. 


(1.13) 


By assumption (iv), the variable x is constrained by 


max |x(t)| < (5, 


and, hence, with allowance for Eq. (1.13), we have 


Kt2)\ = 


< max |x|=5. 

2 t€[tl,t2l 


Solving this inequality for lx(t*)[ gives 


(1.14) 


(1.15) 




(1.16) 


The coordinate y of the base at the instant t 2 can be expressed as follows: 


rt2 

y{i 2 ) = y{ti) + y{ti){t 2 - U) + / (^2 - r)y{r)dr 

Jti 


(1.17) 
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and the acceleration path is 


S = y{t 2 ) - yih) = y{ti){t 2 -ti)+ [ (t 2 - T)y(T)dr. 

Jti 

Since y <p, where p is defined in Eq. (1.11), the integral in Eq. (1.18) can be estimated as 


(1.18) 



rt2 

- T)y{T)dT < (to - T)pdT = p 

Jtl 


{h - h) 
2 


2 


With allowance for Eqs. (1.18) and (1.19) we obtain the estimate 


(1.19) 


s 


< t/(ti)At-r 


p(At)^ 


The solution for At of the inequality of Eq. (1.20) yields 


( 1 . 20 ) 


At > 


[y-{ti) + 2sp]^/‘^ - y{ti) 

'2s 

1/2 

’A - 1' 

P 

.P. 


_A +1 

> 1 : 

2lP 

= A^ 

yHh) - 

y^(ii) 



lV 2 


( 1 . 21 ) 


Substitute Eq. (1.21) into Eq. (1.16) to obtain 


x{t.) |< 

s 


Aq +1 
Ao — 1 


( 1 . 22 ) 


Thus we have arrived at the inequality of Eq. (1.11). This completes the proof of the proposition. A 
similar proposition is valid for the interval of deceleration of the base. 


It follows from Eq. (1.11) that if the change of the base acceleration over the acceleration interval, 
i.e. maxj' \y{^') ~ y{'^') \ > is small compared with p and the maximum allowable 
displacement 5 of the object is small compared with the path s of the base acceleration, then the 
isolation is ineffective because at some instants the absolute value of the relative acceleration x of 
the body being isolated is small and the force acting upon it is close to the force corresponding to 
the rigid connection of the object to the base. 

Based on this observation and on a number of concrete examples, Ishlinsky formulated the 
following guideline concerning the effectiveness of using isolators: 

The use of isolators is effective only in cases where the path of deceleration (or acceleration) of the 
base does not exceed the maximum relative displacement of the object being isolated. 

To illustrate this guideline, return to the system of Example 1.1.- As shown previously, if the 
acceleration of the base is given by (1), then the spring isolator reduces the load on the object if 
and only if to < xj{3uj). Assume the velocity of the base is equal to zero at time t — 0. Then the 
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base covers the distance s = 011/2 during time Iq. From (2), the maximum absolute value of the 
relative displacement of the object being isolated is 5 = ( 2 a/a;^) sin(a;to/2). The difference s — 5 is 
expressed by 


s-8=^h[z), h{z) = -smz, z = —. (1.23) 

The function h{z) satisfies the inequafity h{z) < 0 in the interval 0 < 2 < 7 r/ 6 , corresponding to 
0 < to < 7r/(3a;). This follows from the fact that the function h{z) is convex 
{h"{z) = 2 + sinz > 0) and nonpositive at the ends of the interval 

[0, 7 r/ 6 ] (/i(0) = 0, h{7r/6) = t^/36 - 1/2 < 0). Thus, according to Eq. (1.23) we have s - 5 < 0 

for 0 < to < T^/{^) and, hence, the isolator is effective only if the path of the base acceleration is 
less than the maximmn relative displacement of the object being isolated. 

Consider now the case where the base performs harmonic oscillations of amphtude A and 
frequency Q, i.e., y = Asin(Qt + (p), where p is a. constant. In this case, the acceleration of the 
base is given by y — —AQr sin(nt + p) and the motion of the object coimected to the base by 
means of a spring of stiffness k is governed by the following differential equation: 


mx + kx = mAQ^ sm{ut + p). (1-24) 

Note that Eq. (1.24) with an adjustment in the definition of the constants is the same as Eq. (1) 
in Example 1.2, where f{x,x) — kx. 

Steady-state oscillations of the system of Eq. (1.24) are given by 

4Q2 ]r 

x = —F;iSin(nt (1.25) 

The maximum relative displacement of the object being isolated is 5 = \uJ^ — while the 
path of acceleration (or deceleration) of the base is equal to the amphtude of its oscihation, i.e., 
s = A. As was shown in Example 1.2, the isolator leads to a reduction of the maximum load on 
the object, compared with the value corresponding to the rigid connection of the body to the 
base, if and only if ur < f2^/2. If this inequafity holds, then 


s — 6 = 




lu;2 _ 021 


< 0 , 


(1.26) 


i.e., the isolator is effective only if the path of acceleration (or deceleration) of the base is less then 
the maximum relative displacement of the object being isolated. 


This confirms again the applicability of the engineering guideline formulated above. 


Since real structures are of finite size, the guideline permits us to conclude that isolation cannot 
protect objects, in the sense of reducing large forces, when the base is subjected to long duration 
acceleration acting in a single direction. For example, significant loads generated when launching 
a spacecraft cannot be mitigated by isolators. However, the use of isolators permits a significant 
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reduction in forces if the time of the accelerated motion of the base is short, as occurs, for 
example, for the vertical motion of an aircraft when landing. Also, the isolation can be effective if 
the acceleration changes its direction frequently, which is characteristic of high-frequency 
vibrations. The issues concerning the effectiveness of using isolators for vibration protection are 
discussed in detail by Kolovskii (1976). 

1.1.2 Structure and Mathematical Models of Systems with Isolators. 

By system with isolators we understand an aggregate of objects connected to each other by 
isolators. The objects we will call elements (or members) of the system with isolators. By isolators 
(isolation elements) we rmderstand engineering devices connecting the system members so that 
they can move relative to each other. Isolators provide controlling interaction between the 
members. Machines and mechanisms used in different branches of engineering and industry, 
inchiding transport vehicles (automobiles, aircraft, and locomotives), machine tools and 
technological equipment, hoiisehold equipment (refrigerators and washing machines), etc., can be 
regarded as systems with isolators. The elements of an automobile regarded as a system with 
isolators are the body, front axle, rear axle, etc., while the isolators are spring-damper units 
serving to reduce the body oscillations when driving along an imeven road or devices intended for 
reducing the impact force transmitted to occupants during a crash. The elements of a washing 
machine are its body, drums, and motors, which are connected by means of spring isolators. 

Often, in engineering literature, the elements of a system with isolators are classified into the base 
and the objects being isolated. This conventional classification is usually related to the different 
roles of the components of machines and mechanisms as well as to the desire to have the basic 
reference frame associated with a certain component of the system. For example, when 
investigating and designing navigation equipment for ships and aircraft, it is natural to consider 
the body of a ship or an aircraft as the base and to describe the motion of devices being isolated in 
a reference frame associated with the base. If a system with isolators contains a fixed element, e.g., 
the foundation on which a machine tool or another mechanism is mounted, it is iisuaUy regarded 
as the base and the motion of the other elements is described relative to this fixed element. 

Figure 1.3 presents a schematic of a system with isolators, the elements and isolators being 
labeled by letters e and i, respectively. 

For analysis and optimization purposes, it is important to have a mathematical model adequate to 
describe the behavior of a system with isolators. In most cases, it is sufficient to consider the 
elements of the system with isolators as rigid bodies or elastic bodies. However, more complex 
models may be necessary in some instances. 

If the masses of the isolator parts are much less than the masses of the base and objects being 
isolated, then the isolators can be modeled as massless units generating control forces which 
depend on relative displacements and velocities of the elements of the system with isolators, as 
well as on time, if the isolation system is active. 

The mathematical model of the system'with isolators is a set of differential equations (ordinary or 
partial) with corresponding initial and boimdary conditions. Some examples of systems with 
isolators governed by ordinary differential equations have already been considered in this section. 
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Next we give an example of the system with isolators described by a partial differential equation. 


1.1.2.1 A System with Isolators Modeled with a Partial Differential Equation . Consider a 
simphfied model of a vehicle that consists of a body and a chassis connected to the body by an 
isolator (Fig. 1.4). The isolator includes an elastic leaf spring and a hydraulic damper. The 
chassis consists of a rigid frame and an axle with wheels, the axle being rigidly connected to the 
frame. The body is assumed to be rigid and the leaf spring is modeled as an elastic beam attached 
to the frame by means of hinges. The body and damper are attached to the leaf spring at its 
middle point. The mass of the damper is assiuned to be much less than the mass of the other 
parts of the vehicle, and hence, the inertial properties of the damper are neglected. The damper is 
linear in that the force generated by the damper and applied to the body is proportional to the 
velocity of the body relative to the chassis. Vertical oscillations of the leaf spring and the bodv of 
the vehicle moving along an uneven road are described by the following differential equations with 
boundary conditions: 


X = v(t), 


(1.27) 


a- 


w 


dt^ 


+ y{x{t))-hg 




(1,28) 


w{0,t) = w{2l,t) = 0, 


(1.29) 


d'^w{0,t) d^w{2l,t) 

dz^ ^ ^ 


(1.30) 


m 


d‘^w{l, t) 
dt'^ 


+ + 9 


+ c 


dw{l, t) 
dt 


(1.31) 


-El 


d^w{l + 0,t) 

a? 


d^w{l — 0. f) 


Here, x and y are the horizontal and vertical coordinates, respectively, of the point of contact 
between the wheel and the road; y{x) is a specified function describing the road profile; v{t) is the 
horizontal component of the vehicle velocity; 21 is the length of the leaf spring (beam); w{z. t) is 
the deflection of the beam; z is the abscissa of a point of the beam neutral axis measured from one 
of its ends; p is the mass per unit length of the beam; E and I are the beam elastic modulus and 
the cross-section moment of inertia; g is the acceleration due to gravity; m is the mass of the 
body: and c is the damping factor. By y(x(t)) we denote the total second derivative of the 
function y{x) with respect to time 


y{x{t)) = v-{t) 


d-y{x{t)) 


dx- 


dv{t) dy{x{t)) 
dt dx 


(1.32) 
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Figure 1-4. A model of a vehicle on an uneven road. 
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consistent with the variation of the horizontal coordinate x of the vehicle. 

Equation (1.27) is an ordinary differential equation describing the horizontal motion of the 
vehicle. Partial differential equation (1.28) describes bending vibrations of the beam. Relations 
(1.29) to (1.31) are the boimdary conditions for partial differential equation (1.28). Conditions 
(1.29) and (1.30) are usual deflection and moment boundary conditions, respectively, for a beam 
hinged at its both endpoints. Condition (1.31) is a shear force relation. This condition defines the 
jump of the shear force at the beam midpoint to which the vehicle body and the damper are 
attached. The jiunp is equal to the concentrated force applied by the beam to the bodv. 
Physically, boundary condition (1.31) is Newton’s equation of motion for the body under the 
action of the spring force, specified by the right-hand side in (1.31), the damping force 
—cdw{l,t)/dt, and the gravity force —mg. 

To calculate the motion of the system, the differential equations with boimdary conditions should 
be supplemented with initial conditions including the initial shape of the leaf spring, the initial 
distribution of velocities along the beam axis, and the initial value of the coordinate x. 

1.1.2.2 A System of Rigid Bodies with Isolators . Let the mathematical model of the system with 
isolators contain N + 1 elements (the base and N objects being isolated). The elements are rigid 
bodies and the isolators are massless. Systems of this kind are considered in subsequent chapters 
of this book. 

Define the inertial (fixed) reference frame OXYZ and the reference frames OiXiYiZi 
(z = 0,1,..., A') associated with the A' -H 1 members of the system. Index z = 0 is related to the 
base, while z = 1,..., A” correspond to the objects being isolated. To reduce the number of 
parameters of the mathematical model and to simplify the differential equations of motion, it is 
advisable to choose the reference frames OiXiYiZi so that their coordinate axes coincide with the 
principal central axes of inertia for corresponding rigid bodies. 

Introduce the notation of Fig. 1.5; Rq is the position vector of the mass center of the base with 
respect to the inertial reference frame; roj is the vector from the mass center of the base to the 
mass center of the jth object being isolated (j = 1,..., A'); is the number of isolators 

connecting the zth and ;th members (z, j = 0,1,..., Af); is the vector from the mass center of 
the zth element to a point that belongs to the same body and at which the kth isolator connecting 
the zth and ;th members is attached (z, j = 0,1,... AT; z ^ /c = 1,..., L{i,j))\ is the vector 
from the attachment point of the kth isolator connecting the zth and jth elements on the zth 
member to the attachment point of this isolator on the jth member (z,; = 0,1,... A'; z j: 
fc = 1,..., L{i,j))', A is the matrix of transformation from the inertial reference frame OXYZ to 
the reference frame OoXqYqZq connected with the base; Aij is the matrix of transformation from 
the OiXiYiZi reference frame to the OjXjYjZj reference frame {i.j = 0,1,..., N): uj is the 
angular velocity of rotation of the jth member of the system relative to the inertial reference 
frame; mj is the mass of the jth element (j = 0,1,..., N)\ Jj is the inertia tensor of the jth 
element with respect to its mass center (j = 0,1,.... A’); is the force applied to the jth 
member by the A;th isolator connecting the zth and jth members {i.j = 0,1,..., A'; z ^ j; 

= 1,..., L{i,j))\ Fj is the net external (i.e. generated by bodies other than members of the 
system in question) force acting on the zth element of the system with isolators (z = 0,1,... A’); 
and Mi is the net external moment applied to the zth member, with respect to its mass center 
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The vectors roj,rJi,and x*- are related by xj,- = tqj - ro^ + (see Fig. 1.5), while the 

transformation matrices Aoi,Aoj, and A^- satisfy the relationship Aij = AojA^-. The transpose of 
a matrix is indicated by superscript T. The set of differential equations governing the motion of 
the system under consideration in vector-matrix notation is 


mo 


Rq + d;o X Rq -f 2uJo X Rq -f ojq ^ ^ 


N L(hO} 


0 : 


(1.33) 


i=l fc=l 


mj [foj + tho X roj + 2ujq x foj -i- ojq x <^o x roj] = E E n- 

A:=l 


(1.34) 


N Liifi) 

-EEFfo + F,-^Fo, 




+ OJIX Jtui = Ffi + M,, 


(1.35) 


i^l fc=l 


A — —IloA, Aoj = Aojflo — ^jAoj, — 


(1.36) 


rij = 


0 -ri qi 

n 0 -pi , 

-qi Pi 0 


/ = 0,1,....,A 


Here, pi,qi,ri {I = 0,1,N) are the components of the angular velocity vector w; of the 1th 
element in the OiXiYiZi reference frame associated with this element. All vectors in Eqs. (1.33) 
and (1.34) should be represented by their components in the OoXoYqZo reference frame connected 
with the base, while in Eq. (1.35) aU vectors and the inertia tensor J; should be represented in the 
OiXiYiZi reference frame associated with the 1th member of the system. Dots above letters denote 
time derivatives with respect to the reference frame connected with the corresponding body. The 
transformation of an arbitrary vector a from the OiXiYiZi reference frame to the OjXjYjZj 
reference frame is given by 


{a} . = Aij {a}., Aij = AojA^ (1.37) 

where {a}- denotes the column of components of the vector a in the OiXiYiZi reference frame. 
Equations (1.33) and (1.34) govern the motion of the mass centers of the base and the objects 
being isolated, respectively, whereas Eq. (1.35) describes the change of the angular momenta for 
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these bodies. The kinematic relations of Eq. (1.36) describe the change of orientation of the base 
with respect to the inertial reference frame and of the jth object being isolated with respect to the 
base. The kinematic relationships of Eq. (1.36) expressed in terms of transformation matrices are 
called Poisson’s kinematic equations (Wittenburg, 1977). This is not the only form possible for 
kinematic equations. The form will change if one chooses for the description of the relative 
orientation of the system’s bodies other variables than the transformation matrix elements, for 
instance, Euler angles or Rodrigues-Hamilton variables. 

Some observations concerning the forces and moments included in the equations of motion are in 
order. The force is a control force generated by the fcth isolator connecting the ith and ;th 
members of the system with isolators. The specific form of the dependence of this force on the 
variables describing the motion is determined by the structure of the isolator. In the majority of 
cases encountered in practice, this force depends on the distance between the attachment points of 
the isolator (on the deformation of the isolation element), the rate of the change of this distance, 
and (for active isolation systems) on time, i.e. = F* (a:^^,x(^,t). We will call the fimction 
Ffj (xfj-, , t) the characteristic of the isolator. 

Forces F; and moments M; {I = 0,1,..., N) are caused by the action of external bodies (that do 
not belong to the system with isolators) on the base and objects being isolated. These forces and 
moments are determined by operating conditions of the system and are not imder control of the 
system’s designer and/or operator. In mathematical models of systems with isolators, these forces 
and moments are often presented as exphcit functions of time. 

1.1.2.3 General Form of Equations of Motion . Denote by x the vector of state variables of the 
system of Eqs. (1.33) to (1.36), by u(x,t) the vector consisting of the components of the F^^ 
vectors, and by v(t) the external disturbance vector containing components of all of the F; and 
Mi vectors. Then the equations of motion can be represented as the system of the first-order 
differential equations 


X == f(x, u, v,t), (1.38) 

Equations of the form of Eq. (1.38) describe the behavior of controlled dynamic systems with a 
finite number of degrees of freedom in the presence of disturbances. Systems of such a kind are 
considered in the theory of automatic control ( Aizerman, 1966; Roitenberg, 1978), theory of 
optimal control (Pontryagin, et al., 1962; Lee and Markus, 1967; Boltyanskii, 1968; Krasovskii, 
1968; Bryson and Ho, 1975 ), and theory of differential games (Isaacs, 1965; Krasovskii, 1970; 
Chernousko and Melikyan, 1978). Methods and results of these mathematical disciplines are 
applicable to the analysis of systems with isolators and optimal design of isolators. In Kolovskii 
(1976), systems with isolators are studied from the viewpoint of automatic control. The scope of 
this book is the analysis of systems with isolators as objects of optimization. 

1.1.3 Performance Criteria of Isolation. 

The most important mechanical characteristics of systems with isolators are relative displacements 
of their members, absolute (i.e. related to the inertial reference frame) accelerations of certain 
locations of the bodies, and forces applied by isolators to their attachment points. The relative 
displacements of the elements influence the overall dimensions of the structure and its 


17 



configuration. The absolute accelerations characterize the forces transmitted to the objects being 
isolated which can deteriorate normal functioning of the system. The forces generated by isolators 
at their attachment points influence strength characteristics necessary for the junctions. 
Functionals of these mechanical quantities can be taken as performance criteria of isolation. The 
specific forms of these fimctionals depend on the intended use of a system and its operating 
conditions. 

Several common performance criteria for the design of isolation systems can be identified. 

Consider a rigid body (an object to be isolated) connected to a movable base by means of M 
massless isolators. Assume the base simply translates. From Eqs. (1.33) to (1.36) the motion of 
the body is governed by 


M 

fc=i 


(1.39) 


M 

Jithi +071 X Ji07i = X A^jF^i, Aqi = -F^iAoi 

k=l 


xSi = roi + A^rJo-roi, = |xoi|. 

The function Ro(^) describes the acceleration of the base and characterizes the excitation of the 
system. 

Vectors Ro,roi,roi, and Fqi in Eq. (1.39) are assumed to be represented in the reference frame 
associated with the base, whereas vectors oji and r^o are represented in the reference frame 
connected with the body being isolated. It would appear reasonable to represent vectors rgi and 
rio in the reference frames associated with the base and the body being isolated, respectively, 
since Tqi and r^g are position vectors of the isolator attachment points on the indicated bodies. 
The initial conditions at t = tg, necessary for solving the system of Eq. (1.39), are 


roi(^o) = rj,?, roi(to) = rji?: Aoi(to) = A^^ (1.40) 


Next, we wish to express the mechanical characteristics of motion of the body being isolated. 
Denote by p, the vector from the mass center of the body being isolated to an arbitrary point z of 
the body. Assume this vector is represented in the OiXiYiZi reference frame associated with the 
object being isolated. 


The position vector R, of the point z in the OqXoYqZq reference frame connected with the base 
and the absolute acceleration w^. of this point in the OiXiYiZi reference frame are represented as 


R-= rgi + Agip,, w.- 


^01 


Rn 


roi 


U7i X p. + wi X a;i X p.. 


(1.41) 
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The forces generated by the isolators at their attachment points are determined by the isolator 
characteristics (xqi , Xqi , t) • 

Denote by G a non-empty set of locations on the body being isolated. Next, we enumerate some 
functionals that are sometimes used as performance criteria in judging the quality of isolation. 

(i) Maximum displacement of points of the body being isolated with respect to the base: 


Ji = m^mpc |R;(t)|. (1-42) 

(ii) Maximiun absolute value of the angle ^ of rotation of the body being isolated about an axis 
fixed on the base, (if such an axis exists): 


Jo = mpc |¥’(^)| • 


(1.43) 


(iii) Maximum magnitude of the absolute acceleration (force) at locations in the body being 
isolated: 


J3 = m^mpc \-w^{t )\. (1.44) 

(iv) Maximum mean square of the absolute acceleration at the points of the body being isolated: 


1 

= max — 
SG T 



(1.45) 


Here, T is a characteristic time of the system. This time is selected by the designer and depends 
on intended use of the system and its operating conditions. 

(v) Maximum absolute value of the force developed by the isolator at the point of attachment to 
the base or to the body: 


/s =m^'c|FSi(iSi(i)>ioiW.O| • 


(1.46) 


(vi) Mean square of the absolute value of the force developed by the isolator at the location of its 
attachment to the base or to the body: 


^6 = 



dt. 


(1.47) 
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Functionals Ji and J 2 axe geometrical performance criteria. The choice of this functional in the 
form of the maximum of a geometrical quantity meets practical requirements in that the designer 
can arrange the system so as to avoid collisions of the body being isolated with parts of the base. 

Functionals J 3 to Jq are dviiamical performance criteria, characterizing the loads acting on the 
base and the body. If the external disturbance is brief, e.g., a shock-like disturbance, then 
functionals J 3 or J 5 which express a maximum of the corresponding quantity with respect to time 
are most appropriate. In the case where the external disturbance duration is long, for example, 
when the base undergoes steady-state vibrations, one can use, along with functionals J^, and J- 
functionals .74 and ./e expressing mean square values of functions characterizing the loading. 

Functionals .7,(z = 1 ,..., 6 ) are defined on the set of solutions to the equation of motion of Eq. 
(1.39). For given initial conditions, the performance criteria are functionals of isolator 
characteristics Fgi(xgi, t) (fc = 1 ,..., M) as well as the external disturbances, i.e., the 
acceleration R 4 )(t) of the base. Modifications of the performance criteria are possible. For 
example, if the initial value of the state vector of the system of Eq. ( 1 . 39 ) is not specified 
precisely, but is known to belong to a certain domain Gi, then an additional maximmn over all 
initial values of the state vector from the domain Gi needs to be involved. 

In the general case, where the motion of the system with isolators is governed by Eq. (1.38), 
mechanical properties of the motion of the object being isolated are usually represented as 
functions of state variables x, control variables u, the external disturbances v, time t, and the 
vector A of parameters specifying, for example, the initial .conditions of the system motion or 
identifying a particular location in the body being isolated: = <|>i(x, u, v,t. A), A € A . Here, 
by A, the domain of admissible values of the vector A is denoted; i is the number of the 
characteristic, corresponding to the index numbering of the functionals Jj. 

The functionals used for evaluating the quality of isolation when desigmng and analyzing isolation 
systems in most cases can be represented by 


Ji(u,v) = maxmpc<I>i(x(t),u(x(t),t), v(t),t. A) 

or by 


(1.48) 


Ji(u,v) = maxy^ <l>,(x(t),u(x(t),t),v(t),t,A)dt. (1.49) 

Performance criteria of Eqs. (1.48) and (1.49) are functionals of the vector u(x,t) of control 
variables (characteristics of isolators) and the external disturbance vector v{t). 


The performance criteria of Eqs. (1.42) - (1.47) are particular cases of either Eq. (1.48) or Eq. 
(1.49). Specifically, the criteria J^. Jt, J3. and J 5 have the form of Eq. (1.48), whereas the criteria 
J 4 and Je have the form of Eq. (1.49). The functions are identified as = |R-(t)|. 

^2 = Mt)\ , ^>3 = |wyt)|, < 1*4 = |w,(t)|-/T, 4>5 = iFSi(x^i(t),i:^,(t),f)| , and ^>3 = 

|Foi(^oi(^)>^oi(0-0| /F- The parameter A in Eqs. (1.42), (1.44), and (1.45) is identified with the 
position vector of the location z in the body to be isolated and the set A is the set of the position 
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vectors of all z eG.ln the criteria of Eqs. (1.43), (1.46), and (1.47), the maximization with 
respect to the parameter A is not performed. 

The performance criteria presented here are appUcable to deterministic systems whose equations 
of motion include no stochastic variables. In some cases, the motion of the system with isolators is 
described by stochastic differential equations. One such case occurs when the external disturbance 
of the base is regarded as a stochastic process. Performance criteria for such systems are usually 
expressed as probabilistic functions of corresponding mechanical quantities. For instance, one 
criterion could be based on the mathematical expectation of the time average of the square of the 
absolute acceleration at some location in the body. In this book we deal only with deterministic 
systems. 

Monographs by Furimzhiev (1971, 1977) and Larin (1974) and a number of papers (e.g., Bolotin, 
1969, 1970; Karnopp and Trikha, 1969) are devoted to the analysis and design of systems with 
isolators subject to stochastic distmrbances. 

The functionals discussed in this section quantitatively characterize the quality of the isolation 
system. The goal in designing the system is to minimize a performance criterion. In what follows, 
we refer to the performance criterion to be minimized as the optimization criterion, performance 
index or objective function. Characteristics and structural parameters of isolators are the design 
variables. 

1.1.4 Active and Passive Isolators. 

In the hterature on the theory and design of isolation systems, the terms active and passive occur 
frequently. These terms sometimes are used in different senses by different authors. In Kolovskii 
(1976) the distinction is made by whether the isolation system is used for protecting the body 
being isolated (active system) or the base (passive system) from unfavorable mechanical 
disturbances. Often, the isolation system is called active if it contains automatic regulators and 
requires external power supplies, and passive if the isolation system consists only of inertial, 
elastic, and dissipative elements (Kolovskii, 1976). Thus, such a classification depends on the 
selection of a particular isolation hardware. 

Another criterion for classifying isolation systems into passive and active ones has been suggested 
by Sevin and Pilkey (1971). They call the isolator active if it depends on time exphcitly, and 
passive otherwise. This criterion is the most formal and it allows easy identification. Moreover, 
this criterion is convenient, since it does not associate the terms active and passive with a concrete 
engineering implementation of a particular characteristic, but reflects only the difference in the 
form of dependence of the force generated by the isolator on the dymamic variables. In this book, 
the terms active and passive have only this final definition. 

1.1.5 External Disturbances. 

The external disturbance is the imposition of a force or of prescribed modes of motion on the base 
or on the objects being isolated by sources that do not belong to the system with isolators. The 
nature of the external disturbances is determined by operating conditions of this system. 

External disturbances can be classified as being kinematical or dynamical. The external 
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disturbance is said to be kinematical if it is described by time histories of displacements, 
velocities, or accelerations of some points of the system. From the viewpoint of analytical 
dynamics, a kinematical external disturbance is a time-dependent constraint (Gantmakher. 1960) 
imposed on the bodies of the mechanical system in question. Such a constraint reduces the 
number of the system’s degrees of freedom. If the external disturbance is described bv forces 
applied to the base and/or objects being isolated it is called dynamical. 

The most important types of external disturbances considered in the theory- of isolation systems 
are shock and vibration. In mechanics, shock loading is usually understood to be a short-duration 
action of a force of considerable magnitude, constant in direction, and having a finite impulse 


S = / F(t)dt, ( 1 . 50 ) 

Jto 

where F{t) is the vector function expressing the time history- of the force, to and r are the initial 
instant and duration of the shock loading. Also, it is assumed that F(f) ^ 0 for t £ (to. to + ") and 
F(t) = 0 for t ^ (to, to + r). In the case of a kinematical disturbance, shock is understood to be a 
short-duration acceleration of a point of the base or body being isolated. It has a large absolute 
value, is constant in direction, and produces a finite increment of the velocity of the point imder 
consideration 


Ho-tT 

Av= / w(t)dt, (1.51) 

Jto 

where w(t) is the acceleration of the point of application of the kinematical disturbance, to and r 
are the initial instant and duration of the shock, respectively. Also, •w(t) 7^ 0 for t € (to- to -b t) 
and w(t) = 0 for t ^ (to, to fi- r). The force impulse S and the velocity increment Av are basic 
mechanical characteristics of the shock disturbance. 

An important idealization, widely used for mathematical descriptions of shock-hke disturbances, is 
the instantaneous shock (instantaneous impact) at which a finite force impulse (the finite velocity 
increment, in the case of a kinematical disturbance) is produced for infinitesimal impact duration 
(r —> 0). For this case, the absolute value of the force (acceleration, for the kinematical 
disturbance) at t = to tends to infinity so that the values of the integrals in Eqs. (1.50) and (1.51) 
remain unchanged. Then the force (acceleration, for the kinematical disturbance) can be 
mathematically described using Dirac’s delta function 


F{t) = S6{t-to) or w(t) = Av(J(t - to). (1-52) 

The vector coefficient of the delta fimction is equal to the force impulse (the velocity increment, 
for the kinematical disturbance) over the shock duration. 

The mechanical effect of the instantaneous shock (instantaneous impact) would be a step change 
in the linear and/or angular momenta of the mechanical system under consideration at the time 
instant t = to- For an in-depth discussion of the theory of mechanical shock see, for example. 
Panovko (1977) and Pars (1979). 
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In practice, the shock disturbance can be regarded as instantaneous if the duration of the impact 
is much less than the characteristic time of the system, e.g., the period of the natural vibration of 
the body being isolated relative to the base, and if the displacements of the system’s members for 
the time r are much less than characteristic scales (linear and angular) appearing in the problem, 
e.g., the maximiun admissible displacement of the body being isolated relative to the base. 

In engineering, the term shock is often understood in a broader sense. In this case, it is not 
assumed that the shock force is constant in direction, nor is it necessarily equal to zero outside a 
certain time interval. Any transient distiubance the intensity of which decays relatively rapidly in 
time is referred to as a shock. For details, see Harris and Crede (1996). A special class of shock 
distiubances of this sort will be considered in Chapter 4. 

Vibration is commonly understood to be an external disturbance with periodic (or almost 
periodic) variation of the force (acceleration of the kinematical disturbance application point), 
both in magnitude and direction. Basic mechanical characteristics of vibrations are the amplitude 
(maximum absohite value) of the force (acceleration of the kinematical disturbance application 
point) and its frequency. The simplest, and at the same time rather important U-pe of vibrational 
disturbance, is the harmonic vibration at which the force (acceleration of the kinematical 
distiirbance application point) is directed along some straight line and its magnitude changes in a 
sinusoidal manner 


F(t) = Fosin(a;t + ^) or w(t) = wq sin(u;t + </?). (1.53) 

Here Fq and wq are constant amplitude vectors, u is the vibration frequency, and (p is the initial 
(at t = 0) phase of oscillations. 

The harmonic model of vibrational external disturbances is widely used for theoretical analyses of 
responses of isolation systems and the optimization of their characteristics, see, e.g., Sevin and 
Pilkey (1971), Wang and Pilkey (1975), and Kolovskii (1976). 

1.2 BASIC PROBLEMS OF OPTIMAL ISOLATION. 

1.2.1 General Formulation of the Optimization Problem. 

Let the motion of the system with isolators in the time interval to < t < T be described by the 
system of differential equations of the form of Eq. (1.38) 


X = f(x,u(x,t),v(t),t), to<t<T. (1.54) 

Here, x is an n-vector of state variables of the system with isolators; u(x, t) is an m-vector 
ftmction of the state variables and time describing the control forces generated by the isolation 
system (the isolator characteristic); v(t) is an r-vector function of time describing the external 
disturbance; f(x, u, v, t) is a specified n-vector function determined by the system geometric and 
mechanical structure; and to > 0 and T > to characterize bounds of the time interval in which the 
motion of the system is considered. If this interval is not bounded from above, set T = +oo. 

Denote by U and V the admissible set of the isolator characteristics u(x, t) and the set of possible 


23 



external disturbances v(t), respectively. For practical systems with isolators, the set U is based on 
available design configurations for implementing characteristics u(x. t), while the set V is 
determined by operating conditions of the system as well as by the degree of a designer’s 
knowledge of the external disturbance. We assume that the properties of the function f (x. u. v. t) 
and the sets U and V are such that for any pair {u(x, t), v(t)) of functions satisfying the 
conditions u e U and v € V, there exists a tmique solution of Eq. (1.54) in the time interval 
to < t <T, provided the initial condition is specified as 


x(to) = Xfl. 


(1..5.5) 


As has been mentioned in Section 1.1.3, the most widely used and important performance criteria 
of isolation are specified as functionals given by Eqs. (1.48) and (1.49) 


J(u,v) = inax rnax <J>(x^,„(t),u(x^,„(t).t),v(t),t,A) (1.56) 

AcA t£[to,T] 

OX 


J(u,v)=rnax/ <J>(Xu,t,(t),u(x„,„(t),t), v(t),t, A)tif. (1.57) 

The quantity Xu,v{t) denotes the solution of the initial-value problem of Eqs. (1.54) and (1.55). 

We assume that the maxima on the right-hand sides of Eqs. (1.56) and (1.57) exist. This 
assumption is made in virtually all engineering literature devoted to the theory of isolation 
systems and optimization of their characteristics, see, for example, Sevin and Pilkey (1971) and 
Kolovskii (1976). This is justified by the fact that for almost aU real systems, isolator 
characteristics are continuous functions. Also, as a rule, the function $ does not depend exphcitly 
on time t and the external disturbance v(t) and is a continuous in x, u, and A, while the time T 
of the system operation is finite. The set A of allowable values of the parameter vector A is. as a 
rule, closed. In the majority of cases, A is either the set of points of the body being isolated at 
which the reduction of the value of $ is desired or the set of possible initial values Xq for the state 
vector X. These conditions guarantee the existence of the maxima in Eqs. (1.56) and (1.57). Note, 
however, that in a theoretical treatment of optimal design problems for isolation systems, the 
motion of the system with isolator is often considered in an infinite time interval, and isolator 
characteristics of a class wider than the class of continuous functions are allowed. Usually, isolator 
characteristics are confined to the class of piecewise continuous functions u(x, t). For functions 
u(x, t) belonging to this class, the existence of the maximmn with respect to time in Eq. (1.56) is 
not guaranteed a-priori. Therefore, for more generality, the operation of calculating maximiun 
(maxt) should have been replaced by the operation of calculating supremum (supj). However, to 
avoid unnecessary complications when presenting the material of this book we retain the notation 
maxj in Eq. (1.56). Here, we do not deal with specific features associated with the difference 
between operations maxj and supj. For the optimization problems considered in subsequent 
chapters of the book, the ma.ximum of <l> with respect to time exists. 
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By virtue of the assumed uniqueness of the solution of the initial-value problem of Eqs. (1.54) and 
(1.55), to each pair of functions u(x, t) G U and v{t) € V there corresponds a miique value of J 
defined by Eqs. (1.56) or (1.57). Thus, relationships of Eqs. (1.56) and (1.57) define functionals in 
the Cartesian product U xV oi the set of allowable isolator characteristics and the set of possible 
external disturbances. 

Isolation systems intended for the protection of engineering structures fi:om shock and vibration 
must, as a rule, meet a number of requirements necessary for normal operation of the system. 

Very often, these requirements are competing. For example, the suspension system of a car must 
provide a considerable reduction in the average level of the absolute value of acceleration of the 
car body’s mass center. This mitigates the loads acting on parts rigidly connected to the body, as 
well as on the driver and passengers, increasing thereby the reliability and comfort of the car. At 
the same time, to provide high controllability and stability of the car, the suspension system must 
not allow large displacements of the body mass center relative to the road profile, as well as large 
angular oscillations of the body. Therefore, when designing such systems, one, as a rule, has to 
take into account several performance criteria of the type of Eqs. (1.56) and/or (1.57). 

One approach for the rational calculation of characteristics of isolation systems involves their 
optimization with respect to a performance criterion. Let N functionals Ji(u, v), i = 1, ..N, of the 
form of Eqs. (1.56) and/or (1.57) be chosen for evaluating the performance quality of the isolation 
system. For example, when calculating characteristics of the car suspension system, the 
functionals Ji(u, v) can be chosen to be the mean square of the absolute (i.e. related to the 
inertial reference frame) acceleration of the mass center of the body, the mayimuTn absolute value 
of the displacement of the body mass center relative to the road surface, and the mean value of 
the angle of rotation of the body with respect to its mass center. The lower the numerical values 
of the functionals Jj(u, v), the better the suspension system, and it is to be expected that the 
designer will try to reduce these functionals by using springs and dampers. However, in the 
majority of cases, the functionals Ji(u, v) reflect contradictory (competing) requirements for the 
system being designed, and their simultaneous minimization is impossible. An example is the 
common problem of trying to reduce the maximum absolute value of acceleration wth respect to 
the inertial reference frame for the object being isolated mounted on a movable base and to reduce 
simultaneously the maximum displacement of the object relative to the base. The most frequently 
employed approach is to calculate the isolator characteristics by using optimization methods in 
which one of the N performance criteria, say Ji(u,v), is to be minimized while the others 
(Jj(u, v), i = 2,..., iV) are constrained by specified bounds corresponding to acceptable conditions 
of operation. In what follows, the performance criterion to be minimized is called the optimization 
criterion (performance index, objective function). The decision as to which of the functionals 
./i(u, v),z = 1,..., V, should be designated as the optimization criterion depends on which 
fimctional appears to be critical to the quality of the system performance and the available 
information on the admissible upper bounds for the functionals Ji(u, v), z = 1,..., .V. For 
example, suppose the isolation system for a device to be installed in an aircraft is being designed 
and the maximum transmitted force that this device can tolerate without failure is known. Then 
the maximum displacement of the device relative to the aircraft body can be chosen the 
optimization criterion and the corresponding constraint on the transmitted force can be imposed. 
Often, such a choice of the optimization criterion corresponds to the requirement of there being 
limited space available for the device in the aircraft. In the overwhelming majority of cases, the 
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fiinctionals J^{u,v)A = 1,..., N, are maxima or integrals of absolute vahies or squares of 
responses of the system and, hence, are nonnegative. The conditions of normal operation of 
systems with isolators are usually expressed as the requirement of not exceeding specified 
maximum admissible values by some of the fimctionals J,(u. v). Without essential loss of 
generality, we will consider constraints of this sort only. 

Let us proceed to the strict mathematical formulation of problems of optimization of isolation 
system characteristics in accordance with the approach outlined above. Denote 


./,(u) = max.7,(u.v). z = (P 58 ) 

The quantities ./,(u),i = 1, ...A', are functionals depending only on the isolator characteristic u. 
for which the system performance quality provided by the characteristic u e U is evaluated under 
the least favorable of the external disturbances v € 1/. Note that in the general case, the least 
favorable external disturbances (worst disturbances) are different for different J,(u. v). If the set 
V of possible external disturbances consists of a single element v = vo(t). then, obviously, 

Ji(u) = J,(u, Vo). 

Sometimes, we will refer to the quantity Jj(u) of Eq. (1.58) as the guaranteed value of the 
functional Jj(u, v) for the given u. This term is justified by the fact that none of the external 
disturbances v € V can make the value of Jj greater than Ji and in this sense, the value is 
ensured (guaranteed) for the specified u. 

In a rather general form, the problem of choosing the optimal characteristic for the isolator is 
formulated as follows. 

1.2.1.1 Problem 1.1 . From among a specified class U of admissible isolator characteristics, 
determine the optimal characteristic uq e U that minimizes the functional Ji(u), provided the 
other functionals Ji(u), i = 2,.... A do not exceed prescribed maximum allowable values 
Di, z = 2,..., A, i.e. 


Ji(uo) = ^n{Ji(u)|J.(u) < D., z = 2, ...,A}. (1..59) 

The expression in ciuly brackets means that the functional ./i(u) is considered only for those 
u € {/ that do not violate the constraints ./ j(u) < A, z = 2, ...,A. 

It follows from the definition of a guaranteed value for the quantity of Eq. (1.58) that it is 
appropriate to call the quantity Ji(uo) of Eq. (1.59) the guaranteed minimum of the functional 
./i(u, v). 


The statement of Problem 1.1 concerning optimization of the isolator characteristic takes into 
account the incompleteness of information about the external distiubance. To solve this problem, 
one does not require the exact knowledge of the external distiubance, which is rarely available in 
practice. It is sufficient to describe the set of admissible disturbances each one of which can occur 
when operating the system. The solution of Problem 1.1 yields the optimal characteristic Uq € A 
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ensuring the guaranteed (i.e. not exceedable under the least favorable external disturbance v € V’) 
minimum of the optimization criterion Ji(u, v), provided the other performance criteria 
Ji(u, v), z = 2,..., AT, do not exceed prescribed values Di,i = 2,..., iV. 

1.2.1.2 Reciprocal Optimization Problems . In the study of the design of isolation systems, the 
most simple case, and at the same time rather commonly occurring, is when the requirements of 
the performance quality are characterized by only two fimctionals, Ji(u, v) and J2(u, v), i.e. 

N = 2. For this case, let us consider two problems of optimization, one of which is based on 
Ji(u, v) as the optimization criterion, and for the other, J2(u,v) is the optimization criterion. 

1.2.1.3 Problem 1.2. Find the optimal characteristic € U such that 


= {J,(u) I Mu) < D,}. 


1.2.1.4 Problem 1.3 . Find the optimal characteristic Up G U such that 


(1.60) 


■? 2 (u?,,) = {Jj(u) I Mu) < D,}. (1.61) 

The superscript D 2 and subscript Di indicate the dependence of the characteristics on the 
parameters Di and Do which describe the constraints. 

Under certain conditions (which will be discussed later) that are fulfilled in many cases of 
practical importance, one can utihze the solution of one of Problems 1.2 or 1.3 to obtain the 
solution of the other. In the literature, such a property of optimization is called duality or 
reciprocity (Sevin and Pilkey, 1971). 

Introduce the notation 


S(D 2 )=Ji(u 5 ’=). h{D,) = Mul,). (1.62) 

where functions g{D 2 ) and h{Di) express the dependence of the minimum value of the 
optimization criterion on the maximiun allowable vahie of the performance criterion subject to the 
constreiint. The reciprocity of Problems 1.2.and 1.3 can be established by 

1.2.1.5 Theorem 1.1 . Let the one-parameter family of optimal characteristics {D 2 is the 
parameter of the family) corresponding to Problem 1.2 be known. Let, in addition, the equality 
J 2 {uq‘^) = D 2 hold for any admissible value of D 2 and the function ^(Do) of Eq. (1.62) be 
continuotis and monotonically decreasing. Then the optimal characteristic in Problem 1.3 is 

determined by = Uq 

The notation g~^ stands for the inverse of the function g. The existence of the inverse follows from 
the continuity and monotonicity of the function 5 (^ 2 ). 

Proof. Let us assume the opposite, i.e., that the characteristic = Uq is not optimal for 
Problem 1.3. This means that there exists a characteristic u, € U satisfying the inequalities 
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(1.63) 


^i(u.)<A, Join.) < 
According to the condition of the theorem, 


Mul =g \Di). 

Since the function g is monotonically decreasing, Eq. (1.64) and the second inequality in Eq. (1.63) 
imply the relation 


giJ^iu,)) > Di- 


(1.6.5) 


The definition of the function g given by Eq. (1.62) immediately leads to the equalities 

giJoin,)) = Ji(uo^^“-^) = n[nn{Ji(u)|Jo(u) < J 2 (u.)}. (1.66) 

The latter relationship and Eq. (1.65) imply that 


>A(u.) > giMu.)) > Di. (1.67) 

Thus, the assumption that the characteristic = Uq is not optimal for Problem 1.3 contradicts 
the inequality Ji(u.)) < D\. This completes the proof of the theorem. 

It follows from Theorem 1.1 that solutions of Problems 1.2 and 1.3 are related by 

= h{D^)=g-\D^), ( 1 . 68 ) 

= g{D2) = h-^{D2). (1.69) 

With these relations, given the solution of one of the Problems 1.2 or 1.3, one can easily obtain 
the solution to the other problem. 

The reciprocity property of Problems 1.2 and 1.3 is rather useful when calculating and analvzing 
optimal characteristics for isolators of different types. It is repeatedly used in subsequent chapters 
of this book. From a mathematical point of view, problems of determining optimal characteristics 
of isolators are rather general problems of mathematical programming. The choice of practical 
methods for solving the problems is determined by (1) specific featiures of the set of admissible 
characteristics and the set of possible disturbances, (2) the structure of the system being designed 
that determines the dimensions of the state-variable and control-variable vectors, (3) the form of 
the function f(x, u, v, t), and (4) the form of hmctionals used as performance criteria. Next, we 
discuss particular optimal isolation problems and methods of solution. 

1.2.2 The Problem of Limiting Isolation Capabilities. 


11 ° — 7 /„0 \ 
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1.2.2.1 General Formulation of the Problem . In this section, we consider the case where the 
external disturbance v(t) is known as a function of time defined over the interval to <t <T. Thus, 
the set V contains only one element. Omit the symbol v(t) in the fist of argmnenrs of the function 
f(x, u, v,t). For simplicity, assume that the operation of calculating the maximtun with respect to 
A is absent from the functionals of Eqs. (1.56) and (1.57) so that these fimctionals are given by 


J(u) = max $(xu(t),u,t) 

£€[to.ri 

or 


(1.70) 



$(Xu(t),u,t)dt 


(1.71) 


When designing isolators in practice, their structure is usually subject to restrictions, which are 
taken into account in the definition of the set U of admissible isolator characteristics. For 
example, very often it is required to provide the protection of the object from unfavorable external 
disturbances by using only passive isolators, characteristics of which do not depend on time 
explicitly. In this case, it is reasonable to take as U the set of all piecewise continuous functions of 
the state variables. If the structure under design is restricted to the use of only spring-and-damper 
isolators with elastic and dissipative properties (see Chapter 2), then the set U is a parametric 
family of functions of the state variables. Parameters of this family are the stiffness and damping 
coefficients that are to be determined by a designer. However, in all cases, the realization of any 
isolator characteristic u(x,t) € U for the motion of the system of Eq. (1.54) with the initial 
conditions of Eq. (1.55) is a function of time u(x„(t),t) = u(t) defined over the interval 
to <t <T. Therefore, it is of interest to consider the problem of choosing the optimal isolator 
characteristic from among a rather wide class of functions that depend only on time and eire 
subject to constraints reflecting only the conditions of implementabihty of the system under 
design. For engineering practice, it is quite sufficient to seek the optimal characteristic in the class 
of piecewise continuous functions. Assume that the admissible characteristics are continuous at 
the boundary points t = to and t = T and are continuous on the right at internal points of the 
interval [to,T]. The problem of optimal isolation corresponding to the admissible characteristic set 
U defined in such a way is called the problem of limiting isolation capabilities or the limiting 
performance problem because its solution results in the calculation of the absolute mi nimum of the 
optimization criterion under specified initial conditions and constraints Ji(u) < Di on criteria 
other than the optimization criterion. This minimum cannot in any way be reduced, thus showing 
the limiting capabilities of isolation for the specified external distiurbance, initial conditions, and 
constraints. See, for example, Guretskii (1965b, 1969b) and Sevin and Pilkey (1971). 

Let us present the mathematical formulation of the problem of limiting isolation capabilities. 

1.2.2.2 Problem 1.4 . Let the motion of the system with isolators be governed by the following 
vector differential equation and initial conditions: 


x = f(x, u, t), x(to) = xo, to<t<T, 


(1.72) 
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X (xi, . . . , Xn), U (u^, . . . , ti^n)) f — (/l j • • • • fn)- 

From among the set of piecewise continuous functions of time, find the optimal characteristic 
Uo(t) such that 

./i(uo) = mm{ Ji(u)|.7,(u) < i = 2...., N}. (I. 73 ) 

The meaning and dimensions of the variables in Eq. (1.72) coincide with those of the 
corresponding quantities in Eqs. (1.54) and (1.55). 

From a mathematical point of view, the problem of limiting isolation capabilities is the problem of 
determining the open-loop optimal control subject to constraints on the control and state 
variables. These constraints are indirectly expressed by the inequafities Ji{u) < Z),. Methods for 
solving optimal control problems are presented in many textbooks and monographs devoted to the 
calculus of variations and the theory of optimal control. Representative books include Pontryagin. 
et al. (1962); Lee and Markus (1967); Boltyanskii (1968); Young (1969); Bryson and Ho (1975); 
Leitmann (1981). 

In a simpler case, there are no constraints on the state variables, and the constraints on the 
control function require that the values of the vector function u(t) at each instant belong to a 
specified bounded closed domain U : u{t) G U C E*". Here, denotes an m-dimensional 
Euclidean space. One should distinguish between the domain U and the set U of admissible 
characteristics introduced earlier. The set U is defined in a functional space and determines such 
properties of admissible characteristics as continuity, differentiability, and the presence or absence 
of explicit dependence on a particular argument. The domain U is specified in a Euclidean space 
of dimension m, which coincides with the dimension of the control vector, and characterizes the 
possibility or impossibility of the assumption by the vector u(t) of particular values. 

1.2.2.3 Simplest Problem of Optimal Isolation . Consider the system shown in Fig. 1.1 which 
consists of a body being isolated connected with the rectilinearly moving base by means of an 
isolator. The isolator allows displacement of the body relative to the base in the direction of the 
latter’s motion. The motion of the body with respect to the base is described by the scalar 
differential equation of Eq. (1.2). Introduce the notation u = —g{x,x,t)/m, v = -y to represent 
Eq. (1.2) in the form 


x + u = v{t). (1.74) 

In Eq. (1.74), x is the coordinate describing the relative displacements of the object (body) being 
isolated; -u is the control force (the isolator characteristic) applied to the object being isolated by 
the isolator, divided by the mass of the object; -v{t) is the acceleration of the base with respect 
to an inertial reference frame. The quantity v{t) describes the external distinbance. 

VVe assume that Eq. (1.74) is subject to zero initial conditions at the instant t = 0 


x(0) = x(0) = 0. 


(1.75) 
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For the isolation performance criteria, we take the maximum absolute value of the displacement of 
the body relative to the base, 


Ji{u) = max la:„(t)|, (1-76) 

te[o,Tl 

and the maximum absolute value of the force acting upon the body, 

J 2 {u) = max |u(t)|. (1.77) 

t€[0,T] ^ 

Subscript u of the variable x in Eq. (1.76) indicates the dependence of the solution of Eq. (1.74) 
on the choice of the control. Let the functional of Eq. (1.76) be the optimization criterion. Then 
Problem 1.4 of limiting isolation capabilities when applied to the system of Eq. (1.74) becomes: 

1.2.2.4 Problem 1.5 . For the system of Eq. (1.74) with the initial conditions of Eq. (1.75), find a 
control function iio(t) which is piecewise continuous, continuous on the right at internal points of 
the interval [0,T], and such that 


Jiiuo) — niax lxuo(t)| = min Ji(u) = min max |xu(^)l. 
te[0,Tl u u tG[0,T] 


(1.78) 


provided 


J 2 (u) = max |w(t)| < u*. (1.79) 

Here, u, is a specified positive number. Such a problem is considered in Guretskii (1965a) and 
Sevin and Pfikey (1971) and is sometimes called the simplest problem of optimal isolation 
(Kolovskii, 1976). 

Denote state variables (relative displacement, x, and velocity, x, of the body being isolated) of the 
single-degree-of-freedom system in question by Xj and X 2 , and then reduce the second-order 
differential equation of Eq. (1.74) to the set of first-order differential equations of the form of Eq. 
(1.72), where 


X = 



f(x,u,t) 


X2 

v{t) — u{t) ’ 


n = 2,r = l,m = 1. 


(1.80) 


The constraint of Eq. (1.79) is eqioivalent to the inequahty | u{t) \< u*, t £ [0,T], and Problem 1.5 
can be represented as the optimal control problem without constraints on the state variables and 
with constraints on the control given by u{t) £ U, where U = [— 


1.2.2.5 Pontryagin’s Maximum Principle . Suppose there are no state variable constraints and the 
control constraints are given by u(t) £ U. Also, assume the optimization criterion is the integral 
functional of the form of Eq. (1.71). Then, one can use Pontryagin’s maximum principle for 
solving the problem of limiting isolation capabilities. Pontryagin’s maximum principle is one of 
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the basic theorems of optimal control theory. It expresses necessary optimality conditions. Next, 
we will give a rather general formulation of the maximum principle. For the proof see Pontryagin, 
et al. (1962), Boltyanskii (1968), Moiseev (1975), and others. 

Suppose that the system behavior is governed by the differential equation with initial conditions 
of Eq. (1.72) and the fcmctional to be minimized is represented by 

J{n)= f $i(x(t),u(t),t)dt+ $ 2 (x(T),T). (1.81) 

•I to 

Also, suppose that the set of admissible controls is the set of piecewise continuous functions 
defined over the interval [to,T], there are no constraints on the state variables, and the control 
constraints are given by u(t) G U, where U € F?'” is a bounded closed set. Moreover, let the state 
vector x(t) of the system at the final instant t = T (which is not prescribed in advance in the 
general case) belong to a terminal manifold S specified by the equations 


5 i(x(T),T) = 0, i=l,...,fc, k<n, (1.82) 

where ^x(x,t) are known functions. 

We assume that the functions /^(x, u, t), z = 1, ..., n, and their partial derivatives 
5/i(x, u, t)/dxj, (z, j = 1, ..., n) are continuous and satisfy the Lipschitz condition (Tikhonov, et 
al., 1980) in the variables x and u. Also, assume that the functions $i(x,u,t),$ 2 (x,t), and 
gi{x,t), I = 1,. .., fc, are continuous and have continuous partial derivatives 
d^i/dxj,d^ 2 ldxj,d^ 2 /dt,dgi/dxj, axid dgi/dt {j = = l,...,k). 


Introduce the Hamiltonian function 

/7(x,p,t,u) =p^f(x,u,£) -po^i(x,u,£) = E"=iPi/ 7 (x,u,£)- 

Po<E>i(x,u,£), 


(1.83) 


Po ^0, po = const. 


Here, p = p(£) = [pi(£),.. .,Pn{t)f is the vector of adjoint variables satisfying the adjoint system 
of differential equations 


Pi= 


dxi 


_ ^p^ ^/j(x«(£),u(t),£) ^ ^^a<I>i(xx.(£),u(£),£) 


j=i 


dxi 


dxi 


(1.84) 


z = 1 ,... ,n. 

To calculate the vector p(i) of Eq. (1.84) one should first integrate the system of Eq. (1.72) for a 
given control u(£),£ G [£o)T], and then substitute the corresponding solution Xu(£) and the control 
u(i) into the right-hand side of Eq. (1.84). Thus, the vector p(£) depends on the control u = u(£). 


i 
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Sometimes we will use the superscript u when denoting the adjoint vector (p(t) = p“(t)), in order 
to show this dependence. 

1.2.2.6 Theorem 1.2 . (Pontryagin’s maximiun principle). Let uo(t) be the optimal control. Then 
there exist a continuous adjoint vector hmction p“°(t) = ^ non-negative 

constant po, and constants Xi,i = I,... ,k, that satisfy the following conditions: 

1) at least one of the quantities pj, i = 0 ,1,..., n is not equal to zero identically over the interval 

2) adjoint variables p“°(t),z = 1,... ,n, satisfy Eq. (1.84); 

3) the relationship 

ff(xuo(t),p““(t),i,uo(i)) = m^//{x„o(t),p“<'(t),t,u) (1.85) 

u€U 

holds for all t 6 [tQ,T]; 

4) at the final time instant t = T, the boimdary conditions 

gi{yi^,{T),T) = 0, / = l,...,fc; ( 1 . 86 ) 






dgj{:>^uo(T),T) 


+ i7(x^(T),p“o(T),T,uo(T))=po 


d^2MT),T) 


are satisfied. 


(1.87) 

( 1 . 88 ) 


In the literature on the calculus of variations and the theory of optimal control, Eqs. (1.87) and 
(1.88) are called the transversality conditions. If among the functions gi{-K,t),l = I,... ,k, 
specifying the terminal manifold, there exists a function, say, pi(x,t), that varies monotonically in 
time along trajectories of the system of Eq. (1.72) and has non-zero time derivatives according to 
Eq. (1.72), then this function can be used as a condition of the process termination. Then, the 
final instant t = T is determined as the first root of the equation pi(x„,t) = 0. If the function 
Pi(x, t) possesses the aforementioned properties, the transversality conditions of Eqs. (1.87) and 
(1.88) are equivalent to the following relationships: 
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(1.89) 


agi(x.„(r),r) 

dxi 


dg,(x^iT), T) 
dT 


T -1 k 


j=2 


d9jMT),T) 

dxi 


„ d^2MnT) . , 

Po - 5 -, 1 = 1 ,. 


dxi 


.,n. 


Here, d/dt means the operator 


£ 

dt 



»=i 


dxi 


of differentiation with respect to time along the trajectories of Eq. (1.72). 


(1.90) 


Note that the condition of the process termination reduces by one the number of the 
transversality conditions and the number of constant multipUers Aj in the formulation of the 
maximum principle. There are n conditions of Eq. (1.89) instead of n + 1 relationships of Eqs. 
(1.87) and (1.88). When deriving Eq. (1.89) from Eqs. (1.87) and (1.88) the constant Ai is 
expressed in terms of other variables. 


If Po 0, then one can assume po = 1 without loss of generality. This will reduce the components 
of the adjoint vector p(f) and constants Aj by a factor of po and will not influence the values of 
control variables calculated by maximizing the Hamiltonian with respect to u according to Eq. 
(1.85), because the Hamiltonian (Eq. 1.83) depends on pi and po linearly. 

To determine the control uo(t) satisfying the maximum principle and to calculate the 
corresponding value of the optimization criterion of Eq. (1.81) it is necessary to consecutively 
execute the following steps: 

Step 1. Using Eq. (1.85) for maximizing the Hamiltonian function with respect to the control 
vector components, represent the control vector uo(t) as a function of variables and t 

uo(t) = Uo(x,^(t),p“°(t),t). (1.91) 


Step 2. Substitute the expression of Eq.. (1.91) for uo{t) into Eqs. (1.72) and (1.84) as well as 
into the boundary condition of Eq. (1.88) (or (1.89)) and solve the resulting boundary-value 
problem for state variables adjoint variables p“°(t), and constants Aj. 

Step 3. Substitute the functions x„(,(^) and p"«(t) into Eq. (1.91), thereby expressing the control 
Uo as an exphcit function of time. 

Step 4. Substitute the expressions for and uo(t) into functions $i(x,u,t) and $ 2 (x,t) and 

calculate the corresponding value of the optimization criterion according to Eq. (1.81). 

Some final remarks on the maximum principle are appropriate. In general, the maximum principle 
is a necessary condition for optimahty, not a sufficient condition. Therefore, the optimality of the 
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control determined on the basis of the maximum principle requires additional analysis, such as a 
comparison of the values of the optimization criterion related to different controls satisfying the 
maximum principle. However, if the optimal control exists and the maximum principle singles out 
only one function uo(t), then this function is the desired optimal control. 

To determine the optimal control from the maximmn principle, in general, a non-Unear 
boundary-value problem for a system of ordinary diflferential equations has to be solved. A 
closed-form solution of this problem is possible only in exceptional cases, and, in practice, it is 
necessary to resort to niimerical methods, when calculating optimal controls. The maximum 
principle is the basis of several numerical methods for searching for the optimal control. However, 
the discnssion of these methods is beyond the scope of this book. See Chernousko and Banichuk 
(1973), Moiseev (1975), and Fedorenko (1978) for further information. 

1.2.2.7 Maximum-Type Fvmctionals . Pontryagin’s maximum principle outUned above is applicable 
directly to optimal control problems with the functionals of the form of Eq. (1.81) only. The 
particular case of the functional of Eq. (1-81) is the integral functional of Eq. (1.71). In practice, 
such functionals occur in the use of integral criteria, for example, in vibration isolation problems 
in which steady-state vibrational motion is optimized. 

When transient motion is to be optimized, which is the case, in particular, for shock isolation, the 
functionals characterizing the peak response to the external disturbances are often considered to 
be more appropriate. These functionals have the form of Eq. (1.70). Some of the functionals of 
such a kind are given in Eqs. (1.42)- (1.44) and (1.46). Thus we arrive at the optimal control 
problems with maximum-type functionals. In particular, this is the case for Problem 1.5. 

Optimal control problems with maximum-type functionals are more comphcated mathematically 
than the problems with the integral-terminal functionals of Eq. (1.81). An einalytical method, the 
efficiency of which could be compared with that of the maximum principle, is not available for the 
problems with maximum-type functionals. Therefore, it is reasonable to investigate the 
possibihties for reducing the optimal control problem with the functional of Eq. (1.70) to the 
problem with the functional of Eq. (1.81) or approximating the former problem by the latter one. 
One of these possibilities, based on the integral approximation of the maximum-type functionals, 
is outlined next. 

1.2.2.8 Integral Approximation of Maximmn-Type Functionals . The function $(x, u,t), for which 
the maximum as in Eq. (1.70) serves as a performance index of isolation, is usually nonnegative. 
Normally, this function represents the absolute value or square of some mechanical characteristic 
of the motion of the system (Section 1.1.3). If for any admissible control u(t), the function 
$(xu(t),u(i),t) is normegative and continuoxis on the interved [to,T], then the meiximum-type 
functional of Eq. (1.70) and the integral functional 


are related by 


J^(u) = f ^'^{Xu{t),VL{t),t)dt 
Jto 


(1.92) 


35 



J(u) = max = lim [JJu)]^^^ = 

telto.T] /i-*oo 


lim 

fl—*00 


f 

.Jto 






where n is a positive numerical parameter. 


(1.93) 


Equation (1.93) can be used as the basis for solving optimal control problems with maximum-type 
functionals by using the maximum principle. The functional of Eq. (1.92) has the form of Eq. 
(1.81), where ^>i = and $2 = 0 and can be minimized with the use of the maximum principle. 
To each value of the parameter fi, there corresponds a piecewise continuous control u^(t) that 
satisfies the constraint Uo(t) € U and minimizes the functional Jp(u). Assume that for a 
particular metric introduced in the space of control functions, the sequence converges to an 
admissible control, functionals Jfj(u) are continuous, and the convergence to the limit in Eq. 

(1.93) is uniform with respect to u. Then the relationship 


lim = uo (1.94) 

is valid, where uq is the optimal control minimizing the functional of Eq. (1.70). Thus, the 
optimal control in problems of minimizing the maximum of a function of state variables and time 
can be obtained as the limit of the sequence of admissible controls Uq minimizing integral 
functionals of the form of Eq. (1.92). 

This method can be implemented on a computer by using available numerical methods for solving 
optimal control problems with integral functionals. See, for example, Chernousko and Banichuk 
(1973), Moiseev (1975), and Fedorenko (1978). In one apphcation, this approach has been used by 
Johnson (1967) for solving the problem of minimizing the maximum square of the deviation of a 
particle from a specified position. 

Other methods are also available for solving optimal control problems with maximum-type 
functionals that take into accoimt specific features of such problems more thoroughly than the 
aforementioned approach does. However, the discussion of these methods is beyond the scope of 
this book. The interested reader can consult such hterature as Vinogradova and Demyanov (1973, 
1974), Sihna (1976), and Timoshina and Shabhnskaya (1980). 

1.2.2.9 Graphical-Analytical Technique for Solving the Simplest Problem of Optimal Isolation . 

For some typical problems of optimal isolation, special methods of solution taking into account 
specific featmes of the problems are available. For example, for the simplest problem of optimal 
isolation (Problem 1.5) for a single-degree-of-freedom system governed by Eq. (1.74), a 
graphical-analytical procedvue of calculating the optimal isolator characteristic as a function of 
time has been developed independently by Gmetskii (1969) and Sevin and Pilkey (1971) for the 
case T = 00 . The shape of the optimal characteristic depends on the number of time intervals in 
which the absolute value of the external distiubance v(t) exceeds the maximum admissible force 
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u., applied to the object being isolated by the isolator. To understand the fundamentals of the 
graphical-analytical approach, consider the simplest case where there is the only one interval 
(ti 7 T’ 2 ) in which | v{t) |> tt*, i.e. 


|7;(t)l<u, if 0 <f<ri or t > T 2 , . . 

|t;(t)l > li, if Ti < t < T2. \ • ) 

In addition, assume that v{t) is a continuous function and, without loss of generahty, that 
v{t) > u, for t € (ti, r 2 ). It is proved by Guretskii (1969) that if an optimal control in Problem 1.5 
exists, then one can always choose the optimal control u = uo{t) so that ilq = = —u, or uq = 

v{t) in different time intervals. 


If n = 0, then the solution of the basic problem of optimal isolation is given by 

uo(f) = n, if 0 < t x{U) = 0, , . 

u^{t)=v{t) if t>U. 

Here, t, is the first non-zero time instant at which the velocity of the body being isolated relative 
to the base vanishes. 

To prove this, represent the solution of the differential equation of Eq. (1.74), subject to the 
initial conditions of Eq. (1.75), in the form 


:(f) = / (f — r)[t;(T) — u{T)]d^ 

Jo 


Since, according to the constraint, u{t) < u, for all t, the inequality 


:(<) > [ {t- 7')[v(r) - 'U.)]d7 

Jo 


(1.97) 


(1.98) 


is valid. The assumption of v{t) > u, for 0 = ti < t < r 2 implies that the right-hand side in Eq. 
(1.98) monotonically increases on the interval 0 < t < t*, where t* is the point at which the 
derivative of the right-hand side of Eq. (1.98) vanishes, and is noimegative on this interval. With 
allowance for this fact, the estimate 


lax \x{t)\ > [ {U- T)[n(T) - u»)]di 
‘ Jo 


follows from Eq. (1.98). For the control of Eq. (1.96), the time history of x is 


(1.99) 


x{t) = 


/o - U,)]dT, 


if 0 <t <U 


- t)[v(t) - u,)]dT = x(t,), if t > t. 


( 1 . 100 ) 


It follows from Eqs. (1.99) and (1.100) that the lower bound in Eq. (1.99) is reached by the 
function x(t) of Eq. (1.100). Hence, the control of Eq. (1.96) is optimal. 
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Consider now the case of Tj > 0. Integrating Eq. (1.74) with the initial conditions of Eq. (1.75) 
yields 


x{t) = S{t) - U{t), 




Introduce the notation 



( 1 . 101 ) 


Af = f S{T)dT- ! U{T)dT, (1.102) 

Jii-l Jti-l 


x{u) = S{u)-U{ti) = 0, to = 0, z = l,2..., 

where U are the times of intersection of plots of the functions S{t) and U{t) defined in Eq. 
(1.101). See Fig. 1.6. At instants U, the relative velocity x of the body being isolated vanishes. 
From the geometrical point of view, the value [ Af | is equal to the area of the figure formed by 
the segments of the graphs of the functions S{t) and U{t) in the time interval If the 

difference S{t) - U{t) changes its sign at a point t = U, then the function x{t) has a local 
extremum at the point U. It follows from Eqs. (1.101) and (1.102) that 


t 

= (1.103) 

fc=i 

Equations (1.101)-(1.103) imply the following single-valued correspondence between the quantities 
S{t),U{t), and on the one hand, and v{t),u{t), and maXf |xu(t)|, on the other hand, 


v{t) = 


dSjt) 

dt 


u{t) = 


dU{t) 
dt ’ 


max |a;„(t)| = max Au 

te(o.oo) i>i * 


(1.104) 


Taking into accoimt Eq. (1.104), one can reformulate Problem 1.5 in terms of the quantities 
S{t),U{t), and Af as follows. 


1.2.2.10 Problem 1.6 . Given the function S{t), find a piecewise differentiable function Uo{t), 
differentiable on the right at each point of its domain, such that 


max 

»>i 



= min max 

U i>l 



fc=l 


U{t) 


< u. 


(1.105)' 


This formulation of the 


simplest problem of optimal isolation is convenient for a graphical solution. 
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The shape of the function Uo{t) depends on the relative arrangement of the graph of the function 
y = S{t) and the straight hne 7 defined by the equation y = u.t. It is evident from the inequality 
in Eq. (1.105) that the tangent of the incfination angle of this hne to the time axis is equal to the 
majdmmn admissible vafue u. of the tangent of the incfination angle of the fine tangential to the 
graph of the function y = U{t). The cases considered below give complete solutions to the simplest 
problem of optimal isolation. 

Case 1 . The fine 7 intersects the plot of the function y — S{t) as shown in Fig. 1.6. The 
properties of Eq. (1.95) of the function v{t) and the definition of the function S{t) imply that the 
fine 7 can intersect the graph of the function y = S(t) only at two points, except the origin. Let 
us denote the abscissae of these points by and and the areas of the figures 

formed by the segments of the fine 7 and the plot of the function y = S{t) in time intervals [0, 
and by fli and f 22 i respectively. 

Case 1 . 1 . O 2 > 2f2i. If this inequality holds, then the function Uoit) of Problem 1.6 is given by 

Uo{t) —u,t if 0 < t < UQ{t) = S{t) if t> (1.106) 

In this case 

h = t2 = = -fli, = ^2, 


max ^ Ai° = fiz - Oi > fii. (1.107) 

*“ fc=i 

According to Eqs. (1.104) and (1.106), in the case of flz > 2f2i, the optimal isolator characteristic 
uo{t) of Problem 1.5 and the corresponding maximum absolute value of the displacement of the 
body being isolated zire given by 

uo{t)=u, if 0 < t < uo{t) = v{t) if t > (1.108) 

max |xuo(t)| = x„o(t^^^) = ^ 2 -^ 1 - 

te[0,oo) 

Let us show that the function UQ{t) in Eq. (1.106) indeed gives a solution to Problem 1.6. 
Consider an arbitrary fimction U'{t) ^Uo{t) satisfying the constraint of Eq. (1.105). By virtue of 
this constraint, the plot of this function does not fie above the fine 7 . The properties of the 
function v{t) given in Eq. (1.95) imply that the plots of the functions U'{t) and S{t) can intersect 
only in the intervals and [t^^^,oo). 

Denote the abscissa of the first intersection point of the plots of the functions S{t) and U'{t) in 
the interval 00 ) by t. It may turn out that the plots of the functions S{t) and U'{t) do not 
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intersect at t > In this case, formally set t = oo. If the plot of the function U'{t) in the 
interval Ues below the plot of the function S{t), as shown in Fig. 1.7, then 


t = ti, x{t) = x{ti) = >02>f^2 —(1.109) 

Let the plots of the fmictions U'{t) and S{t) in the interval intersect at the points with 

abscissae t = ti, i = 1, ..,n, where n is a positive integer. In this case (Fig. 1.8), t = tn+i and 


n+l _ _ 

<i) = ^ A"' = E + E (1-110) 

i=l fc€/+ 3e/_ 


E < > 0 , 0 < - E < fll. 

fce/+ ae/- 

By 1+ and /_ in Eq. (1.110) we denote the sets of indices i = 1,..., n such that A^' > 0 for i G /+ 
and AY' < 0 for i G It follows directly from Eq. (1.110) that 


x{t) — x{tn+l) > ^2 —^ 1 - (1-111) 

Equations (1.108), (1.109), and (1.111) imply that any function U'{t) ^Uo{t) satisfying the 
constraint of Eq. (1.105) corresponds to a larger value of the maximum modulus of the 
displacement of the body being isolated, compared with that for the function Uo{t). This proves 
the optimahty of the function Uo{t). 

Case 1.2. < ^2 < 2^1. If these inequalities hold, then the function 17o(t) of Problem 1.6 is 

given by 


Uo{t) = -u,f if 0 < t < 

Uo{t)=uJ-6 if (1-112) 

Uoit) = S{t) if i > ta, 

where fa denotes the abscissa of the first intersection point of the straight fine y = u,t — 6 {S > 0) 
and the plot of function 5(f) to the right of f^^^ The shape of the function Uo{t) is shown in Fig. 
1.9. The parameter 5 > 0 in Eq. (1-112) is chosen in such a way that the plots of the functions 
5(f) and Uo{t) intersect at three points, apart from the origin, with the abscissae f = fi, f = f 2 , 
and t = t‘i. Moreover, the pareimeter 6 is chosen so that 


AY° = -2(^f° + AY°). (1.113) 

Such a value of the parameter 6 exists because the quantities AY°, i = 1,2,3, depend on 6 
continuously, the hmiting relation AY° + 2(Af° + AY°) ■—>■0.2 — 2f2i < 0 is valid as <5 —0, and 
there exists 6 > 0 (for example, corresponding to tangency of the plot of the function 5(f) by the 
line y = u,t — 5 at a point with the abscissa f G (0, f^^^)) such that AY° + 2{A!(° + A^°) > 0 . 
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We choose to omit the proof of the optimality of the function C/o(t) given by Eq. ( 1 . 112 ). In many 
aspects, it is analogous to the proof of the optimahty for the case of 1^2 > 2fii. Details of the 
proof are given in such publications as Guretskii {1969a) and Kolovskii (1976). 

The optimal isolator characteristic uo(t) corresponding to Eq. (1.112) is expressed as 


It is seen in Fig. 1.9 that 


uo{t) = -u. if 0 < f 
uo{t) = u, if ^ <t <i3, 
UQ{t) = v{t) if t>tz. 


(1.114) 


= |>!‘'"| = A‘'">n2. (1.U5) 

Provided < Q 2 j Eq. (1,115) implies that Therefore, if the parameter S in Eq. 

(1.112) is chosen so that Eq. (1.113) holds, then the relationship 


= -A^V2 - < -A^°/2 (1.116) 

is valid. It follows from Eqs. (1.113) emd (1.116) that the maximum absolute value of the 
displacement of the body being isolated corresponding to the optimal isolator characteristic uo{t) 
of Eq. (1.114) is given by 


maxtg[o,oo) kuo(OI = = -A^° - A^° = x^oitz) = 

ylfo + A^° + 


(1.117) 


Case 1.3. ^2 < If this inequality holds, then the desired optimal function Uo{t) is determined 
as follows. Construct the function U{t) which has the form analogous to Eq. (1.112) 

U{t) = -u,t if 0 < t < ^; 

U{t)=uJ-0 if (1.118) 

U{t) — S{t) if t> 

The parameter /? in Eq. (1.118) is chosen so that the graphs of the functions S{t) and U{t) 
intersect at three points, except the origin, with the abscissae and <3 {ti < t 2 < t^) and the 
quantities A^ and A^ are related by | |= -A^ = A^. Such a value of the parameter /? exists if 

1^2 — ■ 

If 0 < i4f < —^/2, then the optimal function Uo{t) is specified by Eqs. (1.112) and (1.113), 
while the corresponding optimal isolator characteristic wq and the minimum of the maximum 
absolute value of the displacement of the body being isolated are determined by Eqs. (1.114) and 
(1.117), respectively. 

If Af > — A^/ 2 , then the optimal function l7o(f) is specified as follows: 
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Figure 1-9. The function Uo(t). 
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(1.119) 


C/o(()=f(l) if 0<t<-^-, Uo{t) = U{t) if 

2u, 

Here, ^{t) is an arbitrary piecewise differentiable function defined over the interval 
0 < t < P/{2u,), differentiable on the right at any point of the interval 0 <t < (5/{2u,) and 
providing the relationships = -A^/ 2 . Such a function exists, because inside the 

figure bounded by the graphs of the functions U{t) and S{t) in the interval [0,ti] and having the 
area equal to A'{ > A^ /2, one can always draw a curve y = ^{t) passing through the origin and 
the point with the abscissa t = ti so that the area of the figure bounded by the graphs of the 
functions ^{t) and S{t) in the interval [0,£i] is equal to any prescribed positive number A < A^. 

In particular, the fimction ^(£) can be chosen to be piecewise linear, with the derivative being 
equal to —u* or u,. 

We omit the proof of the optimality of the function of Eq. (1.119), which can be foimd in detail in 
Guretskii (1969a). 

The function C/o(£) in Eq. (1.119) corresponds to the optimal isolator characteristic uo{t) given by 

iio(£) = i{t) if 0 < £ < £i; 

Uo(£) = u. if £i < £ < £ 3 ; ( 1 . 120 ) 

uo(£) = v{t) if £ > £ 3 . 

Note that generally the function ^(£) is piecewise differentiable. At the points of 
nondifferentiability, ^(£) should be understood to be the corresponding derivative on the right. If 
the function ^(£) is chosen to be piecewise linear, with the derivative being equal to —u, or it,, 
then the optimal isolator characteristic of Eq. (1.120) takes on the values —u,or it, in the intervzil 
0 < £ < £3 and is equal to i;(£) for £ > £ 3 . The maximum absolute value of the displacement of the 
body being isolated corresponding to the optimal isolator cheiracteristic of Eq. (1.120) is given by 

max \x^{t)\ = x,^(£i) = /2 = -x„„(£ 2 ) = Xuo(^ 3 ). ( 1 - 121 ) 

t6[0,oo) 

Case 2. The line 7 intersects the plot of the function y = S{t) at no points, except the origin 

(£ = 0,y = 0). 

Is this case the optimal function Uo{t) of Problem 1.6 is constructed quite analogously to case 1.3 
and is defined by Eq. (1.112) if Af < —A^/2, and by Eq. (1.119) if Af > -A^/2. 

The article by Guretskii (1969a) devoted to the graphical-analytical approach to the solution of 
Problem 1.5 presents the algorithm for constructing the optimal isolator characteristic in the case 
of an arbitrary number of time intervals in which the absolute value of the disturbance exceeds the 
maximum admissible force appUed to the body being isolated. 

The major advantage of the graphical-analytical approach is that in some cases it allows 
estimating the structure of the optimal isolator characteristic (in particular, the number of the 
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switch points) without cumbersome calculations. Note, however, that the graphical-analytical 
procedure is applicable only to single-degree-of-freedom systems governed by the second-order 
scalar differential equation of Eq. (1.74). 

1.2.2.11 Solution of the Problem of Optimal Isolation for a Half-Sine Disturbance . Solve Problem 
1.5 using the graphical-analytical technique for an external disturbance in the form of a half-sine 
pulse, that is, the excitation is given by 



a sin for 0 < t < T* 

0, for t > T* ’ 


( 1 . 122 ) 


where a is the amplitude of the pulse and T, is its duration. According to Eqs. (1.74) and (1.75), 
the motion of the body to be isolated is governed by the differential equation with zero initial 
conditions 


x + u = v{t), x(0) = 0, x(0) = 0. (1.123) 

We consider the problem for an infinite time interval and set T = oo in Eqs. (1.76) to (1.79). 
Accordingly, the problem is reduced to the minimiz ation of the functional 

Ji(u) = max \xu{t)\,. (1.124) 

te[o,oo) 

where x^{t) is the solution of the initial value problem of Eq. (1.123), subject to the constraint 


lit(t)l < u.. (1.125) 

1.2.2.12 Dimensionless Variables . The problem to be solved contains three independent 
parameters, namely, a,r*, and u,. Introduce the dimensionless (primed) variables 


, TT^ TTt , a , U , V TT^ 

r. u, u, u. 

into Eqs. (1.122) to (1.125). The disturbance of Eq. (1.122) becomes 


(1.126) 


J asint, 

I 0. 


for 0 < f < TT 
for t > TT 


and the constraint of Eq. (1.125) acquires the form 


(1.127) 


|'u(<)| < 1. (1.128) 

The primes indicating the dimensionless variables are omitted for convenience. The form of Eqs. 
(1.123) and (1.124) remains unchanged under the change of variables of Eq. (1.126). 
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Note that the equations expressed with dimensionless variables have only one parameter a, instead 
of three parameters. This simphfies the solution and analysis of the problem. If necessary, one 
may return to the original dimensional variables using the formulas of Eq. (1.126). 

1.2.2.13 Construction of the Optimal Control . Construct the optimal control for a > 1 . For a < 1 , 
the solution to the problem is trivial. By setting u(t) = v{t) we provide Xu{t) = 0 and, hence, 
Ji{u) = 0. It is seen from Eq. (1.127) that |u(t)| < 1 if a < 1 and, hence, the constraint of Eq. 
(1.125) is satisfied. 

For a > 1, we have 


v{t) 

> 

0, 

for all t; 

(1.129) 

v{t) 

< 

1 , 

for 0 < t < Ti and t > T 2 ; 


v(t) 

> 

1 , 

for Ti < t < T2, 



where ri and T 2 are the roots of the equation 


asint = 1 (1.130) 

on the interval 0 < f < tt. Solve Eq. (1.130) for ri and T 2 to find 




sin ^(-), T 2 = 7 r — sin“^(-). 
a, a 


(1.131) 


Hence, the disturbance v{t) of Eq. (1.127) belongs to the class of disturbances of Eq. ( 1 . 95 ), and 
the graphical-analytical technique described previously can be appfied. 


According to this technique, the function S{t) of Eq. (1.101) and the line 7 = ii*f should be 
plotted on a single coordinate plane. In our case, we have 




for 0 < f < TT 

for t > TT 


(1.132) 


7 = t. 


(1.133) 


A study of the function 


F{t) = S{t) - t (1.134) 

shows that F(0) = 0 for any a and, hence, the plots of S{t) and 7 always intersect at the 
coordinate origin. If a < a* « 1.380, then this is the only intersection point (Fig. 1.10). If a = a,, 
then the line 7 intersects the plot of S{t) at two points, one of which is the coordinate origin, and 
the other is the tangent point at t = T 2 = tt - sin~^(l/a.) ^ 2.331 (Fig. 1 . 11 ). If o > a,, then the 
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0. The relative position of the curve S and the line y for a<ax.. 
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Figure 1-11. The relative position of the curve 5 and the line y for 
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line 7 intersects the plot of S{t) at two points and other than the origin (Fig. 

1.12). The quantity a* is the root of the equation 

a + \/a2 - 1 - 7r + sin“^(l/a) = 0, (1.135) 

which follows from the tangency condition for the functions S{t) and 7 = t. 

Case a > a*. The points and of intersection of the cmrves S{t) and 7 for a > a* can be 
foimd as the roots of the function F{t) of Eq. (1.134). The analysis of this function shows that if 
a < 7r/2, then both and lie in the interval (0,7r). In this case both of the roots can be 
found by numerical solution of the transcendental equation 


a(l - sint) - t = 0. (1.136) 

If a > 7r/2, then the second root corresponds to the intersection of the line 7 with the 
rectilinear part of the plot of S{t) for t > tt. In this case, it follows that = 2a. 

Calculate now the areas and O2 of the domains confined between the curves S{t) and 7 on the 
intervals 0 < t and <t< respectively. We obtain 


= - / F{r)di 

Jo 


— — sint^^^], 


(1.137) 


rt(2) 

= / F{T)dT = 

JtW 


- sint^^)] — — sint^^)] + /2 — /2, for a < 7r/2 

—— sint^^)] + /2 + a(2a — tt), for a > 7r/2 


It can be shown that the difference 


increases monotonically as a increases. In particular, 


Afi < 0, for a < 7r/2; 

AO = 0, for a = 7r/2; 

AO = a(2a — ■tt) > 0, for a > 7r/2. 


(1.138) 


An = n. - n, = ( “ ‘f ’1 " [‘‘"’I ' f^ “ < -(2 (1.139) 

1^ a(2a - tt), for o > 7r/2 ^ ' 


(1.140) 


Consider first the case where O2 > 20i. According to Eq. (1.140), this inequality holds only if 
a > 7r/2, and, hence, = 2a > tt. In this case, the solution of the problem is given by Eq. 
(1.108), and, accordingly, the optimal control has the form 


1, for 0 < t < 2a 
0, for t>2a 


(1.141) 
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Figure 1-12. The relative position of the curve 5 and the line y for a>a^ 
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The corresponding minimum of the peak displacement is 

Ji(uo) = Afi = a(2a-7r). (1.142) 

Consider now the case where ^2 < Then the optimal control is given by the formulas of Eqs. 
(1.114) or ( 1 . 120 ), depending on the relationship between the quantities and A^, 

calculated according to Eqs. (1.102) and (1.118). In our case, these quantities are expressed as 

= a{ti - sinti) + y - -^(^i - /3)^ (1.143) 

A^ = -a{ti - sinti) + a{t 2 - sint 2 ) - ^(^2 - Pf + - P)', (1.144) 

A^ = a(t 3 - sinta) - a{t 2 - sint 2 ) - ^(^3 - Pf + ^(*2 - P)'^- (1.145) 

Here, ti,t 2 , and tz are the coordinates of the intersection points of the plot of S{t) and the line 
7 i = £ — / 3 , that is, three consecutive roots of the equation 

S{t)-t + P = 0, (1.146) 

where S{t) is defined in Eq.(1.132). It is evident firom Eq. (1.146) that the roots £i,£ 2 ,and £3 
depend on the parameter p. To indicate this dependence we will write tx{P),t 2 {P), and £ 3 (/ 3 ). 
Accordingly, the quantities Af, A 2 ,and A^ of Eqs. (1.143) to (1.145) also depend on /?, and we 
will write Af (^9), A^(/3),and a£(/?). For a > 1 , there exists the range of P such that Eq. (1.146) 
has three roots. This follows from the geometric properties of the plot of S{t) and the line 
'Yi = t — p. In practice, the transcendental equation of Eq. (1.146) has to be solved mnnerically. 

To construct the optimal control for the case of Hi < f 22 < 2^1 solve the equation 

2 [Af (5) + A?(6)] + A? (5) = 0 (1.147) 

for 6. Then the optimal control is given by Eq. (1.114) in which one should set u, = 1. 
Accordingly, we have 


' - 1 , 

for 0 < £ < S/2 


Uo(t) = < 1 , 

for S/2 < £ < £ 3 ( 5 ) . 

(1.148) 

, Hi), 

for £ > £ 3 ( 6 ) 



The minimum peak displacement corresponding to the optimal control of Eq. (1.148) is calculated 
according to Eq. (1.117). Then 

Mu„) = A"’ + Af + A^" = 4(i) + 4(d) + 4 (d). (1.149) 


53 


Xo construct the optimal control for the case of fi 2 one should execute the following 
operations. 

1. Find the parameter (5 such that 


4(/3) + 4(/3) = 0. 


(1.150) 


2. If Af (/3) + (/?)/2 < 0, then solve the equation 


4(i)+4('5)]+4('S)=0 (1.151) 

for 6 . The optimal control in this case is given by Eq. (1.114) in which one should set tt. = 1. 
Accordingly, we have 

—1, for 0 < t < 6/2 

uo(t) = { 1, for 8/2 <t< t 3 { 8 ) . (1.152) 

v{t), for t > t 3 { 6 ) 


The minimum peak displacement corresponding to the optimal control of Eq. (1.152) is calculated 
according to Eq. (1.117). Then 


Ji{uo) = Afo + A^“ + A^° = A^{ 6 ) + A^(6) + A^{ 6 ). (1.153) 

Note that the function Uq of Eq. (1.112) coincides with U of Eq. (1.118) for /3 = 6. 

3. If Af(/3)+ A^(/3)/2 > 0, then construct the function ^(t) indicated in Eq. (1.119). The 
function ^(t) must be constructed so that 


rtm 

/ [s(*) - mw = 4(/3)/2. 

Jo 


In particular, the function ^(t) can be sought in the form 


m = 


a(l — cost), 
—t + 202 ~ 13, 
t-P, 


for 0 < t < 01 
for 01 < t < 02 
for 02 < t < ti{p) 


where 


(1.154) 


(1.155) 


z, _ 0i + a(l-cos0i)+/3 .. 

^2 - - - (1.156) 

and the parameter 0i can be found from Eq. (1.154). The construction of the function ^{t) of Eq. 
(1.155) is illustrated in Fig. 1.13. The plot of this ftmction is shown by a thick line. Then the 
optimal control, according to Eq. (1.120), takes the form 


Uo{t) = 


asint, for 0 < t < 01 

—1, for 01 < i < 02 

1 , for 02 < t < t 3 {P) 
v{t), for t > tz{p) 


(1.157) 
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Figure 1-13. The function <^t). 
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The minimum of the peak displacement of the body being isolated is calculated according to Eq. 
(1.121) and is given by 


7iK) = -^^(/3)/2. 


(1.158) 


Case a < a*. In this case, the construction of the optimal control completely coincides with that 
for the case O 2 < for a > a*. 


1.2.2.14 The Structure of the Optimal Control . Gather together the formulas of Eqs. (1.141), 
(1.152), and (1.157) for the optimal control 


Uo{t) = 


asint, for 0 < t 
—1, for I?! < t < 1^2 

1 , for 'd 2 <t 

t;(t), for t >^2 


(1.159) 


The switching times ??i,'i92, and depend on the dimensionless amplitude a of the disturbance. 
Specifically, for the control of Eq. (1.141), we have di = 0,t92 = 0,i93 = 2a; for the control of Eq. 
(1.152), = 0,192 = ^/2,i93 = tz{S); for the control of Eq. (1.157), t9i = 0i,i92 = 62 ,-ds = tz{P). 


1.2.2.15 Numerical Results . Some numerical results are presented in Figs. 1.14 to 1.20. Figure 
1.14 shows the optimal value of the performance index Jx of Eq. (1.124) versus the disturbance 
iimphtude a > 1. Figures 1.15 to 1.17 show the switching times i9i,i92, and i93 of the optimal 
control of Eq. (1.159) versus a. 


It is seen from Figs. 1.15 to 1.17 that all the switching times approach 7r/2 as a 1. In this case, 
as follows from Eq. (1.159), the optimal control becomes identically equal to the disturbance 
function. As a increases above the value a = 1, the functions i9i(a) and i92(o) monotonically 
decrease, whereas 193 (a) monotonically increases. For 1 < a < 1.25, the optimal control has the 
form of Eq. (1.157). The control of such a kind is shown in Fig. 1.18. At a « 1.25, the switching 
time i9i(a) becomes zero, and the control of Eq. (1.157) transforms to the control of Eq. (1.152). 
See Fig. 1.19. For 1.25 < a < 1.65, the optimal control has the form of Eq. (1.152). At a w 1.65, 
the switching time i92 in Eq. (1.159) vanishes, and the control acquires the form of Eq. (1.141), as 
shown in Fig. 1.20. This form of the optimal control is preserved for all a > 1.65. 


It is evident from Fig. 1.14 that the optimal value of the performance index grows without limi t 
as a increases. Note that for a > 1.65 the optimal value of the performance index is given by the 
closed-form relation of Eq. (1.142) 

Ji=a(2a-7 r). (1.160) 


1.2.2.16 Conclusion . Above, we have outlined briefly the most widespread analytical methods of 
solving the problem of limiting isolation capabihties that can be applied to systems with isolators. 
For more detail, we recommend the monographs by Sevin and Pilkey (1971) and Kolovskii (1976), 
as well as such papers as Guretskii (1965a,b,c, 1969a), Viktorov and Larin (1969), Saranchuk and 
Troitskii (1969), Wang and Pilkey (1975), and others deahng with numerous analytical and 
numerical approaches to the solution of the problem of limiting isolation capabilities. 

1.2.3 Synthesis of Optimal Feedback Characteristics. 
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Figure 1-15. The switching time versus the pulse amplitude. 
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Figure 1-16. The switching time ^2 versus the pulse amplitude. 
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Figure 1-19. Time history of the optimal control for 1.25<a<1.65. 
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1.2.3.1 Necessity of the Feedback Control . The solution of the problem of Umiting isolation 
capabilities yields the optimal isolator characteristic in the form of an open-loop control which is a 
function of time alone. Such a characteristic provides the minimum value for the optimization 
criterion with all imposed constraints being satisfied only in case the motion of the system follows 
exactly the single state trajectory (nominal trajectory) corresponding to the specified initial 
conditions for which the optimal control was calculated. This open-loop control in no wav reacts 
to deviations of the state variables from their nominal values and in the general case does not 
ensure stability of the nominal motion. Thus, in practice, an actual system may have imacceptablv 
large values of the optimization criterion, e.g., the relative displacement of a body being isolated. 

Consider a simple example. Let the relative motion of a body being isolated be described bv the 
equation x-\-u = v{t) (Eq. 1.74), while the external disturbance v{t) satisfies the conditions of Eq. 
(1.95) with Ti = 0. Then, as shown in the previous section, the open-loop control uo{t) given by 
Eq. (1.96) provides the minimum of the maximmn absolute value of the displacement of the body 
being isolated, minumaxt |xt,(t)| = |xuo(t.)|, provided the absolute value of the force acting on it 
does not exceed the prescribed value u, and at the initial instant t = 0 the body is in the state 
x(0) =0,x(0) =0. 

The general solution of Eq.(1.74) is 


x{t)=xo + xot+ {t - t)[v{t) - u{T)]dT, (1.161) 

Jo 

where Xq and Xq are the values of the variable x and its derivative with respect to time at the 
instant f = 0. According to Eq. (1.161), the nominal state trajectory corresponding to the 
open-loop control uo{t) defined by Eq. (1.96) with zero initial conditions is expressed as 


= /o “ 7-)[u(r) - u.]dT, 0 <t <t.] 
x{t) = x(t.) = - r)[v(r) - u.]dT, t > f,; 


“ y-W, 0 <t <t.; 
x(t) = 0, t>t.. 

According to Eq. (1.162), the body being isolated comes to rest at the instant t = t. a.t the 
position X = x(f.) corresponding to the maximum displacement and remains in this position for 
unlimited time. However, if the initial conditions are nonzero, then, according to Eq. (1.161). we 
have X = xo + x(t,) -t- xot for t > t,, provided that the control u = uo{t) is applied. Hence, the 
maximum displacement becomes arbitrarily large even if xq differs from zero by a small amoimt. 

It becomes apparent that in practical isolation system design, it is usually essential to design the 
isolator characteristic as a feedback control, which depends on the state variables and, for active 
isolation systems, also on time. As a rule, when s^mthesizing a feedback isolator characteristic, it 
is required to provide the stability of the nominal motion so as to mitigate unavoidable small 
deviations of the state variables from their nominal values and thus prevent performance indices 
from substantially exceeding the precalculated values. 
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1.2.3.2 Problem of Synthesis of Optimal Feedback Isolator Characteristics . Consider the 
problem of synthesis of the optimal feedback isolator characteristic in the case where the external 
disturbance is specified and the motion of the system with isolators is governed by the differential 
equation x = f(x, u, t), to < t < T, subject to the initial conditions x(to) = xo. (See Eq. 1.72.) 

1.2.3.3 Problem 1.7 . Find from among a specified set U of functions of state variables and, 
possibly, time the optimal characteristic uq = uo(x,t) such that 

(1.163) 

Problem 1.7, as well as Problem 1.4 of the limiting isolation capabilities, is a particular case of the 
general optimal isolation problem formulated as Problem 1.1. 

The statement of Problem 1.7 resembles the mathematical problem of synthesizing optimal 
feedback control as it is considered in the theory of optimal control (Pontryagin, et al., 1962; Lee 
and Markus, 1967; Boltyanskii, 1968; Moiseev, 1975; ). However, there is an essential difference 
between these problems. In the mathematical theory of optimal control, the synthesis of the 
optimal feedback control is defined as the formation of a function uq = uo(x, t) which possesses 
the following two properties. First, in the general case, this function depends on all dynamic 
variables, i.e., on both the state variables and time. Second, the control uq = uo(x. t) provides the 
optimality for any state trajectory of the system governed by Eq. (1.72) with uo(x.t) being 
substituted for u, under arbitrary initial conditions. The realization u{t) = uo(xu<,(t), t) of the 
control uo = Uo(x,t) for each particular trajectory of the system is the optimal open-loop control 
providing the absolute minimum for the optimization criterion when moving along this trajectory. 
Such a problem has a solution if the admissible class of functions u(x, t), among which the 
optimal feedback control is sought, is sufficiently wide. In the theory of optimal control, this class 
is not narrower than the set of piecewise continuous functions of state variables and time. 

1.2.3.4 Dynamic Programming and the Principle of Optimality A rather general approach to the 
synthesis of the optimal feedback control is given by Bellman’s method of dynamic programming 
(Bellman, 1957b, Bellman and Dreyfus, 1962). This method is developed in depth for optimal 
control problems with the so-called additive functionals of the form of Eq. (1.81). For such 
fxmctionals the principle of optimality is valid. According to this principle, any segment of the 
optimal trajectory is itself an optimal trajectory connecting the endpoints of the indicated 
segment. The rigorous mathematical formulation of the principle of optimality is given next. 

Let Uo(0 and Xuo{t) be the optimal open-loop control and the corresponding state trajectory of the 
system of Eq. (1.72) that are defined over the time interval [Iq.T], satisfy specified initial 
conditions, and minimize the functional of Eq. (1.81). Then for any € [toiT], the control uo{t) 
restricted to the time interval [t.,T] minimizes the functional 

T 

$i(x„(t),u(t),f)dt + ^>2(xu(r),r) 

with respect to trajectories of the system of Eq. (1.72) passing through the point x,^{t,) at the 
instant t = t,. The corresponding optimal trajectory coincides with Xuo(t) in the interval [t,.T]. 


Ji(uo) = min{Ji(u) \ J,(u) < Di, z = 2,..., N}. 

xiGU 
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To find the optimal feedback control by using the dynamic programming method, an initial-value 
problem for a nonlinear partial differential equation of a special kind (Bellman’s equation) is 
solved. For details, see Bellman (1957b, Bellman and Dreyfus, 1962), Boltyanskii (1968). or 
Roitenberg (1978). There are references extending the principle of optimality and the method of 
dynamic programming to problems where the optimization criterion is the maximum over time of 
a function of state variables and time (Bellman, 1957a). 

The application of dynamic programming to the calculation of optimal isolator characteristics is 
discussed in Sevin and Pilkey (1971). 

The prospects for the use of dynamic programming for the synthesis of optimal isolator 
characteristics are rather limited, mostly because of the large number of computer operations and 
the sizeable memory necessary for its implementation. The so-called ’’curse of dimensionality” is 
caused by memory requirements that grow exponentially with the increase of the system 
dimensionality. 

For analytical (closed-form) synthesis of the optimal feedback control, dynamic programming is 
useful for special cases only. For this reason, in this book, we do not discuss the method of 
dynamic programming in detail. Interested readers can consult such literature as Bellman 
(1957b), Bellman and Dreyfus (1962), and Moiseev (1975). 

In many practical cases of designing isolation systems, the set of admissible characteristics is more 
restricted than the set of piecewise continuous functions of state variables and time. For example, 
often it is required to provide the best isolation quality using only passive isolators, whose 
characteristics do not depend on time explicitly, or isolators of a specified structure with the 
characteristics containing numerical parameters to be determined by means of optimization. If the 
set of admissible controls is restricted as indicated, then it is generally impossible to s\-nthesize 
the unified characteristic uo(x, t) which provides the optimal isolation for any initial conditions. 
Problem 1.7 pursues a more modest aim of determining the isolator characteristic uq = uo(x,t) 
that minimizes the optimization criterion only for specified initial conditions. Note that this 
characteristic does not necessarily provide the limiting possible isolation quahty if the set U of 
admissible characteristics is not sufficiently broad. If the set U of admissible isolator 
characteristics contains a function u(x, t) ensuring the optimal isolation quahty under anv initial 
conditions, then this function is the solution to Problem 1.7. In our opinion, in the practice of 
isolation system design, one can often use for the synthesis of the optimal characteristic the 
approach associated with the replacement of the initial set of admissible characteristics by an 
appropriate parametric family of functions and subsequent optimization of these parameters. Such 
an approach is discussed in detail in Section 1.3. 

1.2.4 Multicriteria Optimization. 

As mentioned earlier, isolation system design problems tend to be multicriteria in nature, because 
the system to be designed may need to meet multiple requirements. Then the designer has to take 
into account several performance indices of the form of Eqs. (1.56) or (1.57). One of the possible 
approaches to the rational calculation of isolator characteristics when several performance indices 
are involved is to solve Problem 1.1 that was formulated in Section 1.2.1. This rather common 
approach involves minimizing one of the performance criteria while the others are subject to 
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appropriate constraints. This can lead to favorable resxilts if the most critical performance 
criterion can be identified and then minimized, while for the other performance criteria, estimates 
of the maximum admissible values assuring reliable functioning of the system are available. 
However, this situation does not always occur, and one has to use alternative approaches for the 
isolator design. Two such alternatives are outhned below. 

1 •2-4.1 Minimization of a Weighted Criterion . The first method involves minimizing with respect 
to u € 17 the weighted performance criterion specified by the linear combination 

_ ^ jV 

^<^t' 7 i(u), Qj > 0 , = 1 (1-.164) 

t=i i=i 

of the functionals of Eq. (1.58). The coefficients a,, i = 1,..., AT, are weighting factors that reflect 
the relative influence of particular functionals Ji(u) on the general performance of the system 
under design. The factors should be chosen carefully, taking into consideration the knowledge 
of the relative importance of the functionals. Such a method has been used, for example, in 
Karnopp and Trikha (1969). 

1.2.4.2 Pareto-Optimal Solutions . The other approach involves the determination of 
Pareto-optimal (Karlin, 1959) characteristics and/or parameters of the isolation system. We begin 
with the mathematical definition of Pareto-optimaUty. 

1.2.4.3 Definition 1.1. Let N functionals J)(u), i = 1 ,.. .-;N, be defined over the set U {u E U). 
The element uq € t/' is called Pareto-optimal if for any element mEU different from uq. u 7 ^ Uq, 
there exi^s the index k E {i = I,..., N) such that Jfc(u) > 4(uo) or the ineqtiality 

Jj(u) > J;(uo) holds for any j E {i — 1,, N}. 

The set H of^all Pareto-optimal elements uq G 17 is called the Pareto-optimal set for the system of 
functionals Ji{u),{i = I,..., N). Obviously, IT C 17. 

Definition 1.1 implies nothing about the mathematical natmre and interpretation of functionals 
= 1 ,..., iV, and the set U. These depend on the natmre (mechanical, economical, etc.) of 
the system under investigation, for which the Pareto-optimal state or operation mode is sought. 

In our case, U is the set of admissible characteristics of isolators, while J)(u),i = 1 .iV, are 

performance criteria of isolation. More precisely, the quantities Ji{u) are the values of the 
performance criteria corresponding to characteristics u imder the least favorable external 
disturbance (Eq. 1.58). 

Definition 1.1 implies that there is no argument u G 17 that can be chosen to reduce 
simultaneously all the functionals J,(u ),2 = 1,..., A/", compared with their values at any point of 
the Pareto-optimal set 11. Thus, optimization in the sense of Pareto permits one to find out to 
what extent the simultaneous reduction of all Jt(u), z = 1 ,..., Al, is possible. Investigation of such 
a possibility seems to be rather important when designing isolation systems, especially in the cases 
where it is difficult to assess to what ^tent a particular mechanical characteristic, which is the 
basis of the corresponding functional Ji(u), influences the general behavior of the system. In these 
c ases, it is advisable to construct the Pareto-optimal set for admissible characteristics of isolators 
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at the initial stage of designing the isolation system, and then choose the final characteristic from 
among Pareto-optimal ones, relying on additional requirements to the system to be designed. 

The approach to the calculation of characteristics for isolators based on the construction of the 
Pareto-optimal set was used in Bolychevtsev and Lavrovskii (1977) and Rao and Hati (1980). 

1.2.4.4 Connection Between the Optimization of a Weighted Criterion and 


Pareto Optimization : Between the two approaches described above, there e>dsts the 
connection established by 

1.2.4.5 Proposition 1.2 . The element uq of the set U minimizing the fimctional J(u) of Eq. 
(1.164) with ail Oj > 0, i = 1,..., N, is Pareto-optimal for the system of functionals .7,(u). 

In other words, the fact that at some uq e U the functional J(u) with all > 0 assumes its 
minimum value is a sufficient condition for Pareto-optimality of the element uq € U. 

1.2.4.6 Proof. If uo ^ H, then, according to Definition 1.1, there exists an element \i E U such 
that Jj(u) < Ji(uo) for alH = 1,..., 77 and, for at least one k e {i = 1,..., N}, Jjt(u) < Jfc(uo). 
Hence, J(u) < J(uo) if all Oj > 0 in Eq. (1.164). Therefore, if the element uq is not 
Pareto-optimal, it cannot minimize the functional 7(u). Thus, any isolator characteristic that 
minimizes the weighted performance index of Eq. (1.164), where Oj > 0 for i = 1,..., 77, is 
Pareto-optimal. 

The minimality of the functional ./(u) of the form of Eq. (1.164) at some Uq € U, being a 
sufiicient condition, is not a necessary condition of Paxeto-opHmality of the element uq. This can 
be shown for the simple example with N = 2. Let Ji{u) and J 2 {u) be functions of a single variable 
u defined over the real axis {U = (—oo, +oo)) as follows: 


Mu) = . 

[ 2u, 

1 

u < 0 
u>0 ’ 

(1.165) 

Mu) = 1 

—Zu, 

-2u, 

IV A 
o o 

(1.166) 


Graphs of functions J\{u) and J 2 {'^) are shown in Fig. 1.21 by solid and dashed lipes, respectively. 
The weighted fimctional J{u) in the case in question is represented by 


J(u) = aMu) + (1 - a)J,(u) = { [3“ _ 2)“; “ > o ’ (‘' 1 ®') 

It is evident that the point tt = 0 is Pareto-optimal for the system of functions J\{u) and J 2 {'^)- 
However, from Eq. (1.167), the value u = 0 cannot minimize the fimction of Eq. (1.167) for any 
admissible value of the parameter a. Indeed, for the function J{u) to assume its minimmn value 
at u = 0, i.e. for the inequality J{u) > J{0) to hold for all u, the parameter a must simultaneously 
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satisfy the inequalities a < 3/5 (for n < 0) and a > 2/3 (for n > 0), and these inequalities are 
inconsistent because 2/3 > 3/5. 

One should take this fact into account when using methods based on Proposition 1.2 for findino- 
Pareto-optimal points. If we construct the set of controls Ua that minimize the functional of Eq. 
(1.164) for all a, > 0 satisfying the relation a. = 1, we obtain, in the general case, only a 
subset of the Pareto-optimal set. Such a method has been used, for example, in Rao and Hati 
(1980). 

1-2.4.7 Pareto-Optimal Set for Design Variables of a Linear Isolator . Let us construct the 
Pareto-optimal set for design variables of the linear spring-and-damper isolator. Consider a bodv 
connected with a rectilinearly moving base by means of an isolator and able to move relative' to ” 
the base in the direction of the latter’s motion. See Fig. 1.1. Assume that at the instant t = 0 the 

body being isolated is in the state corresponding to x(0) = 0 and i(0) = 0, while the base is 

subject to the kinematical shock y = -P6{t). Here, x is the coordinate of the body being isolated 
related to the base-connected reference frame, x = 0 corresponding to the undeformed spring; y is 
the coordinate of the base with respect to the inertial reference frame; 6{t) is Dirac’s 
delta-function; and ,5 is the constant characterizing the shock intensity and equal to the jump-hke 
change of the velocity of the base resulting from the shock. In this case, the motion of the body 
being isolated with respect to the base is described by the differential equation of Eq. (1.2) with 
zero initial conditions and g{x,x,t) = —cx — kx, that is 

mx + cx + kx - m/36{t), x(0) = x(0) =.0, m > 0, c > 0, fc > 0, (1.168) 

where m is the mass of the body being isolated and k and c are the stiffness and damping 

coefficients of the isolator, respectively. 

Without loss of generality, assume m = 1 and 0=1. This corresponds to using in Eq. (1.168) the 
dimensionless (primed) variables 


x' = %sign0, 
c' = -^c 


— o’-' 


k' = 


£>2 


k. 


(1.169) 


The quantity D denotes some positive constant of the dimension of length that is used as a 
standard for measuring lengths when establishing the variables of Eq. (1.169). 


As mentioned previously, the maximum displacement of the body being isolated relative to the 
base, 


Ji{c,k)= max |x(t,c, A;)| , (1.170) 

e€iO,oo) 

and the maximiun absolute value of the force transmitted to the body being isolated by the 
isolator, 


./ 2 (c. k) = |cx(t, c, k) -f kx{t. c,k) \. 


(1.171) 
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are common performance criteria of isolation in the case of shock disturbances. 


Construct the Pareto-optimal set in the plane of the isolator parameters c and k which are the 
design variables. In our case, the set U is the first quadrant (c > 0, A: > 0) of the parameter plane. 
Solving the initial-value problem of Eq. (1.168) and calculating the maxima in Eqs. (1.170) and 
(1.171) lead to the expressions 

f 

Ji{c,k)= I 

^2(c.*;)= I 

for Ji{c, k) and J 2 (c, k). 

Level curves of the functions of Eqs. (1.172) and (1.173) are shown in Fig. 1.22 by soUd and 
dashed curves, respectively. Level curves of the function of Eq. (1.172) are convex, while those for 
the function of Eq. (1.173) are concave. 

It can be shown that the function of Eq. (1.172) monotonically decreases, while that of Eq. 

(1.173) monotonically increases when moving away from the origin (c = 0, fc = 0) along any ray 
passing through the origin and lying in the first quadrant (c > 0, fc > 0). 

Consider the domain U = {c,k : c> 0,k > 0} and an arbitrary point ip, the coordinates of which 
are denoted by c = c. and fc = fc. and consider the sets 


c—\/c- —4k 
c+Vc^ —4fcJ 

!e.xp(-l). 


v^4fc-c^ 


tan 


— 1 'jAk—c^ 


- 4/j > 0 
c2 - 4fc = 0 
, - 4A: < 0 


(1.172) 


c, 


e (k-c^)s/Ak-c^ 

VAk—c^ 3c):—(4 


— fc > 0 
, - k <0 


(1.173) 


= {{c,k) ^ U : Ji{c,k) < Ji{c,,k.)}, i = 1,2. (1.174) 

These sets are easy to construct based on the analysis of the level curves of performance criteria 
Ji(c, k) and J 2 {c, k) depicted in Fig. 1.22. By virtue of the aforementioned properties of the 
functions of Eqs. (1.172) and (1.173), the set Qji(V’) consists of the points lying above the level 
curve Ji(c, k) = Ji(c,, fc.) of the function Ji(c, k) or on the line itself, while the set fijjlV') consists 
of the points lying below the level curve J 2 (c, k) = fc.) of the function J 2 {c, k) or on the line 
itself. 

The definition of Pareto-optimaUty and the definition of the sets and imply that 

the point 'll; is Pareto-optimal if and only if the intersection of the sets Q.j^{'p) and Q 
coincides with the intersection of the level ciuves of the functions Ji{c, k) and J 2 (c, k) passing 
through the point -0, i.e.. 


n = (c. A: : Ji(c,A:) = Ji{c.,k,)} n{c,k : J 2 {c,k) = J 2 (c., A;,)} 


(1.175) 



Accordingly, to construct the Paxeto-optimal set it is sufficient to construct the sets Qj, [ib) and 
for all G 17 and check for the satisfaction of the relation of Eq. (1.175). The set of all 
admissible points for which Eq. (1.175) holds is the desired Pareto-optimal set. 

The analysis of the mutual arrangement of the level curves of the hinctions Ji{c. k) and ./ 2 (c. k) on 
the cfc-plane (see Fig. 1.22) shows that for each level curve of the function Ji{c,k) or ./o(c. A:), 
there exists one and only one point ip for which Eq. (1.175) is satisfied. This point is the tangent 
point of the corresponding level curves. 

Consider an arbitrary level curve 7 d of the function J\{c,k) corresponding to the value D of this 
function, i.e., 


7d = {(c,fc) : c > O.A; > 0, Jx{c,k) = D]. (1.176) 

It follows from the aforementioned properties of the functions Ji{c,k) and ./^(c,/c) that the 
tangent point of the curve 7 d and the corresponding level curve of the function ./^(c, k) is the 
point of the minimum of the performance criterion J 2 (c, k) over the curve 7 £>. Thus, for 
determining the contact point it is sufficient to find parameters c and k minimizing the function 
J 2 (c, k) over the curve yo- This problem is reduced to searching for the minimum of a 
single-variable fimction that can be implemented easily with a computer. 

Denote the coordinates of the desired point by cp and kp. li D is chosen to be the constant of 
dimension of length in the formulas of Eq. (1.169) for the dimensionless variables, then the 
following relations are impUed: 


cd = — 


kn-—k 


(1.177) 


D D2 

where Ci and kx are the coordinates of the point of the minimum of the function J 2 (c, k) on the 
curve 


7 i = {(c, Ac) : c > 0, A: > 0, Ji(c, A:) = l}, 
when m = 1 and /? = 1. Calculations yield 


(1.178) 


Cl = 0.485, Aci = 0.361. (1.179) 

It follows from Eq. (1.177) that the desired Pareto-optimal set is the curve (parabola), for which 
the parametric representation is given by Eq. (1.177), with D being the parameter of the cmve. 
Eliminating D from Eq. (1.177) and taking into account Eq. (1.179) we can represent the 
Pareto-optimal set 11 as 


k " 

n = (c, A-: c > O.A: > 0. A = = 1.534—}. (1.180) 

mcj m 

Note that in the case in question, the Pareto-optimal set depends only on the mass of the body 
being isolated and does not depend on the intensity (3 of the shock. 


72 




Figure 1-22. Level curves for criteria Jj(c, k) 2 ii 6 .J 2 {c, k). 
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1.3 METHOD OF PARAMETRIC OPTIMIZATION FOR CALCULATING 
CHARACTERISTICS OF ISOLATORS. 


1.3.1 Specified Disturbance. 


Consider the problem of the synthesis of the optimal feedback characteristic for an isolator. 
Assrune the external disturbance is specified (Problem 1.7). Let the system with isolators be 
governed by the differential equation with the initial conditions of Eq. (1.72). To evaluate the 
isolation quality the functionals J^{u.),i = L..., A, of the form of Eqs. (1.70) or (1.71) will be 
used. It is required to choose from a specified set U of functions of state variables and. in the case 
of an active isolation system, time, the optimal characteristic uq = \io{x,t) minimizing the 
functional Ji(u), with the other performance criteria being constrained, i.e., 

Ji(uo) = rmn{.A(u)i J,(u) < D., i = 2,...,/V}. (1.181) 


The exact analytical solution of this problem can be found for only a few systems of rather simple 
structure. This will be treated in subsequent chapters of this book. The numerical construction of 
the optimal characteristic u = uq is rather complicated, especially when performance indices are 
non-additive functionals like that of Eq. (1.70) and/or if the set U of admissible characteristics 
consists of functions depending only on the state variables, i.e., if only passive isolators are 
adnoissible. 

Let us discuss an approach that may be useful when solving engineering problems of designing 
isolation systems. The approach involves replacing the original set U of admissible characteristics 
by a parametric family U of functions 


U = (u : u = u(x, t,p), pe P} (1.182) 

and calculating the desired characteristics by optimization of the functional Ji with respect to the 
parameters, provided functionals ./j, • - •, Jn axe constrained. Here, p is a finite-dimensional vector 
of parameters, which are the design variables, while P is a fixed admissible set of the parameters. 

According to such an approach, the isolator characteristic u is represented as an e.xplicit function 
of the state variables, time (for an active isolation system), and the parameter vector p. 
Substituting u = u(x, t,p) into the right-hand side of the system of Eq. (1.72), we obtain the 
system of differential equations with parameters and initial conditions 


x = g(x.t,p). x(to)=xo, te[to,T], g(x,f.p) = f(x,u(x,t,p),t). (1.183) 

Performance criteria ./i(u), z = 1 ,..., iV, become fimctions of the parameters, i.e., the components 
of the vector p, 


G.(p) = ./,(u(x. t,p)). 


(1.184) 
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The problem of the synthesis of the optimal isolator characteristic is now replaced with the 
problem of searching for optimal parameters. 


1.3.1.1 Problem 1.8 . For the system governed by differential equations with parameters and 
initial conditions of Eq. (1.183), find the parameter vector po G P such that 


Gi(po) = min{Gi(p)| Gi(p) < A, i = 2,...,N}. (1.185) 


The set P of admissible values of parameters should be chosen so that u(x, t, p) € P for all p € P, 
i.e., U C’U. Refer to Eq. (1.182). Practical calculations will be facilitated if the dimensionality of 
the vector p is not very large and the geometry of the domain P is not very comphcated. 

From an engineering point of view, the specification of the function u(x, t,p) means that the 
configuration of the isolation system is prescribed at the outset, whereas its parameters (design 
variables), e.g., the stiffness and damping coefficients, axe to be determined by solving the 
optimization problem of Eq. (1.185). 

Problem 1.8 is the well-known problem of constrained minimization of a multi-variable function. 
At present, several effective numerical methods of constrained minimization are available, which 
can be successfully used for solving Problem 1.8. For example, see Wilde (1964), Polak (1971), 
and Moiseev, et al. (1978). These method are iterative and generate a sequence of admissible 
values of the parameter vector to be optimized. Under appropriate conditions, this sequence 
converges to the desired optimal value. 

To'calculate functions A(p)) i = 1 ,..., iV, of Eq. (1.184) it is necessary to integrate the 
initial-value problem of Eq. (1.183), substitute the result into Eqs. (1.70) and (1.71), and 
calculate the corresponding values of the functionals J), i = 1 ,..., iV. Thus, the implementation of 
iterative methods of determining parameters of isolator characteristics on the basis of minimisi ng 
the function Gi(p) requires integrating the equations of motion (Eq. 1.183) at each iteration. The 
choice of a numerical method for searching for the extremum of a multi-variable function and the 
mode of taking into account the constraints in each particular case depends on the properties of 
the function Gi(p) to be minimized, the functions Gi(p), i = 2,..., N, to be constrained, and the 
geometry of domain P. 

For concrete examples of using such an approach for the synthesis of characteristics of isolators, 
see Viktorov and Larin (1967), Larin (1969), Sevin and Pilkey (1971), and Samsonov (1974), Also, 
some examples are included in this book. 

It is obvious that the characteristic u = u(x, t,po), corresponding to the optimal value p = po of 
the parameter vector, is not, in general, the solution of Problem 1.7, because the parametric 
family U of functions u = u(x, t, p), as a rule, does not cover the whole of the set U of admissible 
characteristics and does not contain the solution of Problem 1.7. 

The proximity of the optimal value of the performance index to be minimized in Problem 1.8 to 
the minimum of the corresponding functional in Problem 1.7 depends on the adequacy of the 
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choice of the set U, which replaces the initial set U of admissible characteristics. .Am a priori 
estimation of the proximity of solutions to Problems 1.7 and 1.8 is rather problematic. 

Thus, the approach imder discussion is not a strictly substantiated method for an appro.ximate 
solution of the problem of synthesis of optimal feedback isolator characteristics, but rather a 
useful practical procedure. It is shown in Chapters 2 and 3 that spring and damper isolators with 
properly chosen parameters can provide the isolation quality close to the limiting capabihties for 
objects mounted on a rectilinearly moving base or having a fixed rotation axis. It can then be 
reasoned that the widespread use of passive isolation elements, e.g., combinations of elastic and 
dissipative elements with power law characteristics, with properly chosen parameters may allow 
achieving isolation quality close to the limiting capabilities for more complex systems. 

1.3.1.2 Practical Scheme for the Design of Near -Optimal Shock and Vibration Isolators. It is 
possible to take advantage of the knowledge of the Hmiting isolation capabilities (Section 1.2.2) in 
the calculation of optimal feedback isolator characteristics. A multi-stage scheme is described next. 

Stage 1. Having specified a function u = solve the parametric optimization Problem 

1.8. Save in the computer memory the values of components of the optimal parameter vector po 
and the corresponding value of the optimization criterion Gi(po). 

Stage 2. Compare the value C?i(po) with the absolute minimum of the performance index Ji 
resulting firom the solution of the problem of hmiting isolation capabihties. 

Stage 3. If the difference obtained is satisfactory to the designer, the characteristic u = u(°)(x,po) 
is accepted and this completes the calculation. Otherwise, the designer should choose another 
fimction, u = u(^’(x.p), corresponding to another structure of the isolation system and go back to 
Stage 1 replacing u = u^°^(x,p) with u ^^^(x,p). 

An important characteristic of this computer-aided calculation of isolator properties is the 
designer-computer dialogue. 

1.3.2 Unspecified Disturbance. 

Consider now an approach using the parametric optimization for the design of isolation systems in 
the case where the information concerning external disturbances is incomplete. Assume that only 
a set V of possible disturbances is specified. 

1-3.2.1 Problem 1.9 . Let the motion of the system with isolators be governed by the vector 
differential equation of Eq. (1.54) with the initial conditions of Eq. (1.55), while the isolation 
quality is evaluated by functionals J,(u, v), i = 1,..., iV, of the form of Eqs. (1.-56) or (1.57). It is 
required to find from the specified set U of fimctions of the state variables and. for the active 
isolation system, time, the optimal characteristic uq = uo(x, t) that minimizes the guaranteed (not 
exceedable under the least favorable of the possible external disturbances) value of the fimctional 
v), provided the guaranteed values of the other performance criteria are constrained, i.e. 


Ji(uo) = min{./i(u)| .7,(u) < D,, i = 2,...,A'}, 

ti C / y ■' 


(1.186) 
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Ji(u) = max Ji(u, v), i = 

If one changes the initial set U for the parametric family of Eq. (1.182) of functions u = u(x, t, p), 
Problem 1.9 is replaced with the following problem of optimizing the isolator’s parameters. 

1.3.2.2 Problem 1.10 . Let the system with isolators be governed by vector differential equations 
with parameters and initial conditions as 


X = h(x, v,t,p), x(to)=xo, te[to,T], 
h(x, v,t,p) = f(x,u(x,t,p),v,t) vgV, peP. 

Find the parameter vector po € P such that 


(1.187) 


G.(po) = minpgp{Gi(p)|Gi(p) < A, i = 2,...,N}, 

Gi(p) = maXvevGi(p,v), Gi(p, v) = Ji(u(x,t,p), v), i = l,...,iV. 


(1.188) 


Like Problem 1.8, Problem 1.10 is reduced to the constrained minimization of a function of a 
finite number of variables (Gi(p)). This minimization can be carried out by available ntunerical 
methods of nonhnear programming.'However, unlike Problem 1.8, Problem 1.10 requires solving 
N variational problems for the maximization, with respect to all possible external disturbances 
v(t) € V, of functionals Gi(p,v) = Ji(u(x,t,p), v), i = to calculate functions 

Gi(p),i = 1,... , N, at each value of the parameter vector p. Since the initial conditions for Eq. 
(1.187) are assumed to be given, while external disturbances are, as a rule, modeled by functions 
depending on time only, these variational problems are problems of searching for optimal 
open-loop controls, with no constraints being imposed on the state variables. Such problems can 
be solved by methods discussed in Section 1.2.2 devoted to the problem of hmiting isolation 
capabUities. 

The solution of Problem 1.10 is simplified if the set V of possible external disturbances is 
represented by a parametric family of functions as follows: 


V = {v : V = v(t,q), qeQ}. 


(1.189) 


where q is a finite-dimensional parameter vector, and Q is a fixed domain. In this case, to 
calculate frmctions Gi(p), i = 1,..., N, defined in Eq. (1.188), it is necessary to calculate the 
maxima (over q 6 Q) of functions of a finite number of variables rather than to solve an optimal 
control problem. However, if the functions v = v(t,q),q G Q, o not cover the initial set V of 
external disturbances, the replacement of the set V by the parametric family of Eq. (1.189) is 
hardly advisable. If u(x,t,p) G U for all p G P, then the solution of Problem 1.10 leads to the 
calculation of the guaranteed (not exceedable even under the least favorable external disturbance 
v(t) G V) value of the initial optimization criterion Ji(u, v) (see statement of Problem 1.9), 
provided guaranteed values of functionals J^in, v),..., Jjv(u, v) do not exceed specified admissible 
limits. 
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If the designer knows the operation characteristics of the object being isolated and the solution of 
Problem 1.9, it is possible to e\-aluate the apphcability of the isolator with the characteristic 
u(x, t) = u(x, t, po) for the protection of the object against external disturbances of the set V. 
However, the change of the initial set of possible external disttirbances for the parametric family 
of functions of Eq. (1.189) can lead to underestimated values for functions Gi(p) in Eq. (1.188) 
and, hence, erroneous conclusions concerning the applicability of the isolator with the 
characteristic u(x,t) = u(x.t, po). This is explained by the fact that functions v = v(t.q), as a 
rule, do not cover all of the set V as q runs through the domain Q and do not contain the worst 
disturbance for each isolator characteristic given by 


u(a:,t) = u(x,t,p), peP. ( 1 . 190 ) 

The methods of parametric optimization of characteristics of isolators described above require 
integrating differential governing equations of motion at each step of the iteration process of 
searching for the extremum. This makes the optimization procedure rather time consuming, 
especially if the initial approximation of the parameters is chosen far from the optimum. 

1.3.3 Indirect Optimization. 

As a final topic in this section, we introduce a method of parametric optimization that does not 
require integrating equations of motion at each iteration. However, when using this method, one 
has to know the solution to the problem of fimiting isolation capabihties. This approach was 
proposed in Sevin and Pilkey (1971). 

Let the optimal open-loop characteristic u = Uo(i) of the isolation system and the corresponding 
state trajectory x = x^^ (t) of the system with isolators be known as a result of soKing the problem 
of limiting isolation capabilities. To find parameters of the characteristic u = u(x, t, p) according 
to the method in question, minimize the function of a finite number of variables given by 


A(p) = ||u(x„o(f),«,p)-uo(0il, peP. (1.191) 

Here, H-H means a norm in the space of functions of time. The particular choice of the norm 
depends on specific features of the problem. If the parametric family of Eq. (1.182) of 
characteristics u = u(x, t, p) contains the characteristic (corresponding to a certain value po of the 
parameter vector p) ensuring the motion of the system along the trajectory x = then 

^(Po) = 0 and the components of the vector po are the desired optimal parameters. However, as a 
rule, the parametric family of Eq. (1.182) does not contain the parameters that can provide the 
limiting performance of the isolation system and the minimum value of the function of Eq. (1.191) 
is greater than zero. 

Calculations carried out in Sevin and Pilkey (1971) and Afimiwala and Mayne (1974) show that if 
the minimum value of the fvmction A(p) is comparatively small, then the parameters determined 
with this approach provide isolation quality close to the limiting isolation capabilities. However, if 
the minimum value of A(p) is not small, it is difficult to determine whether the parameters 
minimizing the function of Eq. (1.191) are close to the optimal parameters of the characteristic 
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u = u(x,i,p) resulting from the solution of Problems 1.8 or 1.10. In addition, the method under 
consideration does not take into account the constraints imposed on the performance criteria 
other than the optimization criterion. 

The application of this method seems to be Umited. It can be ejffective in prehminary calculations 
aimed, for instance, at finding out whether the chosen structure of the isolation system 
corresponding to the parametric family of Eq. (1.182) of isolator characteristics is able to provide 
behavior of the system close to the Umiting performance. The parameters obtained by the 
minimization of the fimction of Eq. (1.191) can be used as initial approximations to the optimal 
parameters of the characteristic u = u(x, t, p). However, for the fine adjustment of the parameters, 
it is recommended that the method associated with the solution of Problems 1.8 or 1.10 be used. 
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SECTION 2 


OPTIMAL PROTECTION OF RECTILINEARLY MOVING SYSTEMS 
FROM AN INSTANTANIOUS IMPACT 


2.1 PROBLEM FORMULATION. 

Rectilinear motion is the simplest type of mechanical motion. Restriction to this type of motion 
enables one to investigate the dynamics of a system in more detail and to obtain analytical (rather 
than numerical) solutions for a number of optimal isolation problems. Moreover, rectilinear 
motion is a widespread occurrence in engineering systems, so that the computational formulas and 
algorithms presented in this section are appropriate for practical calculations of isolation systems. 

Consider a body attached to a base by means of a shock or vibration isolator (Fig. 2.1). In what 
follows, the body or object being isolated will often be referred as simply ’’the body” or ’’the 
object”. The base moves rectilinearly. The body being isolated can move relative to the base so 
that the line of motion on the body coincides with that of the base. Both the base and the object 
being isolated are regarded as absolutely rigid bodies. The control force / (the isolator 
characteristic) is assumed to depend on the displacement x of the body being isolated relative to 
the base, its relative velocity x, and (in the case of an active isolator) time t. The actual form of 
the function /(x, x, t) is determined by the structure of the isolating device. Denote by m and M 
the masses of the body being isolated and the base, respectively, and by y, the displacement of the 
base relative to an inertial reference frame. If the force cr{t) applied to the base by the environment 
is specified, then the motion of the system is governed by the set of differential equations 


Mz+ m{x + z) = cr{t), m{x + z) = f{x,x,t). (2.1) 

These equations describe the motion of the base and the body being isolated in the case of a 
dynamic external disturbance. (Remember that the external disturbance is said to be dynamic if 
it is specified as a force applied to a member of the system with isolators. See Section 1.1.4. In 
the case under consideration, the external force is appfied to the base.) Ehminate the variable z 
from Eq. (2.1) to find 


/(a:,x,t) 

fJ- 


cr{t) _ Mm 
M ’ ^ M + m 


( 2 . 2 ) 


In the case of a prescribed base displacement (kinematic external disturbance), where the time 
history of the acceleration z{t) of the base is known, the equation governing the relative motion of 
the body being isolated is given by 


/(x,i,0 

m 


-z(t). 


(2.3) 
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This corresponds to a single degree of freedom (SDOF) system. It follows from Eqs. (2.2) and 
(2.3) that for both types of external disturbances the governing equation can be expressed as 


X+ u{x,x,t) = F{t). (2.4) 

Here, u{x,x,t) = -f{x,x,t)/m and F{t) = -z{t) for the kinematic external disturbance, while for 
the dynamic disturbance u[x,x,t) = —f{x,x,t)/fj, and F{t) — —cr{t)/M. 

The function u{x,x,t), apart from a constant factor, coincides with the isolator characteristic 
f{x,x,t), while, similarly, the function F{t) is equal to the quantity describing the external 
disturbance (the force cr(t) or the acceleration z{t)). In what follows, we will refer to either 
u{x,x,t) or f{x,x,t) as the isolator characteristic, and either F{t) or (T{t) as the external 
distmbance. 

To determine uniquely the motion of the system from Eq. (2.4) prescribe initial conditions at 
some time instant t = to- 


x{to) = x{to) = x°. (2.5) 

This chapter is devoted to the optimal protection of objects against shock-type disturbances. The 
most important criteria characterizing the quality of shock isolation (see Section 1.1.3) are the 
maximum absolute value of the relative displacement of the body being isolated 


Ji(u,F;x°,i°) = max |x(t)| (2.6) 

te[fo.oo) ^ ' 

and the maximum absolute value of the acceleration of the body with respect to an inertied 
reference frame (absolute acceleration) 


J 2 (u,F;x°,i:°) = max |■u(x(^),x(t), t)|. (2.7) 

te[fo,oo) 

In these expressions x(t) is the solution of the differential equation of Eq. (2.4) subject to the 
initial conditions of Eq. (2.5). 

The criteria Ji and J 2 are functionals of the external disturbance F{t) and the isolator 
characteristic u{x,x,t), and, in addition, are functions of the initial coordinate x° and velocity x° 
of the body being isolated. 

Consider typical optimum isolation problems for rectilinearly moving systems under a known 
external disturbance F{t). For the sake of generality, assume that the initial state variables of Eq. 
(2.5) are not completely determined but belong to a specified domain Gi in the state space, i.e., 

(x®,x°) G Gi. (2-8) 
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Equation (2.8) corresponds to the exact specification of the initial state if the domain Gi contains 
only a single point. 


2.1.1.1 Problem 2.1 . Let the relative motion of the object being isolated be governed by Eq. 
(2.4). It is required to find, from among a specified class Y of fimctions u{x,x.t), the optimal 
isolator characteristic uo{x,x,t) such that 

max Ji(iio, F; a:°, i:°) = min max .7i(u, F; x°). I 

max JoiuQ, F:x^,x^) < U. 

(x° ,i®)eGi 


This statement corresponds to the reqtiirement of minimizing the relative displacement of the 
object being isolated, provided the force transmitted to it does not exceed the admissible level [/. 
This constraint is intended to ensiue the reliable fimctioning of the object. 

2.1.1.2 Problem 2.2 . The relative motion of the object being isolated is governed by Eq. (2.4). It 
is required to find, firom among a specified class Y of functions u(x,z,t), the optimal isolator 
characteristic tt°(x,x,t) such that 


max J 2 (w°)F;x°,x°) = min max Jo(u,F;x°,x°), 

(iO,xO)SGi ' uey (i0.iO)€Gi 


( 2 . 10 ) 


max Jx('u°,F;x°,x°) < D. 

(xO,xO)eGi 


This problem reflects the requirement of minimizing the maximum force transmitted to the object 
imder a constraint on the allowable displacement relative to the base. 

The choice of the class Y of allowable isolator characteristics is based on practical 
implementability of these characteristics or is determined by the needs of the theoretical analysis 
(as in the problem of the hmiting isolation capabilities considered below) . 

For solving Problems 2.1 and 2.2, only certain information concerning the motion of the body 
relative to the base and the time history of the external distiurbance is necessary. The knowledge 
of the position and velocity of the base with respect to an inertial reference frame is not needed. 
The relative motion of the body is described by Eq. (2.4) for either kinematic or dynamic external 
disturbances. Therefore, problems of optimal protection of rectilinearly moving objects from 
distmrbances of either type are mathematically equivalent. 

In this section, we assume that the external disturbance is an impulse (instantaneous shock) 
occurring at the initial time instant t = 0. Then 


F(t) = ,5(5(t), 


( 2 . 11 ) 


S3 


wh.6r6 <5 is tli6 Dirsc delta-function and j3 is the magnitude of the impulse (the shock intensity) 
The Quantity (3 is ecjual numerically to the magmtude of the jump in the velocity of the object 
being isolated resulting from the impulse. We also assume (except in Section 2.3.7) that at the 
instant of shock, the body being isolated is in the state of rest relative to the base, so that 


x(0)=0, i(0)=0. (2.12' 

In this case, the domain Gi in Eq. (2.8) consists of a single point; Gi = {0,0}. 

For compactness, in what follows, we omit some of the arguments of performance criteria of Eos 
(2.6) and (2.7). 

Equation (2.4) with the initial conditions of Eq. (2.12) and the external disturbance of Eq. (2.11) 
is equivalent to the initial-value problem 


x + u(x,i,t) =0, x(0) = 0, x(0)=/3. (2.13) 

This equivalence reflects the fact that as a result of the shock disturbance the body acquires a 
finite relative velocity equal to /5. 

In solving the problems, we will show that at the optimal isolator characteristic, the criterion 
subject to the constraint assumes the maximum allowable value (D or 17), while the value of the 
criterion to be minimized monotonically decreases as the parameter D ox U increases. Hence, 
according to Theorem 1.1, Problems 2.1 and 2.2 are reciprocals of each other, and having solved 
one of the problems, one can easily obtain the solution to the other. At the outset, we will 
consider Problem 2.2. 

2.2 LIMITING ISOLATION CAPABILITIES . 

Let us solve the problem of limiting isolation capabilities for the system described by the 
differential equation with initial conditions of Eq. (2.13). From the class Y of piecewise 
continuous, continuous on the right at discontinuity points, functions of time •u(f), we wish to And 
the optimal isolator characteristic u°{t) such that 

J 2 (u°) = max |u°(t)| =min J 2 (tt) = min max |u(t)| (2 14j 

t€[0.oo)' ' uer uex£e[o,=o)' ^ 

Ji(u°) = max |x(t)| < D. (2.15) 

The solution to this problem provides the minimum of the maximum absolute value of the force 
transmitted to the body being isolated. This characterizes the limiting performance of shock 
isolation for a specified intensity of loading and a constraint on the relative displacement. 

Without loss of generality, set /? = 1 and D = 1 in Eqs. (2.13) and (2.15). This corresponds to the 
use of the dimensionless (primed) variables 


84 




x'= ^signCfl), = 


( 2 . 16 ) 


In what follows, the dimensionless variables will be used, unless indicated otherwise. However, the 
primes will be omitted. 

It is readily shown that 


max > 0.5. 

t6[0,oo) ' ' - 


(2.17) 


According to Cauchy’s formula, the initial-value problem of Eq. (2.13) with ,5 = 1 is equivalent to 
the integral equation 


x{t) = t - f (t - r)ti(x(r),i(r),r)dr. 
Jo 


This can be verified by differentiation. If u is a function of t alone, i.e., u = u(t), then 


:(f) = t — [ {t — T)u[r)dT 
Jo 


(2.18) 


(2.19) 


is the solution to the initial-value problem of Eq. (2.13). 

Assume that the inequality of Eq. (2.17) is not vaUd, i.e., the inequality iu°(t)| < 0.5 holds for any 
t € [0,oo). This implies that u°(t) < 0.5 for any t € [0,oo) and, hence. 


> -0.5, t e [0,oc). 


( 2 . 20 ) 


The substitution of vP{t) for u{t) into Eq. (2.19), with allowance for Eq. (2.20), leads to the 
inequality 


:{t) > t — 0.5 f {t — T)dT. 
Jo 


( 2 . 21 ) 


It follows from Eq. (2.22) that 


x(t) > t -. 

^ ^ 4 


max x(t) > maix [ t -) . 

£S[0,oo) £6[0,oo) y 4 / 


On calculating the maximum on the right-hand side of Eq. (2.23) we obtain 

max x(t) > 1. 

£6[0,oo) 


( 2 . 22 ) 


(2.23) 


(2.24) 


Thus, if I uP{t) 1< 0.5 for t G [0, oc), then the inequality in Eq. (2.15) is not satisfied in the case of 
D = 1. The contradiction proves the inequality of Eq. (2.17). 


It is readily verified that any control given by 
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= 

leads to the relationships 


(2.25) 


f 0.5, if 0<t<2 

I ii(t) : |^i(^)| < 0.5 and |x(t)| < 1, if t>2 


max |u°(t)|=0.5, max |x(t)| = x(2) = 1. (2 

£e[o,oo)' ' £€( 0 , 30 ) ‘ ^ ^ 

The expression of Eq. (2.25) means that in the time interval 0 < t < 2, that is, until the velocity x 
vanishes for the first time, the control u°{t) is constant and is equal to 0.5, while for t > 2 it can 
be any piecewise continuous function satisfying the inequalities indicated in Eq. (2.25). It follows 
from Eqs. (2.17) and (2.26) that any function u°{t) of the form of Eq. (2.25) is the optimal 
control solving the problem of optimal isolation capabilities. The optimal control is unique in the 
interval 0 < t < 2 and nonunique for t > 2. Such nonuniqueness is a typical and essential feature 
of optimal control problems with nonadditive maximum-type functionals, a category to which 
many problems of optimal isolation belong. 

For the control vP{t) of the form of Eq. (2.25), the time history of the relative displacement and 
velocity of the body being isolated in the interval 0 < t < 2 is given by 


x(t) = t - t^/4, x(t) = 1 - t/2. (2.27) 

The relationships of Eq. (2.26) determine the limiting capabilities of protection of the body being 
isolated against shock disturbances. It is impossible in principle to make the maximum absolute 
value of the force transmitted to the body less than 0.5 if the shock imparts the velocity x(0) = 1 
to the body and the meodmum displacement does not exceed unity. 


Turn back to the original dimensional variables in Eqs. (2.25) and (2.26) according to Eq. (2.16) 
to obtain 


At) = 


0.5 


D 


if 0<t<2i:>/|/3| 
■u(t) : |■u(^)| < 0.5^ and \x{t)\ < D, if t>2D/\P\ 


(2.28) 


g2 

Jo{vP) = max lu°(i)I = 0-5-77, JiiA — \^{t)\=^D. 

£€[0,oc)' ^ D £e[0,oo) ' ^ 

The relations of Eq. (2.28) express the solution of the problem of Eqs. (2.14) and (2.15) for 
arbitrary values of the parameters /? and D. 

It is seen from Eq. (2.28) that for the optimal isolator characteristic u = u^, the maximum 
absolute value of the displacement of the body being isolated assumes the maximum allowable 
value D and the corresponding optimal value of the performance index to be minimized, J 2 (u°), 
monotonically decreases as the parameter D increases. According to Theorem 1.1 of Section 1.2.1, 
the problem of Eqs. (2.14) and (2.15) of the limiting capabilities of minimizing the maximum 
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absolute value of the load transmitted to the body, provided its displacement is constrained, is the 
reciprocal (the dual) of the problem of the limiting capabilities of minimizing the maximum 
absolute value of the displacement imder the constraint on the transmitted load. The apphcation 
of Theorem 1.1 leads to the solution of the latter problem in the form 


uo{t] = 


u{t) : |u(t)| < U 


|x(t)| < 0.5|f, 


0<t<f 

f 

— Li 


6 - 

Ji{uq) = 0 - 5 ^, M'^o) = U. 

2.3 OPTIMIZATION OF PARAMETERS OF PASSIVE ISOLATORS VVTTH STIFFNESS 
AND DAMPING ELEMENTS. 

2.3.1 Statement of the Problem. 

When desigmng systems for protecting objects against shock and vibration, it is often desirable to 
use only passive isolators whose characteristics do not depend on time exphcitlv (see Section 
1.1.4). 

Let us consider isolators with the characteristic u{x, x) given by 

u{x, x) = Lp{c, i;)sign(x) + (p{k, x)sign(x). (2.30) 

Here, ^(c, x) and ip{k, x) are non-negative fimctions describing the dependence of the damping 
force and the stiffness element restoring force on the relative velocity and displacement of the 
body being isolated. The parameters c > 0 and fc > 0 are constant damping and stifeiess factors, 
respectively. The fimction sign(C) is defined as 

' -1, ifC<0 

sign(C) = S 0 if C = 0 . (2.31) 

.1 ifC>0 

The class of functions of Eq. (2.30) covers a rather wide variety of isolator characteristics 
commonly used in practice. For example, for the familiar isolator with a linear spring and a linear 
damper, we have u(x, x) = cx + kx, where c and k are the damping and stiffness coefficients, 
respectively. The characteristic of this isolator can be expressed in the form of Eq. (2.30) as 
•u(x, x) = clx|sign(x) -f- A;|x|sign(x), and, hence, x) = c jx] and (f(k, x) = k jxi. The 
characteristic u(x,x) = c|x|x + kx of the isolator with a Unear spring and a quadratic-law damper 
can be represented in the form of Eq. (2.30) with '0(c, x) = cx- and ^{k.x) = fc |x|. Consider now- 
particular cases of a damper with ip{c, x) — c and a stiffness element with '~f{k. x) = k. The 
damper with ip{c,x) = c is a Coulomb damper (dry-friction damper). It resists motion with a 
force —csign(x) which is constant in magnitude and is directed against the velocity of the body. 
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For more detail, see Section 2.3.7. The stiffness element with (p{k,x) = k resists displacement with 
a force -A:sign(x) that is constant in magnitude and is directed against the displacement. The 
displacement is measured relative to the equihbrium position at which the resistance force is zero. 
We will refer to this element as bang-bang spring. This term is formed by analogy with the term 
bang-bang control in control theory. The bang-bang control switches between constant values. In 
a similar manner, the resistance force generated by a bang-bang spring switches between two 
values, differing in sign, when the body passes through the equilibrium position. 

The control force corresponding to the characteristic of Eq. (2.30) contains only conservative and 
dissipative components. In practice, such a characteristic is formed of simple stiffness (elastic) and 
damping elements, without external power supplies and control units. This makes the system less 
expensive and more reliable in operation. 

For the isolator characteristic of Eq. (2.30), the initial value problem of Eq. (2.13) becomes 


X -f ■0(c, ±)sign(x) + (f{k, x)sign(x) = 0, 


(2.32) 


x(0) = 0, x(0) = p. 

It is convenient to introduce new notation for the performance criteria of Eqs. (2.6) and (2.7) 

Ji{u) = Ii{c,k) — max |x(t)|, (2.33) 

fS[0,oo) 


J 2 (u) =/ 2 (c, fc) = max |•u(x(^),x(^))l = max |x(t)| = 

t€[0,oo) t€[0,oo) 


= max |V'(c,x(t))sign(x(i))-i-(^(fc,x(t))sign(x(t))| (2.34) 

t€[0,oo) 

reflecting the dependence of the criteria on the parameters c and k. 

Let us reformulate Problems 2..1 and 2.2 for the case where the motion of the object being 
isolated is governed by the initial-value problem of Eq. (2.32) with P being specified. 

2.3.1.1 Problem 2.3 . Find the parameters (design variables) Cq > 0 and fco > 0 such that 

•fi(co, k(p mm(->o,fc>o A(Ci k') 
l2{CoM)<U • 


2.3.1.2 Problem 2.4 . Find the parameters c° > 0 and > 0 such that 
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/ 2 (c°, k°) = minc>o.fc>o h{c, k) 
h{c°,k^)<D ■ 

Here, the class Y appearing in Problems 2.1 and 2.2 is the two-parameter family of functions of 
Eq. (2.30), c and k being the parameters; the set Gi of possible initial values of the phase 
variables consists of a single point = (0,j3). 

In the next section we establish, under certain assumptions for the functions v{c.x) and if{k,x), a 
number of the performance criteria properties that can help facilitate solution of optimization 
Problems 2.3 and 2.4. 


2.3.2 Performance Criteria Properties. 

2.3.2.1 Basic Assumptions . Let us make the following assumptions concerning fimctions v{c,x) 
and <f{k, x). 

Assumption 1. Functions V’(c, x) and (p{k,x) are normegative, continuous, and continuously 
differentiable everwhere over x G (—oo, oo) or x € (—oc, oc), except, perhaps, x = 0 or x = 0 . 

Assumption 2. Functions ip{c,x) and (p{k,x) are even in the variables x and x, respectively, i.e., 


V'(c,x) = • 0 (c,-x), (^(fc,x) = (p(A;,-x); 


(2.37) 


Assumption 3. 


i'(c,xi) > i;{c,X 2 ), if |xi| > |X 2 |; 


(2.38) 


^f{k,xi) > ^{k,X2), if |xi| > |x 2 |; 


(2.39) 


xp{c, x) ^ 0 , if c ^ 0 and x 7 ^ 0 ; 

if{k,x) 0, if k and x ^ 0 ; 


(2.40) 


Assumption 4. 


> 0 , if X ^ 0 ; 

> 0. if X ^ 0; 


(2.41) 


V'( 0 ,x)= 0 , (/r( 0 ,x)= 0 : 


(2.42) 


limc_oc i/''(c, x) = 00 , if X 7 ^ 0 ; 
limfc_,,o ¥^(^, 3 ;) = oc, if x ^ 0. 
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Assumption 5. 


‘p'k{k,x)ip{k,x) - (p'^{k,x) (p'k{k,^)d^ > 0, if A: ^ 0 and x ^ 0. (2.44) 

In Eq. (2.44), the notation 

.//L d^{k,x) dv’ik^x) ,,, d^(k.e) 

^kik,x) = -j^ , y,(fc,x) = — , ^'^{k,0 = -!^^. (2.45) 

is used. Similar notation for partial derivatives will be used in what follows in this section. 


Assumption 1 implies that the restoring and damping forces are directed opposite to the 
displacement x or velocity x. According to Assumption 2, the stiffness and damping 
characteristics are symmetrical, and the intensities (absolute values) of the restoring and damping 
forces depend on the displacement and velocity absolute values and are independent of their 
directions. In Assumption 3, inequalities of Eqs. (2.38) and (2.39) mean that the intensity of 
restoring and damping effects increases with the growth of [x] and |x|. The conditions of Eq. 

(2.40) mean that dead zones are not allowed for the stiffness and damping elements. It follows 
from the inequalities of Eq. (2.41) of Assumption 4 that absolute values of the damping and 
restoring forces increase with the growth of the damping and stiflhiess factors. The relationships of 
Eq. (2.42) mean that zero values of c or A: correspond to the absence of a damper or a stiffness 
element. The limiting relations of Eq. (2.43) reflect the possibility of getting arbitrarily large 
restoring and damping forces by choosing sufficiently large stiffness and damping factors. 

As might be expected, Assumptions 1 to 4 are satisfied by virtually all isolators used in practice. 
Assumption 5 does not lend itself to a simple physical interpretation and seems to be rather 
artificial. However, it implies some useful properties that can significantly facilitate the search for 
the isolator optimal parameters. Assumption 5 is satisfied by a wide class of stiffness elements 
used in isolators, e.g., by all springs with power law characteristics: ^{k,x) = k |xP where n is a 
noimegative number. For such springs, the left-hand side of Eq. (2.44) is equal to 
A: |x| ” /(n -H 1) > 0. The role of Assumption 5 will be clear from some of the following proofs. 

2.3.2.2 Propositions and Proofs . Let us formulate and prove a number of propositions related to 
performance criteria Ii{c,k) and l 2 {c,k) given by Eqs. (2.33) and (2.34). In what follows, we 
sometimes will use V'(i) and v?(x) instead of ip{c,x) and (p{k,x), omitting constant arguments c 
and k for brevity. Remember that we are considering a system for which the motion is governed 
by Eq. (2.32), that is, the case where the base to which the body being isolated is attached is 
subject to the instantaneous impact of Eq. (2.11). Hence, the propositions below are valid only 
for systems of this sort. 


2.3.2.3 Proposition 2.1 , The maximum absolute value of the displacement of the body being 
isolated in Eq. (2.33) occurs at the instant t, of the first local extremum of the function x{t). 

2.3.2.4 Proof . Since x(0) = 0, the maximum absolute value of the displacement occurs at an 
instant of local extremum of the function x{t). At this instant, x = 0. Introduce the function 


W{x,x) = ^ + n(x). 


(2.46) 
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where 


n(x) = f ifi^signiOd^. (2.47) 

Jo 

From a physics standpoint, W can be interpreted as the total mechanical energy of the system 
governed by Eq. (2.32), while 11 is the potential energy of the stiffness element. Because of 
Assumption 2, the potential energy can be represented as 

I'M 

n(x) = $(|x|) = / (2.48) 

Jo 

and, according to Eq. (2.39), the function ^»(|x|) monotonically increases as |xl increases. 
Differentiating Eq. (2.46) with respect to time t along a solution of Eq. (2.32) yields 

W= —0(x)|x| < 0 (2.49) 

and, hence, the total mechanical energy is a nonincreasing function of time. Let t. be the instant 
of the first local extremum and t > he any other instant of the local extremum of the function 
x(i). Relationships x(t.) = 0, x{t) = 0, and W{Q > W{t) imply that ^>(|x(t,)|) > ^>(lx(t)|) and, 
hence, due to monotonicity of the function 'l>(|xl), |x(t.)| > |x(t)|. This completes the proof of 
Proposition 2.1. 

2.3.2.5 Proposition 2.2 . The maximum absolute value of the acceleration in Eq. (2.34) is attained 
on the interval 0 < t < t, where is the instant of the first local extremum of the function x(t). 

2.3.2.6 Proof . According to Proposition 2.1, the inequaUty |x(ti)| < |x(t,)| is valid for any 

ti> t,. The function x{t) is continuous, x(0) = 0, and is the point of the absolute maximum of 
the function |x(t)|. Hence, for any instant ti > t., there exists ^2 < t* such that 

|x(ti)l = |x(t2)l. (2.50) 

The relationship W{ti) < W{t 2 ), along with Eqs. (2.48) and (2.50), imply that 

\x{ti)\ < |x(t 2 )|- (2.51) 

For the solution to the initial-value problem of Eq. (2.32), we have x{t) > 0,x{t) > 0 for t 
if /3 > 0, and x{t) < 0,x{t) < 0 for t G [0,t,], if /? < 0. Therefore, |x(t)| = — ^{x{t)) for 

t G [0,t.]. This, together with Eqs. (2.37), (2.50), and (2.51), implies that 

ix(ti)l < ipixiti)) -h ((?(x(ti)) < i^ixit-i)) + '~p{x{t. 2 )) = |i(t 2 )l- (2.52) 

Therefore, for any instant ti> t. 
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(2.53) 


t6[0,t.] 

This completes the proof of Proposition 2.2. 

According to Propositions 2.1 and 2.2, to calculate the performance criteria of Eqs. (2.33) and 
(2.34) it is sufficient to consider the behavior of the system of Eq. (2.32) only in the time inter\-al 
[0, t.]. Note that it may turn out that = oo. For instance, this is the case if = 0 and 
^(c,i) = cx^. In what follows, we assiune /? > 0 in Eq. (2.32). This does not lead to a loss of 
generality, because, as follows from Eq. (2.37), the change of the sign of variable x does not 
change Eq. (2.32). Under such an assumption, we have x(t) > 0 and x(t) > 0 for t € [0,i.] and, 
hence, the state trajectory of the system of Eq. (2.32) corresponding to its motion over the 
interval [0,t.] belongs to the first quadrant of the state plane. 

Let us represent the initial-value problem of Eq. (2.32) on the time interval [0, t.] as the 
initial-value problem for the simultaneous first-order differential equations 


i = y, y =-'Ip(c,y) - (fi(k,x) (2.54) 


x(0) = 0, y(O)=0, telo,t.]. 

The solution x(t),y(t) to the problem of Eq. (2.54) is represented graphically by a curve in the 
xt/-plane. This curve is called the state (phase) curve or the state (phase) trajectory. The state 
trajectory of the system of Eq. (2.54) begins at the point x = 0 and y = /? at t = 0 and arrives at 
the point x = /i(c, k) and y = 0 at t = t.. The functions x(t) and y(t), t G [0, t,], specify the state 
trajectory in parametric form, t being the parameter of the curve. Since x{t) monotonically 
increases with t increasing from 0 to t,, we can represent the state trajectory as a single-valued 
function y = y(x, c, fc), x G [0, /i(c, k)]. Dividing the second equation in Eq. (2.54) by the first 
one, we arrive at the first-order differential equation for the state trajectory 


dx 


jjjc, y) + ip{k,x) 

y 


y(0) = /3 > 0. 


(2.55) 


It follows from Eq. (2.55) that dy/dx < 0 while y > 0, i.e., the function y(x, c, k) representing the 
state trajectory of the system in the first quadrant monotonically decreases with increasing x. 
Hence, this state trajectory can be represented by a single-valued function x = x(y,c, k) that is 
the inverse of y(x, c, k). The function x = x(y, c, k) satisfies the differential equation 


dx 

dy 


y 

v{c,y) + ip{k,x)’ 


x{P) = 0, 


y e [0,;d]. 


(2.56) 


2.3.2.7 Proposition 2.3 . The maximum absolute value of the displacement of the body being 
isolated decreases with the growth of c and k, i.e.. 
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(2.57) 


Ii{ci,k) > Ii{c 2 ,k), if Cl < Co; 

/i(c, fci) >/i(c,A: 2 ), if kiKko. 

2.3.2.8 Proof . We will prove the first of the inequalities of Eq. (2.57). Similar reasoning can be 
used to prove the second inequality. Introduce the function 


9i^,y) = y - yi^,ci,k). 


(2.58) 


For all points lying in the first quadrant of the state plane below the state trajectory 
y = y(x,Ci, k), the inequality g{x,y) < 0 holds, whereas for all points above this trajectory, 
g{x,y) > 0. Differentiating the fimction g{x,y) with respect to time along the solution to the 
system of Eq. (2.54) corresponding to C) > Ci yields 


. dy. r,/ N, n M , •0(Ci,y(x,Ci,fc)) + ^(fc.l) 

9 = ^{k, x)| +-- y. 


(2.59) 


Here, x = x(t, C 2 , k) and y = y{t, C 2 , k) is the solution to the initial-value problem of Eq. (2.54) for 
c = C 2 and a fixed k. It follows from Eqs. (2.59), (2.54), and (2.55) that g = ip{ci,3) - il>{c2,l3) at 
t = 0. According to Eq. (2.41), the function ip{c,0) monotonicaUy increases with respect to c, and 
we have y < 0 for t = 0. Hence, because of the continuity of the function g in t, the inequahty 
g < 0 holds over some neighborhood of the initial instant t = 0. In this neighborhood, we have 
g{t) = g{x{t,C 2 ,k),y{t,C 2 ,k)) < 0, while g{x{0,C2,k),y{0,C2, k)) — 0. The function g{t) does not 
vanish over the interval 0 <t <t. and, hence, remains negative. Indeed, let t' € (0, t.] be the first 
time instant at which the function g{t) vanishes, i.e. g{t') = 0 while g{t) < 0 for all t 6 (0, t'). This 
implies that y > 0 for t = t'. However, g{t') — 0 entails g = ^(ci, y(x, ci, k)) — Tp{c 2 ,y{x, ci, k)) < 0, 
in accordance with Eq. (2.41). This contradiction proves that for all t € (0,t.] the state trajectory 
corresponding to C 2 > Ci Ues below the trajectory related to Ci and therefore, Ii{ci,k) > Ii{c 2 , k). 

Before analyzing the properties of the performance criterion l 2 {c, k) we prove the following lemma. 

2.3.2.9 Lemma 2.1 . If fimctions '(p{c,y) and (p{k,x) satisfy the relationships of Eqs. (2.41) and 
(2.44), then the inequality 


dif{k,x{y,c, k)) 

dk . ^ 

holds for y G [0,/3) and k > 0. The operator d/dk stands for differentiation of the composite 
function y}{k, x{y, c, A:)) with respect to k, with the other arguments being fixed. 

2.3.2.10 Proof . Denote S{k) = x{y,c, k) for y € [0,,/3) and c > 0. Multiply both sides of Eq. 
(2.55) by y and then integrate with respect to x from x = 0 to x = 5(/c) to find 


(2.60) 


rS(k) rS{k} 

[y‘ — l3^)/2+ / il!{c,y{x,c,k))dx + / (f{k,x)dx = 0. (2-61) 

Jo Jo 
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Differentiate Eq. (2.61) with respect to k and then solve the resulting equation for dS{k)/dk to 
obtain 


dSjk) ^ [%{c^y{^,c,k))y^f^{x,c,k) + (p'kik,x)] dx 

dk 'ipic.y) + (p{k,S{k)) ' 

Differentiate ip{k,S{k)) with respect to k and substitute Eq. (2.62) for dS{k)/dk to obtain 

d<p{k,S{k)) ^ %ik,S{k)) + ^y{k,S{k)) 

dk ^{c,y) + ip{k,Sik)) ’ (2.63) 

where 


= V'k{k,x)(p{k,x) ~ ip'^{k,x) [ 

Jo 


(2.64) 


$i(A:,i) = ip[{k,x)ip{c,y) - (p'^{k,x) 

According to Eq. (2.44), 4>o(A:,x) > 0. For ^i{k,x), the inequality ^i{k,S{k)) > 0 is vaUd. To 
prove this, it is sufficient to show that y'kix, c,k) <0 for all x e (0, S{k)]. 

Let Y{x) = yfc(x,c, k). The function Y{x) is governed by the initial-value problem 


[ ^yic,y{^,c,k))^^i^,c,k)d^. (2.65) 

Jo 


where 


dx 


a{x)Y + 6(x). 


y{o) = 0 , 


( 2 . 66 ) 


-%{c, y{x, c, k))y{x, c, k) ip{c, y{x, c, k)) -P ip{k, x) 
[y{x,c, fc)]^ 


(2.67) 


6(x) 


yfc(fe.3:) 

y(x,c, k)' 


( 2 . 68 ) 


Equation (2.66) results from differentiating Eq. (2.55) with respect to the parameter k. The 
solution to the problem of Eq. (2.66) is given by 


r(x) =exp[ai(x)]^ 6(0exp[-ai(0]d^, a^{x) = J a{r})dT]. (2.69) 

It follows from Eq. (2.41) that b{^) < 0. Therefore, Y{x) = y'^{x,c,k) < 0 and, hence, 

4>i(/c,x) > 0. Equation (2.63) and the inequalities ^>o(A:,x) > 0 and $i(A:,x) > 0 imply 


di^{k,S{k)) d(p{k,x{y,c,k)) 


dk 


dk 


> 0 . 


(2.70) 
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Since y € [0,^) is arbitrary, this completes the proof of the lemma. 

2.3.2.11 Proposition 2.4 . The maximum force transmitted to the body being isolated does not 
decrease with the increase of the parameter i.e., 

k-z) > loic, ki) for k 2 >ki. (2.71) 

In the region defined by inequahty L 2 {c,k) > iz{c,3), the function l 2 {c,k) monotonically increases 
with respect to k. 

2.3.2.12 Proof . The performance criterion /o(c, A:) can be represented as 

Lie. k) = max 9(y, c, k) (o jo) 

y€(0.3| 

where 


6{y,c,k) = ^{c,y) +(p{k,x{y,c,k)). (2.73) 

According to Lemma 2.1, the inequality 6{y,c, ^ 2 ) > 6{y, c, ki) holds for any y 6 [0. /3), if ki < k,, 
and, hence, 

(2.74) 

According to Eq. (2.74), the inequality of Eq. (2.71) holds. It follows from Eqs. (2.60), (2.72), 
and (2.73) that the equahty in Eq. (2.71) occurs only if k{) = l 2 {c, ^ 2 ) = t^(c.,d). This 
completes the proof of the proposition. 

2.3.2.13 Proposition 2.5 . Functions /i(c, k) and hie, k) do not reach the extremum values at 
internal points of their domains. 

2.3.2.14 Proof. For the function 7i(c, k), this proposition follows from Proposition 2.3, according 
to which the function /i(c, k) decreases with respect to either of the variables c or k. For the 
function ^{c, k), the proposition follows from Proposition 2.4. According to the latter proposition, 
the function / 2 (c, k) increases monotonically with respect to k, if / 2 (c, k) > Tp{c,3). The case 
Lie, k) < 'ip{c,3) cannot occur. Indeed, according to Eq. (2.54), with allowance for the fact that 
the fimctions ij{c,y) and y}(k,x) are nonnegative (Assumption 1), we have 


l^(0)l = ly(0)l = ^0,3) + (/?(/.', 0) (2.75) 

It follows from Eqs. (2.75) and (2.34) that l 2 {c,k) > 0(c,,5). Consider now the case where 
k) = '0(c,/5). Since 0^0, the function ib{c,3) monotonically increases with respect to c. 
according to Eq. (2.41). Thus, everywhere, the function k) monotonically increases either 
with respect to the variable k or with respect to the variable c and, hence, cannot reach the 
extremum value at internal points of its domain. 
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Let us now establish the conditions under which the maximum load on the body being isolated is 
attained either at the initial time instant or at the instant t = t. of reaching the maximum 
displacement. In this case, the performance .index /^(c, k) is given by 


l 2 {c,k)= m^e{y,c,k) = max{d{0,c,k),e{p,c,k)} (2.76) 

ye(0,;3| ' 

where 9{y,c,k) is the function defined by Eq. (2.73). 

2.3.2.15 Proposition 2.6 . Let fimctions t/'(c,y) and (p{k,x) satisfy Assumptions 1 through 5 . 
Moreover, let them be twice continuously differentiable with respect to y and x for all x ^ 0 and 
y 7 ^ 0 , and let them satisfy the following inequalities; 


/ d'lp dii)\ . 

Then the relation of Eq. (2.76) is valid. 

2.3.2.16 Proof . First, perform some prehminary manipulations. Differentiate 0(y, c. A:) with 
respect to y 


^'y = V'y(c, y) + ^(y. c, k)) 

According to Eqs. (2.56) and (2.73), dx/dy is expressed by 


dx 

dy' 


dx 


V 


dy 6{y,c,k)' 

Substitute Eq. (2.79) into Eq. (2.78) to obtain 


^'y = V'y(c,y) -<p'^{k,d{y,c,k))-—^-—. 

9{y,c,k) 

Differentiate Eq. (2.80) with respect to y and take into accoimt Eq. (2.79) 




9 " 

yy J Yx q2 

Solve Eq. (2.80) for , provided y 7 ^ 0 , to obtain 


<^x = 


Substitution of Eq. (2.82) into Eq. (2.81) yields 


ij'e - 9 '9 


y 


(2.78) 


(2.79) 


(2.80) 


(2.81) 


(2.82) 
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(2.83) 




Now, let us prove the proposition. Since 9{y,c, k) is a continuous function of y, its maximiun 
occurs for y G [0,/?]. Suppose that Eq. (2.76) is not true. Then, the global maximiun oi 9 is 
attained at some internal point of the interval [0,,5], i.e. yi G (0,/3). Since 9{yi,c.k) > 9{0.c.k). 
there exist y 2 G (0, yi] and 6 > 0 such that 9y{y2, c,k) = 0 and 9y{y, c,k) >0 for y € [j/o - S, y 2 ). 
Apply the mean value theorem to the fimction 9'y{y, c, k) over the interval [y 2 - 6, y:] to show that 


^y{y 2 ,c, k) - 9y{y2 - 5, c, k) = 9’’,/^, c, k)5, (2.84) 

where ^ G (y 2 - <5,y2)- This implies 9y^^{^,c,k) < 0. Then, according to Eqs. (2.77) and (2.83), the 
inequality 


dy{^,c,k) 


~ ^y(^.c) 1 _ ^y(^. c, k) ' 

M,c,k)^ ^ 9{^,c,k)_ 


< 0 


(2.85) 


must hold. Since 9y{y2, c, A:) = 0,we have c, A:) —^ 0 as (5 0, while the other quantities in Eq. 

(2.85) remain finite and positive. Therefore, by choosing 6 sufficiently small, one can make the 
expression in square brackets positive. Thus, there exists ^ G (y 2 - 9, y 2 ) such that 9y{^, c, k) < 0. 
This contradicts the inequality O'^iy, c,k)>0 for y G [y 2 - S, y 2 ), and, hence, the maximum of 9 
cannot be attained at an internal point of the interval 0 <y < 0. This completes the proof of 
Proposition 2.6. 


2.3.2.17 Summary of the Basic Properties of the Performance Indices . Let us summarize the 
basic properties of the performance criteria Ii{c,k) and / 2 (c, k) that have just been established. 


Under Assumptions 1 to 3, both the maximum absolute value of the displacement of the body 
being isolated, /i(c. A:), and the maximum transmitted load, / 2 (c, k), occur on the time interval 
[0, t,], where f, is the instant at which the relative velocity of the body vanishes for the first time 
(Propositions 2.1 and 2.2). 


Under Assumptions 1 to 4, the maximum absolute value of the displacement of the body being 
isolated, A(c, k), monotonically decreases as the damping and stiffness factors, c and k, increase 
(Proposition 2.3). 


Under Assumptions 1 to 5, the maximum load transmitted to the body being isolated, ^(c, k). is 
a nondecreasing function of the stiffness factor k (Proposition 2.4). If, in addition, the inequaUties 
of Eq. (2.77) hold, then the body experiences the maximum load either at the instant of shock 
{t = 0) or at the instant of occurrence of the maximum displacement (Proposition 2.6). 


Under Assumptions 1 to 5, functions Ii{c,k) and / 2 (c, k) do not reach the extremum values at 
internal points of their domains (Proposition 2.5). This implies that the extremum points of the 
functions /i(c, k) and / 2 (c, A;) can lie only on the boimdaries of the domains of these functions. 


97 



These properties which tend to be useful in their own right, considerably facilitate solving 
Problems 2.3 and 2.4 which involve choosing optimal parameters for isolator characteristics. 

To conclude this section, we consider some examples of widely used passive isolators whose 
characteristics satisfy Assumptions 1 to 5 and the conditions of Eq. (2.77). 

2.3.2.18 Example 2.1 . Isolators with Power Law Characteristics. Consider isolators with power 
law characteristics given by 


w(c,i) = clif , (p{k,x) = k\x\^ , 

r>0,n>0,c>0,k>0. (2.86) 

Such isolators are in rather widespread use. For instance, if r = 1 and n = 1, then we have the 
common linear isolator for which the characteristic of Eq. (2.30) becomes u(x,x) = cx + kx. It is 
readily verified that Assumptions 1 to 5 are satisfied by these isolators. If r > 2 and n > 1. 
functions 0(c,x) and (^(k,x) given by (2.86) satisfy also the inequafities of Eq. (2.77). 

2.3.2.19 Example 2.2 . An Isolator with Variable Stiffness. As another example, consider the 
isolator with a variable stiffness characteristic expressed as 

9(A:,a:) = A:|a;l (1+ ajrc|"), a > 0. (2.87) 

This characteristic satisfies Assmnptions 1 to 4 for any a > 0 and n > -1. If, in addition, 
n < (1 + vT 7)/2, then Assumption 5 is also fulfilled. The inequafity for if{k,x) in Eq. (2.77) is 
satisfied for n > -1. 

2.3.2.20 Exeimple 2.3 . Linear-Quadratic Damper. Consider a damper consisting of linear and 
quadratic-law elements cormected in series as shown in Fig. 2.2. The quadratic-law element 2 is 
attached to the body to be isolated (body m) and the hnear element 1 is attached to the base. We 
assume that the masses of the damping elements 1 and 2 are negligibly small compared with the 
mass m of the body. Introduce the notation so that x is the displacement of body m relative to 
the base; Xi is the displacement of the connection point C of elements 1 and 2 relative to the base; 
X 2 is the displacement of body m with respect to point C; Ci is the damping coefficient of the 
linear damper; and co is the damping coefficient of the quadratic-law damper. 

According to the definition of Eq. (2.30) for the characteristic of an isolator consisting of stiffness 
and damping elements, the force applied to the body to be isolated by the damping element is 


fd = t/’(c,x)sign(x). (2.88) 

Let us determine the function i>{c,x) for the damping device depicted in Fig. 2.2. The force fy 
applied to body m is generated by the quadratic-law damper 2 and, accordingly, is given by 


fd = —C2lx2|i2. 


(2.89) 
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Since we have ignored the masses of the damping elements, the force apphed by damper 2 at point 
C is equal in magnitude and opposite in sign to the force fj, of (2.89). Thus, we have 


/^2C fd 

The force applied to point C by the linear damper 1 is 


(2.90) 


fic = -ciii- (2.91) 

Since there is no mass concentrated at point C, in accordance with Newton’s second law, we have 


fic + / 2 c = 0. 

Substitute (2.90) and (2.91) into (2.92) to obtain 


(2.92) 


C2\X2\X2 — CiXi = 0 . 

As is apparent from Fig. 2.2, the coordinates Xi, X 2 , and x are related by 


(2.93) 


X = Xi + X2 or Xi = X — X2- 


Substitute (2.94) into (2.93). This yields 


|X 2 |X 2 + 2 xx 2 — 2xx = 0, 


where 


Solve Eq. (2.95) for X 2 to obtain 


—X + yjx"^ 2xx for X > 0 
X — \/ x^ — 2xx for X < 0 


(2.94) 


(2.95) 


(2.96) 


(2.97) 


It is apparent from (2.97) that X 2 > 0 for x > 0 and ±2 < 0 for x < 0. By substituting (2.97) into 
(2.89) we obtain 


fd = —2xc2 \x\-\- X — yj2x\x\-T X- sign(x). 


(2.98) 


By comparison of (2.98) with (2.88), 


■0(c, x) = C \x\ + X — yj2x\x\ + X- , 


(2.99) 
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Figure 2-2. Linear and quadratic-law dampers connected in series • 

1 - Linear damper (cj xj) 

2 - Quadratic-law damper (c2| ^ 2 ! ^ 2 ) 

x = Xi+X2 1 ■'^ 2|^2 
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where c = 2 xc 2 — Ci. 


It can be verified that the damper characteristic u)(c, x) of (2.99) satisfies Assumptions 1 to 4. 
However, it does not satisfy the first inequality in Eq. (2.77). 

2.3.3 General Considerations Concerning the Calculation of the Optimal Parameters of the 

Isolator. 

2.3.3.1 Solution of Problem 2.4 . Problem 2.4 was stated in Section 2.3.1. See Eq. (2.36). In this 
section, methodology for solving this problem will be presented, utihzing the properties of the 
performance indices I\{c,k) and hic^k) established in the previous section. 


As follows from Proposition 2.5, the minimum of the fimction ^(c, k) can be reached only on the 
boundary of the admissible region for the p'arameters c and k. Denote this region by C. Accordino- 
to Eq. (2.36), 

Q = {c,/c:c>0, fc > 0, I\{c,k)<D]. (2.100) 

The boundar}<- dVL of this region can be defined as 


5Q = u dQ.2 U 5^3, 


( 2 . 101 ) 


where 


aCi = {c, A:; c > 0, A: = 0, /i(c, 0) < D}, 


dO .2 = {c,A: :c = 0,A; > 0,/l(0,^') < D], 


dO.z = {c. A: ; c > 0, A: > 0, Ii{c, k) = D). 

The first set in this union is the portion of the nonnegative c-semiaxis belonging to Q, the second 
set is the portion of the nonnegative A:-semiaxis belonging to 12, and the third set is the curve To 
defined by the equation 

To = (c, A;: c > 0, A: > 0,li{c,k) = D}. (2.102) 

The region Q and the components of its boundary are shown in Fig.2.3. 

From the continuity properties of the solution of differential equations, it follows that the 
fimctions Ii{c,k) and hic.k) are continuous. Since the function /i(c, k) is continuous and 
monotonically decreases with respect to either of the argiunents cot k (Proposition 2.3), r,he ciuve 
Fp can be represented as a continuous monotonically decreasing function c = coik). This fact 
readily follows from the implicit function theorem. 

The following propositions establish important facts concerning the location of the optimal 
parameters A:° and c° of Problem 2.4 in the region 12. 

2.3.3.2 Proposition 2.7. The optimal parameters A:° and c° lie on the ciuve To of Eq. (2.102). 
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Figure 2-3. The region Q and its boundary. 
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2.3.3.3 Proof . To prove this, we will show that the optimal parameters cannot he on the portions 
of the c- and fc-axes belonging to the admissible region Q, except for the points of intersection of 
these axes with the curve Fd. Consider first the fc-axis, on which c = 0. According to Eq. (2.42), 
we have 'ip{0,x) = 0. Hence, /2(0, k) > -0(0,/3) = 0 for A: > 0, and, according to Proposition 2.4, 
the fnnction LiO, k) monotonically increases with respect to k. Since the function /i(0. k) is 
continuous for k > 0, for any A: > 0 satisfying the condition /i(0, k) < D, one can find k' < k such 
that 12 ( 0 , k') < 72 ( 0 , k) and /i(0. k') < D. Thus, the optimal solution cannot he on the A-axis, 
except for the point of intersection of this axis with the curve F d ■ 

Consider now the c-axis, on which A: = 0. In this case we have / 2 (c, 0) = •\b[c,3)- This means that 
the force transmitted to the body being isolated assumes the maximum value at the initial 
instant, at which the velocity of the body assumes the maximum value. According to Eq. (2.41). 
the function ^’(c, 3) monotonicaUy increases with respect to c. This, with allowance for the 
continuity of the function Ii(c, 0), implies that the optimal solution cannot lie on the c-axis. 
except for the point of intersection of this axis with the curve F £>. 

This completes the proof of the proposition. 

2.3.3.4 Proposition 2.8 . The curve F d intersects the A:-axis for any D > 0. 

2.3.3.5 Proof . For c = 0, Eq. (2.32) has the energy integral. 

j.2 r\x\ q2 

W{x,x) = — + ^{k,Od^ = —• (2.103) 

The energy fimction W{x,x) was introduced in Eqs. (2.46) and (2.48). The maximum 
displacement /i(c, k) is attained at the instant when the velocity x vanishes. At the point of 
intersection of the curve F p with the A;-eLxis (if such a point exists), we have i = /i(0, k) = D. 
Substitute x = D and i = 0 into Eq. (2.103) to obtain the equation 

rD 02 

= Y (2.104) 

for k. According to Eqs. (2.42) and (2.43), the left-hand side of Eq. (2.104) (1) is equal to zero for 
A: = 0, (2) monotonically increases with respect to k, and (3) tends to infinity as A—+ oc. Hence, 
Eq. (2.104) has a unique solution A = A. which is the desired intersection point. 

It follows from Proposition 2.8 that the optimal stiffness coefficient A = A° lies in the interval 

0<A°<A. (2.105) 

It was indicated above that the curve Fo of Eq. (2.102) can be represented as a function 
c = cd(A), and. hence, the optimal stiffness A° and optimal damping c° are related by 


c° = co(A°). 


( 2 . 106 ) 
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Thus, the solution of Problem 2.4 can be reduced to the calculation of the miniramn of the 
function 


h{k) = l2{cD{k),k) (2.107) 

of a single variable k on the interval [0, k,]. 

To calculate the fimction I{k) for a given k, one should execute the following steps: 

Step 1. Solve the equation 


h{c.k) = D (2.108) 

with respect to c to find c = Coik). To calculate the function 7i(c, fc), integrate the initial value 
problem of Eq. (2.56) backward in the variable y to find 

Ii{c,k) = x{0,c,k), (2.109) 

where x{y, c, k) is the solution of the initial value problem of Eq. (2.56). 

Step 2. For the value of c = coik) determined in the first step, calculate the maximum of the 
function 


u{y) =ij[cD{k),y] + (p[k,x{y,CD{k),k))] (2.110) 

over the finite interval [0, 0] to find 


Uk)=m^u{y) ( 2 . 111 ) 

In the general case, steps 1 and 2, as well as the calculation of the minimum of the function A (A;) 
of Eq. (2.107) are implemented numerically. 

2.3.3.6 Solution of Problem 2.3 . The solution procedure for Problem 2.3 (Eq. 2.35) could be 
presented similarly to that for Problem 2.4. For brevity, we omit this description but note that 
the Problem 2.3 is the reciprocal of Problem 2.4 in the sense of Theorem 1.1. Since the optimal 
parameters in Problem 2.4 lie on the curve of Eq. (2.102), we have /i(c°, k°) = D. The optimal 
value l 2 {c°,k°) of the function l 2 {c,k) in Problem 2.4 decreases as D increases. This follows from 
the fact that the greater the D, the larger the admissible set Q of Eq. (2.100). In turn, the global 
minimum of a function cannot increase if the domain in which the function is considered becomes 
larger. Thus, one can apply Theorem 1.1 to obtain the solution of Problem 2.3 from the solution 
of Problem 2.4. 

2.3.4 Parametric Optimization of Isolators with Power Law Characteristics. 
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2.3.4.1 Preliminary Considerations . In this section, we consider the problem of the selection of 
an optimal isolator for an instantaneous shock from among the devices with power law 
characteristics of the form 


u(x,x) = c|i|’'sign(i:) + A:|x|”sign(x), r > 0, n > 0, c > 0, fc > 0. (2.112) 

The characteristic of Eq. (2.112) is a particular case of Eq. (2.30) for ij[c,x) = c|x|'' and 
^{k,x) = /c|x|". If r = 1 and n = 1, then we have the common linear isolator for which 
w(x,x) = cx + kx. As mentioned in the previous section, Assmnptions 1 to 5 are valid for such 
characteristics for any nonnegative c,k,r, and n, and in the case of r > 2 and n > 1, the 
inequalities of Eq. (2.77) are also satisfied. Therefore, the general propositions proved in Section 
2.3.2 are applicable to the characteristics under consideration here. 

Without loss of generality, we set ,5 = 1 in Eq. (2.32), U — I in Eq. (2.35), and D = 1 in Eq. 
(2.36). This corresponds to using dimensionless (primed) variables and parameters given by 


for Problem 2.3, and given by 


■' = ^sign(/3), = p; 

C rj ^ A» f/n+1 ^ 


x'= Jsign(5). 

c' = cC|/J^^ 


(2.113) 


(2.114) 


for Problem 2.4. 


Thus, the initial value-problem of Eq. (2.32) governing the relative motion of the body being 
isolated becomes 


X -t- c|x|''sign(x) + A:|x|”sign(x) = 0, 
x(0) = 0, x(0) = 1, 


(2.115) 


where primes are ignored. 


Let us consider Problem 2.4, where the peak absolute acceleration of the body to be isolated (the 
peak force transmitted to the body by the isolator) is minimized, while the peak displacement of 
the body with respect to the base is constrained. We begin by analyzing the admissible region 


Q = {c, k : c > 0, k > 0, Ii{c, k) < 1} 


(2.116) 


of parameters c and k satisfying the constraint Ii{c, k) < 1. The curve To of Eq. (2.102) for this 


region is given by 


El = {c, A: : c > 0, A; > 0, /i(c. fc) = 1}. 


(2.117) 
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The curve Fi of Eq. (2.117) is a portion of the boundary of the region of Eq. (2.116). .43 was 
shown in Section 2.3.3, the curve of Eq. (2.11/) can be represented as a monotone decreasing 
function c = co(/c) = Ci{k). The graph of this function is sketched in Fig. 2.3, where it is identified 
as dQz- The admissible region Q, is to the right of and above the curve c = Ci{k). 

It is of interest to analyze the behavior of the fimction Ci{k) as k -* 0, depending on r. If r < 2 
then ci(0) is finite and, hence, the curve Fj of Eq. (2.117) intersects the c-axis, as shown in Fio-. 
2.4. To prove this, solve the initial-value problem of Eq. (2.56) for ip{c, y) = c\yY,'^[k.x) = 
and A: = 0 to find 


1 /■* 

X = x(y,c,0) = - ^dq. 

cJv 


If r < 2, then the integral in Eq. (2.118) converges as y -*0, and we have 


x(0,c,0) = 

Substituting Eq. (2.119) into Eq. (2.109) yields 


c(2 - r) ■ 


(2.118) 


(2.119) 


To find the point c = c, of the intersection of the curve Fi of Eq. (2.117) with the c-axis, solve the 
equation /i(c, 0) = 1 for c. Thus, we obtain 


( 2 . 121 ) 

If r > 2, then the integral in Eq. (2.118) diverges as y 0 and Ci(fc) tends to infinity ask-^0. 
This situation is illustrated in Fig. 2.5. 

2.3.4.2 Solution of Problem 2.4 . 

2.3.4.3 Case of r > 2 and n > l .In this case, the inequalities of Eq. (2.77) are valid and, 
according to Proposition 2.6, 


/ 2 (c, k) = max{c, A:[/i(c, A:)]"}. 
Consider on the cA:-plane the cinve B defined by 


( 2 . 122 ) 


c = A:[/i(c, A;)]". 


(2.123) 
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The right-hand side of Eq. (2.123) monotonically increases with respect to k and monotonically 
decreases with respect to c. The monotone decrease follows from the monotone decrease of the 
function /i(c, k) with respect to c, according to Proposition 2.3. To prove the monotone increase 
with respect to fc, make use of expression (p{k,x) = fc|x|" for the stiffness characteristic. Substitute 
X = x{0,c,k) into this expression and use Eq. (2.109) to find ip{k,x{0,c,k)) = k[Ii{c.k)]^. 
According to Lemma 2.1, the function ip{k,x{0,c,k)) monotonically increases with respect to k. It 
is then evident that the right-hand side of Eq. (2.123) monotonically increases with respect to k. 

The implicit fimction theorem, with the properties just proved being taken into accoimt, implies 
that Eq. (2.123) implicitly defines a monotonically increasing function k = ksic). Moreover, the 
relation ^^(O) = 0 is valid. To prove this relation, note that for c = 0, there is no damping in the 
system of Eq. (2.115) and, hence, the energy of this system is conserved. Accordingly, we have 


x^ _ x"(0) 1 

T ~n + T ^ 2 ^ 2 

and hence. 


(2.124) 


k [h{0, A:)]" = . (2.126) 

Therefore, the only solution of Eq. (2.123) for k with c = 0 is A; = 0. 

It now follows that the curve B divides the first quadrant of the cA:-plane into two regions, Bi and 
B 2 , as shown in Fig. 2.6. Region Bi lies below and to the right of the curve B, while B 2 lies above 
and to the left of this curve. For (c, k) € Bi, Lie, k) = c, whereas for 
(c, k) e B 2 , hie, k) = A:[/i(c, A;)]". 

Denote by R the intersection point of the curves Fi of Eq. (2.117) and B (Fig. 2.7). The values of 
parameters c and k corresponding to the point R are the desired optimal parameters of the 
isolator in the case of r > 2 and n > 1. This can be shown as follows. According to Proposition 
2.7, the optimal parameters lie on the curve Fi. According to Eq. (2.122) and the relation 
J^(c, A;) = 1, which is satisfied on the curve Fi, on this curve we have l 2 {c, k) = c to the right of 
the point R and /^(c, k) = A:[/i(c, A;)]" = A: to the left of the point R. See Fig. 2.6. Thus, the 
function / 2 (c, k) decreases when approaching the point R from both sides along the curve Fi. 
Hence, the point R is the point of minimum of the criterion /^(c, A:). 

The coordinates c = c° and k = k° oi the point R are the optimal parameters in Problem 2.4 for 
the case of r > 2. n > 1. The optimal parameters are determined uniquely. 

Analytically, the optimal parameters satisfy the following simultaneous equations; 


/i(c,A;) = l. c = A:[/i(c.A;)]". 


(2.127) 
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Figure 2-6. Regions and B 2 and their boundary. 
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Figure 2-7. Graphic deteraiination of the optimal parameters in 
Problem 2.4 for r ^2 and n^\. 
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Since Ii{c, A:) — 1 at the point R, c — k at this point and, hence, the optimal parameters c° and 
are determined as 


I,{k\k‘^) = l, c° = k°. 


(2.128) 


According to Eq. (2.128), to find the optimal parameters only the nonlinear algebraic equation 


h{k,k) = l 

needs to be solved. 


(2.129) 


It is worth noting that to find the optimal parameters minimizing the performance criterion 
/ 2 (c, k) it is not necessary to calculate this criterion. 

Calculation of the criterion /i(c, k) requires integration of Eq. (2.115), which in the general case is 
not amenable to analytical methods. Rather, a numerical scheme needs to be used. Therefore, Eq. 
(2.129) for the optimal k is generally solved numerically. The function Ii{k,k) is a continuous, 
monotonically decreasing function of k, Ii{k,k) —>■ oo as k -* 0, and Ii{k,k) 0 as k oc. 
Hence, there exists a unique positive root of Eq. (2.129). To find this root, one may use numerical 
methods for determining the root of a fimction of a single variable. In our opinion, the most 
suitable methods in this situation are those that do not require the calculation of derivatives, e.g.. 
the bisection method. 

2.3.4.4 The Other Cases . The method of calculation of the optimal parameters in the case of 
r > 2 and n > 1 was based on the relation of Eq. (2.122). In the other cases, this relationship 
does not, in general, hold. Therefore, in these cases, one has to use the general technique 
described in Section 2.3.3. According to this technique, the search for the optimal parameters is 
reduced to the minimization of the function i 2 {k) of Eq. (2.107) on the interval [0, fc,]. In the case 
in question, we have / 2 (A:) = l 2 {ci{k),k). The point k, of the intersection of the curve Ti with the 
fc-axis is expressed as fc, = (n + l)/2. This expression can be obtained by setting the right-hand 
side of Eq. (2.125) equal to unity and solving the resulting equation for k. Thus, the optimal 
parameters c° and k° are determined according to the relations 


/ 2 (ci(fc°),A:°)= min / 2 (ci(A:),A:), c° = Ci(A:°). (2.130) 

Ac€[0,(n4-I)/2] 

Note that the number of computations needed to calculate the optimal parameters in the general 
case is substantially larger than that needed to calculate the optimal parameters in the case of 
r >2 and n> 1. In the latter case, the calculation of optimal parameters is reduced to the 
solution of only one equation of Eq. (2.129). No minimization is required. Moreover, one does not 
even need to calculate the criterion / 2 (C) Ac) to be minimized. The determination of the optimal 
parameters according to Eq. (2.130) in the general case requires the calculation of both fimctions 
/i(c, k) and / 2 (c, k) and involves the minimization with respect to k. 

2.3.4.5 Optimal Parameters . The optimal parameters corresponding to the solution of Problem 
2.4, in the dimensionless variables of Eq. (2.114), are determined from Eq. (2.128) if r > 2 and 
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n > 1 and from Eq. (2.130) if r < 2 or n < 1. Retnrning to dimensional variables according to Eq. 
(2.114) we can express the dependence of the optimal damping and stiffness factors on the initial 
velocity (3 imparted by the shock to the body being isolated and on the majdmum allowable 
displacement D-. 


c 


0 




= (A:°) 


JL 

£)n+l • 


(2.131) 


Here (c°)' and (fc°)' denote dimensionless optimal parameters, while c° and are the 
corresponding dimensional values for the optimal parameters. The values of the performance 
criteria at the optimal parameters are given by 


/,(c“,fc«)=/51(c»)'.(A»)'!^. h{c\k<‘) = D, (2.132) 

where (^°)1 dimensionless minimum value of the force transmitted to the body. 

Note that dimensionless optimal values (c°)', {k^Y, and /^[(c^)', (A:°)'] depend neither on P nor on 
D. They depend only on the exponents r and n of the damper and stiffness elements. 

This completes the solution of Problem 2.4. 

2.3.4.6 Solution of Problem 2.3 . The solution to Problem 2.3, in which the peak displacement of 
the body to be isolated relative to the base is minimized and the maximum force transmitted to 
the body is constrained, can be obtained with the help of Theorem 1.1 that is proved in Section 
1.2. According to Eqs. (2.35), (2.36), and (2.132), Problems 2.3 and 2.4 are reciprocal to each 
other and therefore, the solution to Problem 2.3 is given by 


(c°)' U _ (fcO)' 

“ lar’ ° (*0)']}"+! IP- ’ 


(2.133) 


/,(c„,*„) h{co,k„) = U- 


(2.134) 


2.3.4.7 Comparison of Power Law Isolators with Different Exponents . To conclude this section, 
we present the results of the solution of Problem 2.4 obtained according to the technique 
described above for different combinations of exponents r = 1,2,3,4 and n = 1,2,3,4. The 
numerical results of the solution are brought together in Table 2.1. In this table, for brevity, the 
notation I 2 is used instead of (fc°)']- Note that the problem admits a complete analytical 

solution in the ceise of r = 2 and n = 1, and the corresponding data in the table are exact. This 
analytical solution is presented in the following section where the problem of determining power 
law characteristics that ensure the limiting protection against shock loadings is considered. For 
combinations of parameters other then r — 2 and n = 1, the results, displayed in Table 2.1, were 
obtained numerically. 

It is remarkable that the isolator with a quadratic damper (r = 2) and a linear spring (n = 1) 
gives / 2 [(c°)', [k^Y] = 0.5, thereby implementing the limiting capabilities of protection against the 
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impulse loading F{t) = /35{t), evaluated by Eq. (2.26) or (2.28). Very good shock isolation is also 
provided by the hnear isolator (r = l,n = 1), with the optimal parameters. For such an isolator, 
(^°)1 = 0.521, which is only 4% higher than the absolute minimum. Generally, the 
tendency of an increase in the minimum value of the optimization criterion as r and n increase is 
apparent in Table 2-1. 

Table 2-1. Optimal values of the stiffness and damping coefficients and the minimum of the 
peak acceleration for isolators with power law characteristics 


r\n 


1 

2 

3 

4 



0.521 

0.528 

0.560 

0.588 

1 

(c°)' 

0.485 

0.528 

0.560 

0.588 


(*:»)' 

0.361 

0.441 

0.497 

0.539 



0.500 

0.597 

0.672 

0.729 

2 

{c°y 

0.500 

0.597 

0.672 

0.729 



0.500 

0.597 

0.672 

0.729 


^2 

0.557 

0.685 

0.785 

0.873 

3 

(c«)' 

0.557 

0.685 

0.785 

0.873 


(k°y 

0.557 

0.685 

0.785 

0.873 



0.602 

0.756 

0.885 

0.992 

4 

(c°)' 

0.602 

0.756 

0.885 

0.992 


(k°Y 

0.602 

0.756 

0.885 

0.992 


2.3.5 Power Law Characteristics Implementing the Limiting CapabUities of Shock Protection. 

Consider now the determination of the values of parameters c, k, r, and n for damping and 
stiffness characteristics given by Eq. (2.112) that ensure that the Umiting shock prot^tion quaUty 
of Section 2.2 is achieved. (Recall that we are considering the protection from an instantaneous 
impact characterized by the initial velocity ^ 0 of the body to be isolated. By introducing 
dimensionless variables, one can always make 0=1.) As shown in Section 2.2, for the case where 
the performance index to be minimized is the maximum force transmitted to the body being 
isolated and the constraint is imposed on its maximum displacement, the optimal control u°(t) in 
dimensionless variables of Eq. (2.16) is given by Eq. (2.25) and is determined uniquely for the 
interval 0 < t < 2. The corresponding motion of the body is described by Eq. (2.27). Hence, for 
the desired values of parameters c,k,r, and n, Eq. (2.115), with the expressions of Eq. (2.27) 
being substituted for x and z, must be satisfied identically on the interval 0 < t < 2. i.e., 

c(1-^)" + M^-^)" = 5 , 0<t<2. (2.135) 

Consider first the case where r > 0 and n > 0. Substitution of t = 0 and f = 2 into Eq. (2.135) 
shows that the damping and stiffness coefficients must be equal to 0.5 : c° = A:° = 0.5. Simple 
manipulations show that the identity of Eq. (2.135) is fulfilled if c = A: = 0.5, n = 1. and r = 2. No 
other positive values of the exponents n and r satisfy this identity. Indeed, substituting t = 1 and 
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t = 3/2 into Eq. (2.135), with c = k = 0.5, we obtain 2^ = 4"/(4" — 3”) and 

2^ = 4"/(16^ — 15”)^'^^. These equahties imply the relation 4" — 3" = (16^ — 15")^''". Squaring this 

equation and then dividing by 12” we arrive at the equivalent equation 

9 (n)=2, 9 (n) = (3/4)” + (3/4)". (2.1.36) 

It can be verified that 

5 ( 0 ) = 5 ( 1 ) = 2 (2.137) 



This means that n = 0 and n = 1 are roots of the equation in question, while the fimction g{n) is 
convex and its graph has no more than two common points with the straight line 5 = 2. This 
implies that the equation g{n) — 2 and, hence, the equation 4” — 3” = (16” — 15”)^^", have only a 
single positive root n = 1. To determine the pareimeter r substitute n = 1 into the equation 
2^ = 4”/(4" — 3”) or 2'“ = 4"/(16” — 15”)'-/^ and solve this equation for r. This yields r = 2. 

From this and from Propositions 2.1 and 2.2, it follows that the isolator with a linear spring and a 
quadratic damper implements the Umiting shock isolation capabilities when the damping and 
stiflmess factors are given by c° = = 0.5. No other isolator with power law characteristics 

possesses such a property for positive exponents r and n. 

It follows from Eq. (2.135) that, in addition to the isolator with a linear spring and a quadratic 
damper, the limiting isolation capabilities are also provided by isolators whose parameters are 
given by 

a) c = 0, fc = 0.5, n = 0; 

b) c = 0.5, fc = 0, r = 0; 

c) c and k are any positive numbers satisfying the condition c + k = 0.5, while n = 0 and r = 0. 

Case (a) corresponds to the undamped isolator with a bang-bang spring {u{x,x) = 0.5sign(x)). 
Case (b) corresponds to the dry friction damper with no elastic element (it(x,x) = 0.5sign(x)). 
Finally, case (c) corresponds to the bang-bang spring and dry friction damper connected in 
parallel, the sum of the stiffness and friction coefficients being equal to 0.5 
(u(x,x) = csign(x) + A:sign(x), c + k — 0.5). 

The four types of isolators described above cover all passive isolators with power law 
characteristics defined by Eq. (2.112) that provide the limiting capabilities of protection ageiinst 
the impulse loading F = f36{t). The limiting capabilities are characterized by the value 

k^) — 0.5 for the peak force transmitted to the body being isolated, provided that /3 = 1 and 
the displacement is constrained by /i(c, k) < 1. The peak displacement of the body to be isolated, 
with the optimal parameters, assumes its maximum allowable value, i.e. Ii{c°,k^) — 1. 
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The expressions presented above are related to the case of /3 = D = 1 that corresponds to using 
dimensionless variables and parameters according to Eqs. (2.16) or (2.114). Returning to the 
initial dimensional variables we obtain the dependence of the optimal parameters and 
corresponding values of performance criteria on the relative velocity /5 imparted by the shock to 
the body being isolated and the maximum allowable relative displacement D. 

2.3.5.1 Basic Results . We will summarize the results of Section 2.3.5 in dimensional variables. 
Among passive isolators with power law characteristics defined by Eq. (2.112), the limitino- 
isolation capabilities are provided by the isolators (and only by them) enumerated next. 

1 ) The isolator with a linear spring (n = 1) and a quadratic damper (r = 2), with the stiffness and 
damping factors given by 


c = 


_ 1 _ 

2D’ 


k = 


JL. 

2D2’ 


(2.139) 


2) The vmdamped (c = c° = 0) isolator with a bang-bang spring (n = 0) the stiffness factor of 
which is given by 


= ^; (2.140) 

3) The isolator consisting of a dry friction damper (r = 0) with no stiffness element (fc = A:° = 0), 
the friction coefficient being 



(2.141) 


4) The isolator with a bang-bang spring (n = 0) and a dry friction damper (r = 0), the stiffness 
and friction coefficients being related by 


c° + A:° = ^, c°>0, k°>0. 


(2.142) 


For all the isolators, the peak load and the maximum relative displacements are expressed as 


/ 2 (c°,/c°) = /i(c°,A:°) = D. (2.143) 

The relations of Eq. (2.143) show that with optimal parameters c° and k^, the maximiun relative 
displacement of the body being isolated is equal to the maximum allowable value D, while the 
value of the functional to be minimized (the peak load /^(c, k)) monotonically decreases with D 
increasing. Hence, using Theorem 1.1 one can find optimal parameters cq and fco providing the 
absolute minimum of the peak displacement of the body being isolated when the peak 
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acceleration, which is proportional to the maxim\im force transmitted to the body, is constrained 
by a constant U. We present the final result omitting the conventional procedure of recalculating 
optimal parameters taking advantage of the duaUty of the two problems. Among passive isolators 
with power law characteristics defined by Eq. (2.112), the maximum relative displacement of the 
body being isolated is provided by the isolators (and only by them) enumerated next. 

1) The isolator with a linear spring (n = 1) and a quadratic damper (r = 2), with the stiffness and 
damping factors given by 


c = Co = 



k — kfy — 


2U\ 
^2 ! 


(2.144) 


2) The undamped (c = cq = 0) isolator with a bang-bang spring (n = 0), the stiffness factor of 
which is 


A: = fco = [/; (2.145) 

3) The isolator consisting of a dry friction damper (r = 0) and no stiffness element [k = ko = 0), 
the friction coefficient being 


C = Cq = U] 


(2.146) 


4) The isolator with a bang-bang spring (n = 0) and a dry friction damper (r = 0), the stiffness 
and friction coefficients of which are related by 


Cq -l- fco — U, Co > 0, Ajq > 0. (2.147) 

In all four cases the performance criteria Ii{c, k) eind 72(c, k) assume the values 

hico, fc)) = ^. h{co, k„) = U. (2.148) 

Of the four types of isolators that have power law characteristics cind implement the limiting 
shock protection capabilities, the most convenient for practical applications is the isolator with a 
linear spring and a quadratic damper. A body being isolated, when connected to a base by such 
an isolator, has a single equilibrium position x = 0 with respect to the base and, moreover, this 
equilibrium position is asymptotically stable. Due to this, the body retxirns to the initial position 
after oscillations caused by the shock have decayed. The other three t 3 q)es of isolators do not 
possess such a property. The undamped isolator with a bang-bang spring has no dissipation, and 
oscillations of the body do not decay. The system with a dry friction damper has a sticking zone 
and the return to the initial position is not guaranteed. The guaranteed return of the body being 
isolated to the initial position, which occurs for the isolator with a linear spring and a quadratic 
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damper, makes such isolators applicable for the protection against repeated shocks separated by 
time intervals sufficient for the oscillations to decay. 

2.3.6 Two-Criteria Optimization. Pareto-Optimal Sets. 

In Section 1.2.4 of Chapter 1 we outlined the approach for treating multicriteria optimization 
problems by the construction of Pareto-optimal sets and found the Pareto-optimal set for 
parameters of a hnear spring-damper shock isolator. As performance criteria, the quantities 
/i(c, A;) and / 2 (c, Ac) defined by Eqs. (2.33) and (2.34) were chosen. In this section, we present 
some additional results concerning Pareto-optimal sets associated with optimization of stiffiiess 
and damping factors for shock isolators with power law characteristics. The performance criteria 
are the peak displacement of the body being isolated with respect to the base (/i(c, k)) and the 
peak load transmitted to the body {l 2 {c,k)). 

Equations (2.131) and (2.133) can be regarded as equations of curves defined parametrically in the 
cA;-plane. The parameter of the curve of Eq. (2.131) is D, while the parameter of the curve of Eq. 
(2.133) is U. Eliminating D and U from the corresponding equations we express k° and ko 
through c° and cq, respectively, as 


A:° = A(c°)”^\ fco = A(co)"'^\ (2.149) 

Recall that cq and ko are the optimal values of the damping and stiffness coefficients, respectively, 
in Problem 2.3 (Eq. (2.35)). The optimal coefficients depend on the input parameters of the 
problem, in particular, on the shock intensity /? and the maodmum acceleration U allowable for 
the body being isolated. Similarly, c° and k^ are the optimal damping and stiffness coefficients in 
Problem 2.4 (Eq. (2.36)). The quantities c° and k° depend on the shock intensity j3 and the 
maximum displacement D allowable for the body. The quantities (c°)' and {k°y are the optimal 
damping and stiffness coefficients in Problem 2.4, when represented in the dimensionless variables 
introduced in Eq. (2.114). They depend only on the exponents n and r of the damping and 
stiffness characteristics. 

It follows from Eq. (2.149) that Eqs. (2.131) and (2.134) define in the cA:-plane the same curve 


k = Ac"^\ 


A = 


{k^y \0\ 


r(n+l)—2n 


[(cO)' 


n+1 


(2.150) 


Note that the curve of Eq. (2.150) is unique if dimensionless optimal parameters {k°y and (c°)' 
resulting from Eq. (2.128) for r > 2 and n > 1 or from Eq. (2.130) in the other cases are 
determined uniquely. It was proved in Section 2.3.4 that (A:°)' and (c°)' are obtained uniquely in 
the case of r > 2 and n > 1. The dimensionless optimal parameters are also obtained uniquely for 
some other isolators with power law characteristics. In particular, numerical analysis shows that 
the optimal solution is unique for the isolators with r = 1 and n = 1,2,3,4. However, this is not in 
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general the case for isolators with power law characteristics. For example, if r = 0 and n = 0 in 
Eq. (2.112) then, as shown in Section 2.3.4, any nonnegative (A;°)' and (c°)' related by 
{k^y + (c°)' = 0.5 are optimal parameters. In such cases, instead of one curve, we have a bundle of 
curves of Eq. (2.150), different curves corresponding to different A. 

Let us denote the curve of Eq. (2.150) by IIa. Any point of the curve Ha is a Pareto-opt im al 
point. This follows from the fact that any point of the curve Ha gives optimal parameters in 
Problem 2.4 for some D and /i(c, k) = D for the optimal parameters (the latter was proved in 
Section 2.3.4). Si^pose that a point (c, fc)_G IIa is not a Pareto-optimal point. Then there exists 
another point (c, k) such that either /i(c, fc) < /i(c, k) and / 2 (c, k) < / 2 (c, k) or /i(c, fc) < Ii{c. k) 
and l 2 {c, k) < 72(c, k). The first of these possibilities contradicts the fact that the optimal 
parameters in Problem 2.4 always lie on the curve /i(c, k) = D. The second possibihty contradicts 
the assumption that the point (c, k) corresponds to optimal parameters in Problem 2.4 for some 
D. Hence, the point (c, k) is Pareto-optimal. 

Now, let us prove that any Pareto-optimal point must belong to a curve of Eq. (2.150). Indeed, if 
a point (c*, fc*) does not belong to Ha, then this point does not correspond to optimal parameters 
in Problem 2.4 with D = 7i(c’, k’). Therefore, one can find c and k such that 72(c, k) < 72(c‘, k‘) 
while Ii{c,k) < 7i(c*,fc*) and hence, the point (c*,fc*) is not Paxeto-optimal. 

Thus, we have proved that the Pareto-optimal set 11 in the parameter plane (cfc-plane) for 
isolators with power law characteristics is a union (over A) of curves IIa 


n = U Ha (2.151) 

Ae.\ 

where A is the set of possible A in Eq. (2.150). The number of elements of the A set depends on 
the niunber of different solutions to Problem 2.4 at a fijced D (or to Problem 2.3 at a fixed U). As 
mentioned above, the solution is unique for eill characteristics with r >2 and n > 1 and for a 
number of other characteristics, in particular, for the characteristics with r = 1 and n = 1, 2 , 3 , 4 . 
In such cases, the set A consists of only one point and the Paxeto-optimal set is a curve. This 
situation is shown in Fig. 2.8. In contrast, in the case of r = 0 and n = 0, corresponding to a 
dry-friction damper and a bang-bang spring, Problem 2.4 has a continuum of solutions. Any 
nonnegative (A:°)' and (c°)' related by (fc°)' -f- (c°)' = 0.5 can be substituted into the expressions of 
Eq. (2.150) for A, and, depending on the particular values of the parameters, A can vary from 0 
(for (fc°)' = 0, (c°)' = 0.5) to -t-oo (for (fc°)' = 0.5, (c°)' = 0). Hence, in this case, A = [0, oo) and, 
according to Eqs. (2.150) and (2.151), the Pareto-optimal set is the whole of the first quadrant of 
the c/c-plane. 

In conclusion, some remarks may be appropriate concerning the Pareto-optimal set in the 
performance criteria plane (7i72-plane). We denote such a set by H*. This set is defined as the 
mapping of the 11 set onto the 7i72-plane. Formally, 


n- = {7i, 72 : A = A(c, fc), 72 = hie, fc), (c, k) e H} 


(2.152) 


According to the definition of the H set, the values of 7i and 7^ belonging to 11* are related by 
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k 



Figure 2-8. Pareto-optimal set in the design variable plane for an 
isolator with linear spring and quadratic law damper. 
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Eqs. (2.132) or (2.134). Eliminating D from Eq.(2.132) or U from Eq. (2.134) we arrive at the 
following relationship between /i and l 2 - 


l2 = ^, M = /2[(cT(A:°)1- (2.153) 

Although (c°)' and (A:°)' are not necessarily uniquely determined (as, for example, at r = 0 and 
n = 0), the parameter n in Eq. (2.153) is determined uniquely since / 2 [(c°)', (/:°)'] is the absolute 
minimum of the peak acceleration in Problem 2.4 in the case of /3 = 1 and D = 1. Hence, for 
isolators with power law characteristics, the set 11* consists of only one curve (hyperbola) of Eq. 
(2.153), provided n and r are fixed. However, the values of / 2 [(c°)', (fc°)'] are different for different 
exponents n and r of the isolator damping and stiffness characteristics. Therefore, to each pair of 
n and r there corresponds a special hyperbola of Eq. (2.153). Below all of them hes the hyperbola 
corresponding to the limiting isolation capabilities, with / 2 [(c°)', (fc°)'] = 0.5. Figure 2.9 shows the 
n* sets for isolators with a linear spring and dampers with various exponents r. The curves in this 
figure correspond to /5 = 1. As follows from Eq. (2.153), the value of the initial velocity ,5 does not 
change qualitatively the relative arrangement of the II* sets. 

The n* set possesses the property that for r and n specified, it is impossible to achieve the values 
of Ii and I 2 lying below the corresponding hyperbola of Eq. (2.153). It is not possible to make A 
and I 2 fall below the hyperbola I 2 = /3^/(2/i), which corresponds to the limi ting isolation 
capabilities. 

2.3.7 Isolator with a Dry-Friction Damper. 

2.3.7.1 Fundamentals of Dry Friction . For the sake of completeness, we choose to describe dry 
friction or, more precisely, the Coulomb model of dry friction. For simphcity, we co nfin e our 
consideration to a single-degree-of-freedom motion of a body along a line. Consider a body which 
can move on a plane surface (for example, the horizontal surface) along a line 1. Introduce a 
Cartesian coordinate system Oxy so that the x-axis lies on the line I and the y-axis is 
perpendicular to the x-axis and points to the half-space where the body is located. Define the 
active force as any force applied to the body apaut from that due to the interaction of the body 
with the supporting surface. The latter force will be referred to as the reaction or constraint force. 
Let F be the x-component of the active force applied to the body and N the magnitude of the 
y-component of the active force. Note that the y-component of the active force must be directed 
toward the supporting surface so as to press the body against this surface. Sometimes, the 
quantity N is referred to as the normal force. The supporting surface reacts to the active force 
with the constraint force R. Denote by Rx and Ry the x- and y-components of the constraint 
force, respectively. The component Ry is always equal to N so that the resultant of the forces 
normal to the surface is zero. The component Rx which is referred to as the force of friction 
{friction force) depends on the velocity of motion of the body, physical parameters characterizing 
the contact of the supporting surface with the surface of the body, and conditions of loading (i.e., 
the components of the active force). 
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According to the Coulomb model of dry friction, this dependence has the form 


Rt = 


—liNs\gn{x), if X 0 

—F, if i = 0 and |F| < nN , 

—/iiV sign(F), if x = 0 and |F| > iJ,N 


(2.154) 


where x is the coordinate of the body, x is the velocity of the body, and is a positive factor 
called the friction factor {coefficient of friction). 

From Eq. (2.154), it is apparent that if the velocity of the body is nonzero (x 7 ^ 0), then the 
friction force points to the direction opposite to that of the velocity and its magnitude is equal to 
nN , irrespective of the velocity magnitude. If the velocity is zero but the x-component F of the 
active force does not exceed nN (x = 0 and \F\ < fiN), the friction force is equal in magnitude 
but opposite in sign to F. Hence, the resultant force acting on the body in the x-direction is zero, 
and if the body rests, one cannot make it move unless the magnitude of F exceeds the value /xiV. 
Sometimes, the quantity /iiV is referred as the maximum static friction force. Finally, if the 
velocity of the body is zero and the magnitude of the force F exceeds the maximum static friction 
force (x = 0 and \F\ > fiN), then the friction force acts in the direction opposite to that of 
F with the magnitude of the maximum static friction force. 

Note that in the Coulomb friction model of Eq. (2.154), the magnitude of the kinetic friction force 
(for X 7 ^ 0) coincides with the maximum static friction force. In reaUty, the situation is more 
compUcated. The magnitude of the kinetic force depends on the velocity, for small velocities the 
magnitude of the kinetic friction force being less than the maximum static friction force. For more 
detail, see, for example, Shelley (1980). However, this dependence is relatively weak and can be 
neglected in many practical analyses. In what follows, we consider only the Coulomb model of dry 
friction and use the terms dry friction. Coulomb friction, and Co\ilomb damping as synonyms. 

2.3.7.2 Example 2.4. Equation of motion of an oscillator with a Coulomb damper. Consider a 
body which is attached to a fixed base by a Unear spring and can translate along the x-direction of 
the rough horizontal plane. Let m be the mass of the body, x the displacement of the body with 
respect to the position corresponding to the undeformed spring, K the spring coefficient of 
stifihess, p. the coefficient of friction between the contact surfaces of the body and the supporting 
plane, and g the acceleration due to gravity. For this system, the active forces are the force 
F = —Kx exerted on the body in the horizontal direction by the spring and the gravitational 
force N = mg acting vertically downward. These forces are identified with the forces F and N, 
respectively, in the expression of Eq. (2.154) for dry friction force. Thus, 


Rx = 


-pmg siga{x), 
Kx, 

pmg sign(x). 


if X 7 ^ 0 

if X = 0 and \Kx\ < pmg 
if X = 0 and |A'x| > pmg 


(2.155) 


According to Newton’s second law, the equation of motion the body along the x-axis is 

mx = F + Rx 


(2.156) 


or, since F = —Kx, 


mx = —Kx -I- Rx- 


(2.157) 
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where has the form of (2.155). Denote k = K/m and c = and divide both sides of (2.157) 
by m. This leads to 

i + -i-c(? = 0, (2.1-58) 

where 

( sign(x). if i ^ 0 

g=<j -kx/c. if x = 0 and \kx\ < c . (2.159) 

[ - sign(x). if X = 0 and |A:x| > c 

Equation (2.158) describes oscillations of a body on a spring damped by a Coulomb damper. For 
examplOj this equation can describe the transient motion of an isolated object excited bv a n 
impulsive impact if the shock isolator consists of a spring with a hnear characteristic and a 
Coulomb damper. See Eq. (2.161) in the following subsection. It is appropriate to refer to the 
coefficient c in (2.158) as the (Coulomb) darnping coefficient. 

2.3.7.3 Specific Features of the Behavior of Systems with a Dry-Fric tion Damper and 

Formulation of the Optimization Problem . Consider in more detail the isolator composed 

of a linear spring and a dry-friction (Coulomb) damper. The characteristic u (x, x) of such an 
isolator is given by 


u{x,x) = cq + kx, (2.160) 

{ sign(x), if x^O 

-kx/c, if x = 0 and |fcx| < c 
-sign(x), if X = 0 and |A:x| > c 

Here c is the Coulomb damping factor and k is the stiffness coefficient of the spring. The 
characteristic of Eq. (2.160) coincides with the one given by Eq. (2.112) with r = 0 and n = 0, 
except for x = 0. The specific feature of this isolator characteristic is that, unlike systems 
governed by the equation 


the system 


X -r cix|''sign(x) -!- /t|x|"sign(x) = 0, r > 0, n > 0, 


x + cq + kx = 0 '2.161) 

corresponding to the characteristic of Eq. (2.160) has not only the equilibrimn position x = 0 but 
a continuum of equilibrium positions, the so-called stick zone given by 

C = {x : |A;x| < c}. (^2.162) 

If at some instant t = t' the conditions |A:x(t*)| < c and x{t') = 0 axe fulfilled, then, as follows 
from Eqs. (2.161) and (2.160). x{t) = x(t*) for all t > t’. The presence of a stick zone is 
characteristic of oscillatory systems subject to dr\' friction. 
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As has been shown in Section 2.3.4, the parameters 


c = c 


2D’ 


k = k° = 0 


are optimal parameters solving Problem 2.4 for the system of Eq. (2.161), while 


(2.163) 


c = cq = U, k = ko = 0 (2.164) 

are optimal parameters solving Problem 2.3. In these cases, the limiting isolation capabihties 
evaluated by Eqs. (2.28) or (2.29) are achieved. Note that in Problems 2.3 and 2 . 4 , it was 
assumed that the body being isolated was at the position x = 0 at the instant of impact (see the 
initial conditions in Eq. (2.32)). This assumption is justified for the systems for which the 
position X = 0 is a single equilibrium position and, moreover, this equilibrium is asymptotically 
stable. However, the motion of the system of Eq. (2.161) under the initial conditions 
x(0) = 0, x(0) = P and A: = 0 is given by 



Pt - ^sign(/?), 

m 

2c ’ 


if 0 < t < \P\/c 
if t>\p\/c 


(2.165) 


and the body being isolated having attained its extremum displacement x — P\P\ /(2c) will 
remain in this position and will not return to the initial position x = 0 . 


In the general case, shock isolators with power law characteristics given by Eq. (2.112) for r > 0 
provide the as 3 miptotic return of the body being isolated to the equihbrium position x = 0 after 
the action of an external disturbance has ceased. An isolator with a dry-friction damper does not 
possess such a property and if the system is subjected to shock disturbances repeatedly, the body 
being isolated can find itself at any position within the stick zone of Eq. (2.162) at the instant of 
shock. Therefore, when calculating optimal parameters of an isolator with the characteristic of 
Eq. (2.160) it is reasonable to assume that just before the shock the body being isolated rests at 
the least favorable position within the stick zone C. 

Denote by x{t;^,c,k) the solution of Eq. (2.161) under initial conditions x(0) = x(0) = p. As 

performance criteria we take the maximum value of the peak displacement of the body being 
isolated. 


/i(c,A:) = max max jx(t;(f,c, A:)| (2.166) 

5€C te(0,oo) 

and the maximum value of its peak acceleration. 


/^(c. A:) = max max |x(t; f, c, A:)! 

«ec te[o.oo) ' ^ 


(2.167) 


Consider the problem of determining optimal parameters c = c° and A: = A;° minimizing the 
criterion of Eq. (2.167) under the constraint on the criterion of Eq. (2.166): 
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/2 (c°,A:°) = imn/2(c,fc), Ii{c,k)<D, c>0,k>0. 


(2.168) 


The problem of Eq. (2.168) is a generalization of Problem 2.4 for the case where the initial 
position of the body is not specified beforehand but is assumed to belong to the uncertainty set C 
It corresponds to Problem 2.2, where Y is the two-parameter family of hmctions of Eq. (2.160) 
while Gi = {x,x : |x| < c//::,x = 0}. 

2-3.7.4 Solution of the Optimization Problem . A simple analysis of the motion governed by Eq 
(2.161) subject to the initial conditions x(0) = and x(0) = (5 shows that if ^ € C. then the peak 
acceleration, maxt |x(t;^,c, k)\, and the peak displacement, max^ |x(t;,^,c, /t)|, occur 
simultaneously, at the instant t = t., when the velocity k) vanishes fm the first time after 

the shock. On the interval [0, t,], the motion of the body being isolated is described by the finear 
diflFerential equation with initial conditions 


x + A:x =-csign(/5), x(0) = .f, i(0) =/3, t€[0,t.]. (2.169) 

Solving this initial-value problem and calculating the functionals of Eqs. (2.166) and ("> 167) we 
obtain 


,, /4c 2 /32y/2 ^ 

+ -- (2.170) 

h{c, k) = (4c2 -H kP^y^^. (2.171) 

Direct differentiation shows that derivatives of /2(c, k) with respect to c and k axe positive. Hence, 
optimal values of c and k lie on the boundary of the admissible region for the parameters. 
According to Eqs. (2.168) and (2.170), one of the portions of the boundary is the curve given by 


h{c, k) 


/4c2 /32y/2 


Solving this equation for k leads to a single positive root 



(2.172) 


k = k{c) = 


_ - 2cD + [(,02 _ OcDp + 12c2D- 


1/2 


2D2 


(2.173) 


We denote by 71 the curve specified by Eq. (2.173) . The analysis of the function of Eq. (2.173) 
for 0 < c < 00 shows that this function (1) is equal to P^fD~ at c = 0, (2) monotonically decreases 
on the interval [0,/3^/(4D)), (3) attains the minimum value equal to 3,5^/(4Z?^) at c = P‘/W, and 
(4) monotonically grows on the interval {P'^/{4D), oc), k{c) ~ [p'^ + 2cD]/{2D'~) as c oc. Points 
of the cA:-plane lying either above the curve 71 or on this ciuve (and only these points) satisfy the 
inequality I\{c,k) < D (Eq. (2.168)). The aforementioned properties of the cmve 71 imply that 
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the boundary of the admissible region of the parameters c and k in the problem of Eq. (2.168) 
consists of the curve 71 and a rectilinear portion, the ray {c, fc : c = 0 , < k < oc}. Since 

the function / 2 (c, k) monotonically increases with respect to k, the optimal parameters c° and k° 
desired in the problem of Eq. (2.168) cannot belong to the aforementioned ray and hence, lie on 
the curve 71 . Analysis shows that the function 12 ( 0 , k{c)), where k{c) is specified by Eq. (2.173), 
has a unique minimum over the set 0 < c < oc. This minimum occurs at c = c° = 5^/(8D) and is 

equal to + 2\/n)/(4Z)). The corresponding value of the parameter k is equal to 

fc(c°)=/32(3 + v/II)/(8D''). 

Thus, the optimal parameters in the problem of Eq. (2.168) are given by 

c = ^, k =^(3 + \/n). (2.174) 

The corresponding values of the performance criterion to be minimized, ^(c, k), and the 
constrained performance criterion, Ii{c,k), are 

= ^\/(7 + 2^11) « 0.923^, /,(<:»,*:“) = i5. (2.175) 

As is seen from Eq. (2.175), under the optimal parameters given by Eq. (2.174), the criterion to 
be minimized, /q, monotonically decreases with the growth of the maximum allowable 
displacement D, while the peak displacement, / 2 (c°,A:°) is exactly D. Therefore, according to 
Theorem 1 . 1 , the problem of Eq. (2.168) is the reciprocal of the problem of determining the 
optimal parameters c = Cq and k = ko minimizing the maximum displacement /i(c, k), provided 
the constraint / 2 (c, k) <U is imposed on the peak acceleration of the body. The solution to the 
latter problem is given by 


Co = ■ « 0.135U, ko = - ^ 3 " 3 + >/n ^ 0 927^; 

2^/(7+ 2/11) 0^7 + 2Vu 13^' 


(2.176) 


h{co,ko) = 


0.923^, / 2 (co,fco) = 


(2.177) 


2.4 CONCLUSIONS AND PRACTICAL RECOMMENDATIONS. 

In this chapter we have established the limiting capabilities of shock isolation for rectilinearly 
moving single-degree-of-freedom systems. They are characterized by 


Uu'') = 
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Ji(u°) = D, 


(2.178) 



for the case in which the peak acceleration (dynamic load) of the body being isolated is 
minimized, provided that the maximum displacement is less that a constant D, or 




2U' 


■h{uo) = U, 


(2.179) 


if the maximum displacement is minimized while the peak acceleration is constrained by a 
constant U. See Eqs. (2.28) and (2.29). When deriving the formulas of Eqs. (2.178) and (2.179) 
we assumed that the base is subject to a single instantaneous (impulse) shock of intensity 


Some types of passive isolators vtith power law characteristics implement the Umiting shock 
isolation capabilities. These include 


(1) The isolator with a linear spring, and a qtiadratic damper for which the damping and stiffness 
factors are given by 


.0 _ 


c = — 


X 
2D’ 

(CO = 


JLO _ 0 ^ 

^ ~ 2 ^ 
_ 2C/2\. 

^0 — 132 ), 


(2) Undamped isolator with a bang-bang spring of the stiffness 


(2.180) 


(ko^U); (2.181) 

(3) The isolator consisting of a dry-friction damper and no stiffness element, the friction factor 
being 



c“ = ^ {co^uy. 


(2.182) 


(4) The isolator with a bang-bang spring and a dry-friction damper, for which the stiffness and 
friction factors are related by 


+ = {co + kQ = U). (2.183) 

The formulas of Eqs. (2.180) to (2.183) not enclosed in parentheses correspond to the 
minimization of the peak acceleration of the body, while the formulas in parentheses are related to 
the minimization of the maximum displacement. 

No isolators with power law characteristics, other than those of (1) to (4), can provide the limiting 
capabilities of shock isolation. 

The isolators of (1) to (4) ensure the same shock isolation quahty characterized by Eqs. (2.178) or 
(2.179), provided at the instant of shock the body being isolated is at rest relative to the base at 
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the position x = 0. From this point of view, all the isolators of (1) to (4) are equiv’alent. However, 
in practice, a system may undergo several shocks separated by a significant time interval rather 
than a single shock. In this case, to guarantee the protection quality characterized by Eqs. (2.178) 
or (2.179) it is essential that at the instant of each shock the body being isolated is at rest with 
respect to the base at the position x = 0, as is the case at the instant of the initial shock. Of the 
isolators of (1) to (4), the isolator with a linear spring and quadratic damper and the isolator with 
a bang-bang spring and a dry friction damper with c < k provide the asymptotic return of the 
body being isolated to the eqtiilibrium position x = 0. For these isolators the condition formulated 
above is satisfied if the time lag between shocks is sufficiently large. The other isolators do not 
possess such a property. The use of the imdamped isolator with a bang-bang spring gives rise to 
undamped oscillatioiis of the body being isolated. When using the isolator containing a bang-bang 
spring and a dry friction damper with c > k, the body will stop at the position where its velocity 
vanishes for the first time after the shock. Thus, for systems that may be subject to repeated 
shock loading, the isolators of (2), (3), and (4) with c> k do not guarantee the limiting isolation 
quality represented by Eqs. (2.178) and (2.179). For this reason we think that it is not expedient 
to use such isolators without special devices ensuring the return of the body being isolated to its 
initial position after each shock. However, the introduction of such devices will make the system 
more expensive in design and operation. For the isolators with a bang-bang spring and a dry 
friction damper for c < k, implementation by simple mechanical elements without including 
additional (e.g. electromagnetic) control units is compUcated because of the bang-bang spring. 

Thus, it can be concluded that for a system subject to an impulse disturbance, the isolator with a 
linear spring and a quadratic damper should be preferable to other types of isolators. Such an 
isolator is in widespread use in practice and is easy to implement with simple mechanical elements. 

We have shown that very good shock protection quaUty corresponding to 

/ 2 (c°, k^) = 0.521^ (/x(co, fco) = 0.521^) (2.184) 

is ensured by a widely used Unear isolator, provided its parameters are optimally chosen. 
According to the optimization criteria, the isolation quality given by this isolator is only 4% lower 
than the Umiting capabilities. Just as for the isolator with a Unear spring and a quadratic damper, 
the linear isolator provides the asymptotic return of the body being isolated to its initial position 
after a shock and can be successfully used in practice for protecting various devices from shock 
disturbances. 

In Section 2.3.6, the isolator with a linear spring and a dry-friction damper has been investigated 
for shock protection potential. The presence of a stick zone in this system significantly increases 
the optimal value of the performance index to be minimized. This value, given by Eqs. (2.175) or 
(2.177), is 84.6% greater than that for the Umiting isolation capabilities and 80.4% greater than 
the optimal value corresponding to the linear isolator. Therefore, the use of the isolator with a dry 
friction damper and a linear spring for shock protection does not appear to be advisable. 
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SECTION 3 


OPTIMAL PROTECTION OF ROTATING OBJECTS FROM 
AN INST ANT ANIOUS IMPACT 


3.1 PROBLEM FORMULATION. 

Consider a mechanical system which is represented by a rigid body (the object to be isolated) 
rotating about a fixed axis (Fig. 3.1). The body is connected to the base by means of an isolator 
generating the control torque with respect to the axis of rotation. We assume that at an initial 
instant t = 0, the body acquires an angular velocity 3 resulting from a shock. The motion of the 
system is governed by the differential equation with initial conditions 

<^( 0 )= 0 , (p{0) = 3. ( 3 . 1 ) 

Here, / is the moment of inertia of the body with respect to the axis of rotation, is is the angle of 
rotation, and is the control torque (the isolator characteristic). 

Tiqiical performance criteria for the shock isolation of rotating objects are the maximum (over 
time) absolute value of the acceleration of some point of the rotating body (this criterion 
characterizes the load transmitted to the body at this point) and the maximum angle of rotation. 

The square of the absolute value of the acceleration of the rigid body point located at a distance 
of p from the axis of rotation is given by 


ar{p, t) = p^{(p- + v?'*) = p'^[M^/I^ + ip^). (3.2) 

To derive Eq. (3.2), recall that the acceleration of a point F of a rigid body rotating about a fixed 
axis can be developed into two components, which are the tangential acceleration at and the 
centripetal acceleration ac (Fig. 3.2). The tangential and the centripetal accelerations He in the 
plane H which passes through the point P and is perpendicular to the axis of rotation. The 
tangential acceleration is perpendicular to the position vector p of the point P in the plane H and 
its magnitude is 

at = latl = p\(pl (3.3) 

where p = |p| is the distance from the axis of rotation to the point P and (p is the angular 
acceleration of the rotation of the body about the axis. The centripetal acceleration is directed 
along the position vector p toward the axis of rotation. The magnitude of the centripetal 
acceleration is 

ac lad — pp~ j (3-4) 

where p is the angular velocity of the body. The total acceleration a of the point is the vector simi 

a = at + ac (3.5) 
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Figure 3-2. Tangential and centripetal acceleration of a point on 
a rotating body, : tangential acceleration; 

2Lc ' centripetal acceleration; a : total acceleration. 







of the tangential and the centripetal components. Since the terms at and ac are perpendicular to 
each other, the absolute value a of the resultant vector a is 


a = |a| = |a, + a^ = J + az. 


Substitution of Eqs. (3.3) and (3.4) into Eq. (3.6) yields 


a = 4- 


2 '2f"2 , • 4 \ 

a = p {(f +(p). 

From Eq. (3.1), express (f in terms of M and I and substitute the resulting relation into Eq. 
(3.8). This yields 

= p~{M‘^/I~ + (/?'*). 

Equations (3.8) and (3.9) lead to Eq. (3.2). 


t' = 1/3| t, (f' = ip sign(/3), u = -M/{I0^). 
Then Eqs. (3.1) and (3.2) can be represented as 


(3.10) 


ijj + u(v;, () = 0, v’{0) = 0, 9 ( 0 ) = 1 


(3.11) 




(3.12) 


Primes indicating the dimensionless variables axe omitted. Henceforth, we will denote by u) 
the solution of the initial-value problem of Eq. (3.11) corresponding to the control u. 

We introduce the functionals 


Ji(u)= max |(/7(t;w)| 

t6(0,oo) 


(3.13) 


J^iu) — ma,x {u^[<p(t;u),<p{t,u),t] +tp*{t-,u)} 
te(o,oo) 


(3.14) 


and formulate two optimization problems. 


3.1.1.1 Problem 3.1 . For the system governed by the initial-value problem of Eq. (3.11), find a 
control (isolator characteristic) € Y such that 


= min Ji(u), J 2 {'u) < U. 

u€V 


(3.15) 



3-1.1.2 Problem 3.2 . For the system governed by the initial-value problem of Eq. (3-11), find a 
control UQ{ip,(p,t) G Y such that 


J 2 {uo) = mnJ 2 (u). Ji{u) < D, ( 3 . 16 ) 

where h" is a specified set of admissible isolator characteristics, and U and D are prescribed 
positive numbers. 

Problem 3.1 corresponds to minimizing the maximum absolute value of the angle of rotation of 
the body subject to a constraint on the maximum load at a given point. On the other hand. 
Problem 3.2 reflects the desire to minimize the maximum load at an arbitrary point of the object 
being isolated, provided the maximum absolute value of the angle of rotation is constrained. As 
follows from Eqs. (3.12) and (3.14), U = \VI{p-3^) where VP is the square of the maximum 
allowable acceleration at the point lying at a distance of p from the axis of rotation. 

Note that Problem 3.1 has no solution for <1, since at f = 0 we have v? -f v?"‘(0; u) = u- G 1 > 1 
and, hence, the inequality Jo < U cannot be satisfied for any u. 

3.2 LIMITING ISOLATION CAPABILITIES. 

Consider the limiting isolation capabiUty problem conforming to Problem 3.1. Assume F is a set 
of piecewise-continuous functions of time t, continuous on the right at discontinuity points. 

Since, according to Eq. (3.11), the angular velocity ip is positive at the initial time instant, the 
function p{t\u) for any admissible control u{t) monotonically increases in the interval [0,T), 
where T is the first instant at which the angular velocity vanishes. As follows from Eq. (3.11), for 
controls u{t) identically equal to zero outside the segment [0,7], the maximum absolute value of 
the angle of rotation is equal to p{T ; u), because in this case u) = ip{T] u) for t > T. Since the 
inequality Ji{u) > (p{T;u) is vaUd for any u{t), the hmiting capabUities problem can be 
formulated as follows: Find an admissible control u^{t) defined over the segment [0,7] such that 


= min ip{T;u), ip{T;u)=0, 

U 


(3.17) 


u-{t) + p'^{t-,u) <U. (3.18) 

Note that the terminal instant 7 is not fixed beforehand; it is to be determined when solvin'^ the 
problem. 

If uf {t) is the optimal control in the problem of Eqs. (3.17) and (3.18), then the control 


0 ^ f y-1 , t ^ [0,7) 

\ 0 - 

is optimal for Problem 3.1 considered for the infinite time interval [0,oc). 


(3.19) 
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3.2.1.1 Proposition 3.1. Let u^{t) be the optimal control and T be the corresponding instant at 

which the angular velocity vanishes for the first time. Then the equahty [ui'(t)]" -r ) = U 

is satisfied identically over the segment [0,7]. 

3 .2.1.2 Proof . Denote by At the set of admissible controls that satisfy the inequality of Eq. 

(3.18) and for which the angular velocity vanishes at the instant T. The solution of the 
initial-value problem of Eq. (3.11) in the case where u is a function of time only can be 
represented as ^ 

(p{t\u)=t - / {t-T)u{r)dr, (3.20) 

Jo 


= 1 — / u{T)dT. 

Jo 


(3.21) 


Suppose Proposition 3.1 is not true, i.e. there exists an instant t* G [0,T] such that 

[uf (r)]” + < U. Then, since the control is a piecewise-continuous fimction, continuous 

on the right at discontinuity points, there exists an interval [ti,t 2 ) C [0,7] such that 


+ (p'^(t;u^) < [/-S, te[ti,t2) 
where 6 is a sufficiently small positive number. 

We construct the control ^(t) as follows: 


(3.22) 


( iif(t), for 

■u(t) = < u^{t)+e, for (3.23) 

(uf(t)-c, for te[^^,t 2 ) 

where s is a positive number. The control of Eq. (3.23) is admissible (i.e. piecewise-continuous, 
continuous on the right at discontinuity points) if uf (t) is an admissible control. Equations (3.20), 
(3.21) and (3.23) imply that 


for ti[tx,t2)-, 


(3.24) 


r{ti+t2)/2 

(/:(7; u) = <^{T ; u[;) - s / (7 


— r)dr + c /" (7 - r)dr 

J (ti+£2)/2 


- h)- < if{T]u^). 


(3.25) 


Let us show that one can always choose the parameter £ in Eq. (3.23) in such a way that 
u{t) e At- Since for t ^ [ti,t 2 ), the relations = 0 hold and 

the inequality of Eq. (3.18) for u = u is satisfied for t ^ [ti, t-2). 
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It remains to prove that the inequality of Eq. (3.18) is satisfied also in the interval [ti, t.) for some 
e. For t £ [tj, ^^4^) we have 


where 


u-(t)+ip'(t;u} = [uf(i) +«]’ + [p(t-,v.'{) + ;{t - ti)]'' = 


1=1 




(3.26) 


^2(0 = l + 6(^-(t;uf)(t-ti)4 


'I'3(t) = Aif{t,v}(){t - ^l)^ 


^4(i) = (t-ti)^ 

The solution v?(t;nf) of the initial-value problem of Eq. (3.11) is continuous, as is its time 
derivative. Hence, functions = 1,2,3,4, have finite upper bounds in the interval [ti, 

In this case, Eqs. (3.22) and (3.26) imply that 


u-{t) + ip\t-,u) < U - 6 + Oi{s), 

where 

4 

Oi (c) = sup ^,(t) 0 as s —- 0. 

1=1 ‘ 

In a similar manner, considering the interval [^^,t 2 ), it can be shown that 

u-{t) + ^\t:u) <U -6 + 02{s). 


(3.27) 


(3.28) 


O-ziz) —♦ 0 as £ —*■ 0. 


136 



According to Eqs. (3.27) and (3.28), by choosing £ so that max{|Oi(c)|, |02(^^)|} < <5 we ensure 
the fulfillment of the inequality of Eq.(3.18) for the control u on the interval [tijto) and hence, on 
the entire interval [0,T], i.e. u{t) G At. 

Thus, we have shown that if Proposition 3.1 is not true, then there exists a control u(t) e At 
satisfying inequality (3.25) and, hence, the control uf(t) is not optimal. This contradiction proves 
Proposition 3.1. 

Proposition 3.1 implies the following relation for the optimal control; 

u^{t) = yju (3.29) 
Substitute Eq. (3.29) for u in Eq. (3.11). This leads to the initial-value problem 

(^(t;uf) = -sju (3.30) 


¥7(0;u^)=0, (,i)(0;uf) = 1, 

which governs the optimal motion. 

The solution to the problem of Eq. (3.30) in the segment [0, T\ is given by 


(/:(t;u5;^) = tan~^ cn(\/2?(r - t), l/\/2) 


— tan~^ 


v/(cr - l)/(cr + 1) 


(3.31) 


V^sn(v^(r — t), l/y/2) 
y^2-sn2(v^(r-t),l/v/2)’ 


(3.32) 


^ ' y^-f-l’ V2) ’ ^ 

where F(q;, k) denotes the elliptic integral of the first kind, while sn(’0,«) and cn(ii.', k) stand for 
the elliptic sine and cosine, respectively. 

By substituting Eq. (3.32) into Eq. (3.29) we obtain the expression 


tif (t) = 2cr 


cn(-v/2a(r -1), l/\/2) 

2 - sn2(v/2?(r - t), l/v/2) 


(3.34) 


for the optimal control. According to Eq. (3.31), the optimal value of the angle of rotation 
is given by 
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<p{T\u^) = ^ - tan ^ 


(T — I 

(T+V 


= Vu. 


(3.35) 


As mentioned previously, the control of Eq. (3.19) is the solution of Problem 3.1 and thus 
provides the limiting isolation capabilities. Hence, the minimum value of the hmctional ./i(u) (the 
maximum absolute value of the angle of rotation of the body being isolated) is determined bv Eq 
(3.35), i.e.. 


My-u) = ^ - tan ^ y ^=s/U. (. 3 . 36 ) 

In this case, the functional J 2 {u) (the squared maximum load transmitted to the body) reaches its 
upper boundary 


M^u) = U. (3.37) 

Introduce the function g{U) = Ji(u^). It follows from Eq. (3.36) that the function g{U) is defined 
over the interval [l,oo). Also, it is continuous and monotonically decreases from 7 r /4 to zero as U 
increases. Hence, there exists an inverse function g~^{D) which is defined over the interval (0.-/4] 
and is continuous and monotonically decreasing on this interval. With reference to Theorem 1.1, 
we deduce that Problem 3.2 for D € (0,7r/4) is the reciprocal of Problem 3.1. Using Theorem 1.1 
we find that the minimum of the squared maximum transmitted load, J 2 {u^), and the 
corresponding value of the maximum angle of rotation, Ji{u!^), are given by 


M^o) =5 HD) = 


(1 + tan^ D)^ 
4 tan^ D 


(3.38) 


'^\{yo) — D, D E (0,;r/4), 

while the optimal control u^{t) is defined by Eqs. (3.19) and (3.34) with U = g~^{D). It follows 
from Eq. (3.38) that J 2 {uq) = 1 for D = nfA, i.e. the maximum absolute value of the load reaches 
its lower boundary. Hence, the control solves Problem 3.2 of limiting isolation capabihties 

for all D >TTf 4. 

3.3 PARAMETRIC OPTIMIZATION OF SPRING AND DAMPER ISOLATORS. 

Let us investigate the potential for protection of rotating objects from an instantaneous impact by 
using isolators containing a linear spring and a damper with a linear or quadratic characteristic. 

In this case, the motion of the object is governed by the initial-value problem of Eq. (3.1) where 


Align, if, t) = -c|(/;rsign(v?) -kip. r = 1, 2, (3.39) 

where c > 0 and A: > 0 are damping and stiffness factors, respectively. 
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Introduce the dimensionless (primed) variables 


= = (3.40) 

so that the initial value problem, which governs the system motion, is represented in the form of 
Eq. (3.11), where 


u = -c'|(,?fsign((p) - k'^p. (. 3 . 41 ) 

In what follows we omit the primes. 

Consider Problem 3.2, with Y being the two-parameter set of isolator characteristics of Eq. (3.41), 
i.e. 


Y = {u{cp, ifi) :u — -cl^l''sign(y>) - k(p, c > O.k > 0}. (3.42) 

The damping (c) and stiffness (k) coefficients are the parameters (design variables) to be varied. 
The exponent r is fixed. The search for the solution of Problem 3.2 over the set of Eq. (3.42) is 
reduced to the determination of optimal parameters c = Cq and k = ko that mini mi ze the 
maximum absolute value of the acceleration (at an arbitrary point of the body being isolated), 
provided that the absolute value of the angle of rotation is constrained. For convenience, we will 
use the notation if{t, c, k), Ji{c, k), and J 2 (c, k) instead of (f{t; u), Ji{u), and J 2 (u), respectively. In 
addition, introduce the notation 


c, k) + c, k) -H c, k) 


(3.43) 


Accordingly, 


Ji(c, k) = maxte[o,oo) c,k)\, ^ ^ 

J2(c, fc) = maxtg[o,oo) w^(^, c, fc). 

3.3.1.1 Proposition 3.2 . If D > 1, then the optimal value of the damping coefficient is equal to 
zero (co = 0), while the set of optimal stiffness coefficients is an interval given by 


{fco} = [l/Dll]. (3.45) 

The maximmn absolute value of the load reaches its lower boundary: Joico, ko) = 1. 

3.3.1.2 Proof . Solve the initial-value problem of Eq. (3.11) for u from the set of Eq.(3.42) imder 
c = 0 and find 


ip{t,0,k) = -j=sin{'/kt) 
vk 


(3.46) 
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w^{t,0,k) = cos^{\/kt) - kcos-{y/kt) -f k (3-47) 

The right-hand side of Eq. (3.47) is a second-order polynomial in cos~{'/kt) e [0.1], with a 
positive coefficient of cos'‘(^/X^). Therefore, the maximum of the function of Eq. (3.47) is reached 
at cos-{\/kt) = 0 or cos-{\/kt) = 1. Hence. 


.72(0. A:) = max{/:, 1}. (3 48 ) 

Equations (3.46) and (3.48) infer the proposition. 

Note that for 77 > 1 the optimal value of cq = 0 is determined uniquely. Indeed, as follows from 
Eqs. (3.11), (3.42), and (3.43), for c> 0 we have w-{0,c,k) = c' -f-1 > 1 and, hence. 

JiiCika) > J2{0,k) = 1 . 

Consider now the solution to the problem of optimizing the isolator characteristic parameters for 
77 < 1 in the cases of r = 1 and r = 2. Figure 3.3 shows numerically constructed level curves of 
the function J 2 {c,k) for the linear isolator (r = 1). Qualitatively, for the isolator with a quadratic 
damper (r = 2), the curves are the same as for the linear isolator. The level curves of the function 
J 2 {c,k) are convex upward and the function J 2 {c,k) monotonically increases when moving awav 
from the origin along any ray issuing from the origin and lying in the first quadrant (c > 0, A: > 0) 
of the parameter plane (cA:-plane). This implies that the function J 2 {c,k) has no internal 
extremum and that the optimal parameters cannot belong to coordinate axes c = 0 or A: = 0. 
Hence, the optimal parameters belong to the curvilinear part of the admissible set boundarv-, i.e. 
to the curve 


'y = {c,k : Ji{c,k) = m^\ip{t,c,k)\ = D, c>0,k>0} (3.49) 

Recall that the motion of the system in question is governed by the initial-value problem of Eq. 
(3.11) where u belongs to the set Y defined by Eq. (3.42). It coincides with (2.115) for m = 1 
which, in turn, is a special case of the problem of Eq. (2.32), investigated in Section 2.3 of 
Chapter 2. The performance criterion Ji{c,k) coincides with 7i(c, k) defined by Eq. (2.33). As has 
been established in Section 2.3.2, the function Ii{c, k) monotonically decreases with the growth of 
c and k (Proposition 2.3). This implies that the curve 7 defined by Eq. (3.49) can be represented 
as a graph of a monotonically decreasing function k = k{c) or c = c{k). 

For r = 1 and r = 2. we can obtain exact analytical equations of the curve 7 . For r = 1 , the 
function Ji{c,k) is given by Eq. (1.172), and the equation of the curve 7 is specified in an e.xplicit 
form Ji(c, k) = 77. 

To obtain the eqiiation of the portion of the state trajectory lying in the first quadrant for the 
case of r = 2 , let us make use of Eq. (2.55). Specify /(c, y) = cy-, ■y:>{k, x) = kx, and = 1 in Eq. 
(2.55) and then replace the variables x and y by ip and p. respectively. Thus we arrive at the 
initial-value problem 
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Figure 3-3. Level curves for the performance index Ji. 
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or, equivalently, 


d^p o 

= -c^' - kp, p{0) = 1 


(3.50) 


Idp- 

2~d^ 


+ cp' 


-kp, (,5(0) = 1 . 


(3.51) 


Equation (3.51) is a linear nonhomogeneous equation for p-. Integration of this equation vieWs 



k 


) e.Kp(-2c(^) - -p + 
c 



(3.52) 


According to Proposition 2.1, the maximum value of the variable p is attained at the instant t. at 
which the derivative p vanishes for the first time. Hence, 


Ji{c,k) = p{t„c,k), p{t.,c,k)=0. (3.53) 

Substituting Eq. (3.53) into Eq. (3.52) and taking into account that Ji{c,k) = D on the curve 7 , 
we obtain the equation specifying the curve 7 in an explicit form 

+ a = 0. (3.54) 

Solve this equation for k to find 

2 c^exp(- 2 cL>) 

2 cD - 1 + exp(- 2 cD) ■ ^ 

Numerical calculation of the curves 7 shows that they are convex downward. 

The aforementioned properties of the curve 7 and level curves of the criterion J 2 {c. k) imply that 
the function J 2 {c, k) has only one point of minimum on the curve 7 . The problem of finding the 
minimum is reduced to a search for the minimum of a function of one variable. This can be 
accomplished numerically. 

Figure 3.4 depicts the optimal parameters Cq and ko versus D on the interval 0 < D < 1 , while 
Fig. 3.5 shows the optimal value J 2 (co,A;o) of the optimization criterion versus D. In these figmes, 
the linear isolator with r = 1 is represented by solid lines, while the isolator with quadratic 
damping, corresponding to r = 2 , by dashed lines. 

The curves presented in Figs. 3.4 and 3.5, combined with Proposition 3.2, provide a complete 
solution for the problem of minimizing the maximiun load transmitted to the body, subject to the 
constraint on the angle of rotation, by properly choosing the stiffness and damping coefficients of 
the isolator. 
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Dependence of optimal stiffness and damping coefficients 
on the maximum allowable angle of rotation. 





Figure 3-5. Dependence of optimal values of J 2 (^0^ ^o)- 



The optimal values of the optimization criterion Jo monotonically decrease from oc to 1 as D 
increases from zero to unity, while the corresponding value of Ji is equal to D. Hence, for the class 
of admissible characteristics defined by Eq. (3.42), Problem 3.1 is the reciprocal (in the sense of 
Theorem 1.1) of Problem 3.2. Given the maximum allowable value U of the criterion Jo {U > 1), 
we can, using the curves of Fig. 3.5, determine the optimal value of the criterion Ji, desired in 
Problem 3.1, and, using the curves of Fig. 3.4, find the optimal damping (c°) and stiffness (fc°) 
coefficients. As mentioned in Section 3.1, Problem 3.1 has no solution for U < 1. 

3.4 DISCUSSION OF THE RESULTS. 

In this chapter, we have considered problems of optimal isolation of a rotating body from an 
impulsive shock (instantaneous impact). Problems 3.1 and 3.2 for the optimal shock isolation of 
rotating objects differ from analogous problems for rectilinearly moving systems, considered in 
Chapter 2, in the presence of the term ip‘^ in Eq. (3.14) for the criterion characterizing the load 
transmitted to the body being isolated. This term describes a centripetal component of the 
rotating body acceleration. This leads to some distinctive features of the solutions to problems of 
rotating body optimal isolation as compared with solutions to isolation problems for rectiUnearly 
moving systems. Unlike the case of a rectilinearly moving system, for a rotating object it is not 
possible to select at the outset the linear isolator or the isolator with a quadratic damper for all 
possible values of D (when solving Problem 3.2) or U (for Problem 3.1). As can be observed in 
Fig. 3.5, the isolator with a quadratic damper provides a lower load transmitted to the body being 
isolated for D < 0.33, whereas for D > 0.33, the linear isolator ensures better shock protection. 

It is of interest to compare the shock isolation quality provided by optimal spring and damper 
isolators of the class of Eq. (3.42) with the limiting isolation capabilities established in Section 
3.2. For this pmpose, introduce the fimction 




(3.56) 


showing the relative difference between the minimum value of the acceleration of points of a 
rotating body provided by an optimal spring and damper isolator and the absolute minimum of 
the acceleration refiecting the limiting isolation capabilities. 


Figure 3.6 presents the graphs of the function 7j(T>) on the interval 0 < D < 1 for the linear 
isolator (solid line) and the isolator with a linear spring and a quadratic damper (dashed line). 
The ciuves show that the spring-and-damper isolators investigated in Section 3.3 assiue a rather 
high isolation quality differing from the limiting capabilities by no more than 4%. 
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Figure 3-6. Relative difference between the limiting isolation 
capabilities and the isolation efficiency provided 
by passive isolators. 
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SECTION 4 


OPTIMAL ISOLATION FOR A CLASS OF DISTURBANCES 


4.1 STATEMENT OF THE PROBLEM. 

In Chapter 2, when solving the problem of optimal shock protection, we assumed that the 
external disturbance is known in advance as a function of time. However, often information about 
the physical quantity characterizing the external disturbance is incomplete. Sometimes this 
uncertainty can be characterized as a class of external disturbances to which the actual 
disturbance can belong. For example, if a system with isolators undergoes an instantaneoTis 
impact (impulse) whose intensity cannot exceed S, the class of possible disturbances is the set of 
fimctions F{t) = p6{t) subject to the constraint 1/3| < S. The problem of optimization of isolator 
characteristics when the external disturbances are incompletely prescribed can be formulated as a 
minmax game problem. The solution of this problem gives a guaranteed minimum of the 
optimization criterion which cannot be exceeded even under the most unfavorable disturbance of 
the class specified. 

Let us formulate typical problems of optimization of characteristics of isolators allowing for a class 
of external disturbances. For the rectilinearly moving systems of Chapter 2, the motion of the 
body being isolated relative to the base is governed by the initial value problem 


X->ru{x,x,t) = F{t), x{to)=X°, x{to)=X°, (4.1) 

where x is the displacement of the body relative to the base, u{x, x, t) is the isolator chareicteristic, 
F(t) is the external disturbance, and and are the initial values of the displacement and the 
velocity specified for some initial instant t = to. For the performance criteria, take the maximum 
value of the relative displacement of the body being isolated 


Ji(u, F)=max lx(t)| 

te[to.oo) 

and the maximiun force transmitted to the body (or the absolute acceleration of the body) 


(4.2) 


.72 (u, F) = max |ti(x(i),x(t), t)|. 

£€[to,oo) 


(4.3) 


Let the hmction F{t) belong to a specified set 4> of possible disturbances. The set should be 
determined with allowance for the system operating conditions and the designer’s knowledge of 
the nature of the expected disturbances. In particular, the standaxd operating conditions to be 
allowed for when designing the isolation system can be established by a regulation organization, 
which, for example, is the case for the automotive industry. 
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4.1.1 Problem 4.1. 

For the system governed by Eq. (4.1), find among a specified admissible set Y of isolator 
characteristics the optimal characteristic uq €.Y such that 


max J\(uo, F) =minmax Ji(u, F) 
ueY F€^ ^ ’ 


(4.4) 


max J 2 (iio, F') < U. 
Fe4' 


4.1.2 Problem 4.2. 

For the system governed by Eq. (4.1), find among a specified admissible set Y of isolator 
characteristics the optimal characteristic u® € F such that 


max F) =minmax Join, F) 


(4.5) 


max Ji(ti®,F) < D. 

Here, U and D are prescribed positive numbers indicating the maximum allowable values of the 
corresponding performance indices. Problems 4.1 and 4.2 generalize Problems 2.1 and 2.2 to the 
case of incomplete information about the external disturbances. Unlike Problems 2.1 and 2.2, in 
the present case, the initial conditions in Eq. (4.1) are assumed to be specified. 

4.2 EXTERNAL DISTURBANCES SUBJECT TO AN INTEGRAL CONSTRAINT. 

Let the body being isolated rest at the initial instant t = 0 at the position x = 0, i.e., at to = 0, 
x° = 0 and x° = 0 in Eq. (4.1). Consider a class $ of external disturbances F{t) specified as 


roo 

f = |F(T)|<iT<S}, (4.6) 

Jo 

where 5 is a prescribed number. Note that the impulse functions 

F = Y,mt-U) (4.7) 

i 

subject to the constraint |/?i| < S are included in this class. The index i runs through a finite 
or infinite set of consecutive positive integers. The functions of Eq. (4.7) describe a series of 
instantaneous impacts occurring at the instants U. 

The integral in Eq. (4.6) has a clear physical interpretation in the case where the external force 
(or the acceleration of the base for a kinematical disturbance) does not change its direction. Then, 
the sign of the function F{t) remains the seime and the integral in Eq. (4.6) is equal to the 
absolute value of the impulse of the external force or to the absolute value of the change in the 
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velocity of the base. For the other cases, the integral in Eq. (4.6) has no simple interpretation. 
Recall that the impulse P of a force F during a time interval h <t <t 2 ,\s defined as 


P= /V(T)d7 

Ju 


Let us present some important subclasses of the class of Eq. (4.6). 
4.2.0.1 Example 4.1. Rectangular Pulse. Consider a rectangular pulse 


F{t) = 


A, iio <t<T 
0 , if t > r 


where A and T are specified constants. The ftmction F{t) is plotted in Fig. 4.1 for /I > 0. The 
integral involved in Eq. (4.6) for function (4.9) is 


r \F(t)\dt = \A\T. 
Jo 


(4.10) 


Thus, to satisfy the integral constraint of Eq. (4.6), the parameters A and T of the disturbance of 
(4.9) must satisfy the inequality 


\A\T < S. 


(4.11) 


4.2.0.2 Example 4.2. Half-Sine Pulse. The half-sine pulse is defined as 


. r ^Isin^, if 0 < t < r 
~ 1 0, ift>T 


(4.12) 


Function (4.12) is shown in Fig. 4.2 for A > 0. The integral of Eq. (4.6) for function (4.12) is 


r\F{t)\dt^ 

Jo 


2\A\T 


(4.13) 


It follows from (4.13) that fimction (4.12) belongs to the class $ of Eq. (4.6) if and only if the 
parameters A and T satisfy the inequality 


\A\T < -S. 


(4.14) 


4.2.0.3 Example 4.3. Exponential Pulse. Define the exponential pulse as 


^ fT-t\ 

F{t) = -t exp f j , 0 < t < oc, r > 0, 


(4.15) 
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where A and T are specified constants. The function F{t) is shown in Fig. 4.3 for A > 0. Unhke 
the rectangular and half-sine pulses, the exponential pulse does not vanish for any t > 0. The 
integral of Eq. (4.6) for function (4.15) is 


riF(t)|dt^|^|Texp(l). 

Jo 


(4.16) 


It follows from (4.16) that function (4.15) belongs to the class $ of Eq. (4.6) if and only if the 
parameters A and T satisfy the inequality 


|A|T<Sexp(-l). 

4.2.0.4 Example 4.4. Decaying Sinusoidal Disturbance. Consider a disturbance of the form 


F{t) = A exp sin (^t\, 0<t<oo, 


(4.18) 


Ti >0, T2> 0. 

The plot of this fimction is presented in Fig. 4.4 for >1 > 0. Unlike the functions F{t) in Examples 
4.1, 4.2, and 4.3, function (4.18) is variable in sign. Specifically, if A > 0, then 


F(t)>0, if r 2 (n-l) <i<r 2 (n--), n = l,2,... (4.19) 


F{t) < 0, if T 2 (n --)<<< T 2 n, n = 1,2,. 
The integral of Eq. (4.6) for function (4.18) is 


j"\F{t)\dt = \A\l\xp(-^^ 


sin(gt) dt 


(4.20) 


27r|A|T2 ,,fT2\ 

47r2 + {T2/Tiy- ^ / ■ 

It follows from (4.20) that for function (4.18) to belong to the class $ of Eq. (4.6), the parameters 
.4,Ti, and To must satisfy the inequality 


2n\A\T2 . { T2 \ ^ ^ 

4ir2 + (T,/r,)2“‘''(4r,) 


(4.21) 
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As the class Y of admissible isolator characteristics, we consider piecewise continuous functions 
u{x,x,t). Sometimes, additional conditions will be imposed on the admissible characteristics of 
the isolator and, hence, a more narrow class Y will be treated. 

4.2.1 Worst Disturbance Problem. 

4.2. 1.1 Problem Formulation . Prior to addressing the solution of the isolator design Problems 

4.1 and 4.2, we will consider aiLxiliary problems of determining distiurbances which maximize 
functionals Ji{u,F) and Jo{u,F) for a prescribed characteristic u. 

4.2.1.2 Problem 4.3 . Find F? e 4> such that Ji(u.Ff) =max Jifu F) 

4.2.1.3 Problem 4.4 . Find F^ e $ such that J^iu, F?) =max J 2 {u, F). 

Here, $ is the class of integrally constrained functions defined in Eq. (4.6). Sometimes. Problems 

4.3 and 4.4 are called worst disturbance problems (with respect to the corresponding performance 
indices). 

The solution to Problems 4.1 and 4.2 would be significantly simpHfied if the worst disturbance 
were the same for both functionals Ji and J 2 , i.e., Ff = F^ = F°, and, moreover, did not depend 
on the isolator characteristic. In this case, the search for the optimal characteristic would be 
reduced to the solution of the problem on the optimal isolator for a specified external disturbance 
that is the worst disturbance. Unfortunately, these conditions are not met in the general case. 
However, for some classes of isolator characteristics, including those widely used in practice, these 
conditions are met. 

4.2.1.4 Isolators with Linear and Coulomb Damper . Consider a parametric family of passive 
isolators with the characteristics 


u{x, x; h, c, k) = hq + cx + (p{k, x)sign(x). 


9 = 




< 


V 


sign(x), 

vfh, 

sign(i/). 


for X 7 ^ 0 

for X = 0 and \u\ < h 
for X = 0 and |iz| > h 


(4,22) 


u = F — ip{k, x)sign(x), 

where the terms hq, cx, and ip{k, x)sign(x) characterize the dry friction, viscous linear friction, 
and elasticity of the isolator. The quantities h, c, and k are non-negative niunbers, where h is the 
dry-friction factor, c is the viscous-friction coefficient, and k is the stiffness factor. The function 
^{k,x) is non-negative, even in x, and nondecreasing for x > 0. The function (p{k,x) describes the 
characteristic of a stiffness element. For the dry friction we use the Coulomb model described in 
Section 2.3.7. In what follows, we use the terms dry friction, Coulomb friction, and Coulomb 
damping as synonyms. 
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The class of characteristics of Eq. (4.22) covers virtually all stiffness elements used in practice. 
The only dampers allowed by this class are Unear and Coulomb damping elements. 

We will prove that for any isolator characteristic of the class of Eq. (4-22), the solution to both 
Problems 4-3 and 4-4 for the disturbance class of Eq. (4.6) is given by the same function 

F« = l^ = ±S6{t). (4,23) 

That is, the worst disturbance is an instantaneous impact of maximum allowable intensity. This 
reduces Problems 4.1 and 4.2 of the optimal isolation for the class of integrally constrained 
external disturbances to the corresponding problems of protection against an instantaneous 
impact of a specified intensity. Methods of solving svtch problems have been considered in detail in 
Chapter 2. 

We will show also that the parametric family specified by Eq. (4.22) contains a characteristic that 
solves Problems 4.1 and 4.2 for the class of all piecewise continuous fimctions u{x,x), i.e., a 
characteristic implementing the limiting isolation capabilities. 

4.2.1.5 Solution of the Worst Disturbance Problem for Isolators with Linear and Coulomb 
Friction : 

4.2.1.6 Preliminary Analysis . Substitute u{x,x,t) of Eq. (4.22) into (4.1) and set to = 0,x° = 0, 
and = 0 


X + hq + cx + (p{k, x)sign{x) = F(t), 
x(0) = 0, x{0) = 0. 

Denote the solution of this initial-value problem by x(t; F). 

4.2.1.7 Lemma 4.1 . The inequality 


(4.24) 


\x{t-,F)\<S, (4.25) 

where S is defined in Eq. (4.6), is satisfied for any F € and t > 0. 

4.2.1.8 Proof. Introduce the fimction 


j.2 rx 

W{x,x) = — + v?(fc,^)sign(Od^, (4.26) 

which is the total mechanical energy of the system, and the function ^(t; F) = W[x(t; F), x(t; F)] 
which defines the time history of the energy along the solution of the problem of Eq. (4.24). Note 
that the integral (the potential energy) in Eq. (4.26) is nonnegative, since the fimction <f{k, x) is 
assiuned to be non-negative. Therefore, 
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, ^(0;F) = 0. 


(4.27) 


x-{t:F) 

2 

The latter equality follows from Eq. (4.26) and the initial conditions in Eq. (4.24). 

Differentiating the energy along the trajectories of the system of Eq. (4.24) we obtain 

d'I'ft- F) 

--= -[^9 4- cx{t: F)\x{t-, F) + x(t; F)F{t). 

The first term on the right-hand side describes the energy dissipation due to Coulomb and Unear 
friction and is nonpositive. Hence, 

—^ < i(f; F)F(t) < |i((;f)l|f (()i. (4.2S) 

From Eqs. (4.27) and (4.28) it follows that 

< s/2^(7rf7|F(l)|. (4.29) 

Dividing Eq. (4.29) by F) and integrating with respect to time from 0 to t we obtain 

V2^{t-,F)< /V(T)|<iT< r\F{T)\dT<S. (4.30) 

Jo Jo 

Equation (4.25) follows from these relations and the inequality in Eq. (4.27). 

This completes the proof of the lemma. 

Let us reduce Eq. (4.24) to a standard form of a system of first-order differential equations 


X = y 

y = -hq -cy- ip{k, x)sign(x) + F{t) (4.31) 

x(0) = 0, y(0) = 0. 

Denote by x(t; F) and y(t; F) the solution of the initial-value problem of Eq. (4.31). 

Consider first the case of an instantaneous impact F{t) = d6{t) with |/3| < S. In this case, the 
initial-value problem of Eq. (4.31) is represented as 


X = y 

y =-hq - cy - (p{k,x)sign{x) (4.32) 

x(0)=0, y{O)=0. 

For 3 = S and 3 = —S, consider the motion of the system vmtil the instant at which the velocity y 
vanishes for the first time. The corresponding segments of the phase trajectories lie in the first 
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and the third quadrants, respectively, of the phase plane xy (Fig. 4.5). Denote by 7 "^ the curve 
corresponding to p = S and by 7 “, the curve for P = —S. Since x{t) changes monotonically on 
the time interval imder consideration, the curves 7 “^ and 7 “ can be represented by functions 
y = yoix) and y = yo{x). These functions are governed by the first-order differential equation 

dy hsign(y) + cy + ip{k, x)sign(x) 
dx y 

with initial conditions y{0) = S (for yo{x)) or y(0) = -S (for y^(a:)). Equation (4.33) is obtained 
by dividing the second relation of Eq. (4.32) by the first one, taking into account the expression 
for q in Eq. (4.22). 

Denote by A the starting point of the ciuve 7 + (1.4 = 0, y^ = S),hy B the terminal point of the 
curve 7 '^(xb, ye = = 0)^ by A' the starting point of the curve 7 “ (x. 4 / = 0, y^' = -5), 

and by B' the terminal point of the curve ''r{xB>, ye' = Voixa') = 0). Let us consider a figure 
ABCA'B'C on the phase plane xy shown shaded in Fig. 4.6. This figure is bounded by the 
curves y"*" and 7 “ and straight segments BC,CA\ B'C, and C'A. The coordinates of the points C 
and C'are given by zc = xb, yc = yA', xc'=xb', yc'= y/i-Therefore, quadrangles OBCA' 
and OB'C'A are rectangles. Since Eq. (4.33) is invariant with respect to the simultaneous change 
of X for —X and y for —y, the figure ABCA'B'C is symmetrical with respect to the coordinate 
origin. We denote the shaded region in Fig. 4.6 by jx*. 

4.2.1.9 Basic Lemma : 

4.2.1.10 Lemma 4.2. Phase trajectories of the system of Eq. (4.31) do not leave the region /i* for 
any F G 4>, where the class $ is defined by Eq. (4.6). 

4.2.1.11 Proof . First, prove this lemma for impact disturbances of the form F = P6{t) with 

\P\ < S. Such disturbances belong to the class of Eq. (4.6). The phase trajectories corresponding 
to \P\ < S issue from the points of the segment AA', i.e., belong to the region y.*. To leave this 
region, the phase trajectory must intersect the region boundary. No phase trajectory can intersect 
either curve 7 “ or the ciuve 7 ''', since these curves are phase trajectories of the system of Eq. 
(4.32), and phase trajectories of the systems whose right-hand sides do not depend on time cannot 
intersect each other. No phase trajectory can intersect the segments AC or A!C', because in this 
case the absolute value of the velocity of the body being isolated would become greater then S, 
which is impossible for \P\ < S, according to Lemma 4.1. Finally, the phase trajectories caimot 
intersect the ’’vertical” segments B'C and BC, because, otherwise, the coordinate x would 
increase for y < 0 or decrease for y > 0. Such a behavior of the phase trajectory is impossible, 
since y = x and x increases (decreases) only if y > 0 (y < 0 ). 

Now, prove the lemma for the general case. Unlike the case of an impact disturbance, in the 
general case the right-hand side of the system of Eq. (4.31) depends on time. Therefore, different 
phase trajectories may intersect each other and, moreover, the phase trajectories may have 
multiple points (points of self-intersection). This substantially complicates the investigation, as 
compared with the case of the impact disturbance. 

For simplicity we assume that F{t) is a piecewise continuous fimction. In this case, phase 
trajectories are continuous. If the external disturbance contains impulses applied at certain 
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Figure 4-6. Region ju* 





































































instajits, the velocity (and hence, the phase trajectory) experiences jumps at these instants. This 
somewhat complicates the proof. However, the basic arguments are retained. It is worth noting 
here that an impulse function can be treated as a limit (in a certain sense) of a sequence of 
piecewise continuous functions. 

It is easy to show that the representative point of the system of Eq. (4.31) cannot leave the region 
/i* through the straight segments BC, CA\ B'C or C'A. The intersection of vertical segments 
BC and B'C' from inside the region /i' is impossible because x monotonically increases in time for 
y = i > 0 and monotonically decreases for y < 0. The intersection of horizontal segments A'C and 
AC is impossible according to Lemma 4.1. 

Thus, it remains to prove that the representative point carmot leave the region //* bv intersecting' 
curves 7 '^or 7 “. The initial-value problem of Eq. (4.31) is invariant to the simultaneous change in 
the sign of the variables a:,y, and F. Moreover, -F € ^ if F e <1>. Therefore, it is sufficient to 
prove this proposition for one of the curves 7 ‘''or 7 “. 

Let us consider the behavior of the phase trajectories of the system of Eq. (4.31) in the first 
quadrant of the xy plane. The representative point can enter the first quadrant by intersecting 
either x-or y-axes and can leave this quadrant by intersecting the x-axis. Denote by t~ and 
{i = 1 , 2 ,...,) the instants of the ith intrusion into and the 2 th departure from the ffist quadrant 
by the representative point of the system. During the interval [t“ , ], the representative point 

moves in the first quadrant drawing a segment of the phase trajectory which we denote by 7 ;. 
Introduce the notation 


X. =x(t.;F), x+ = x(tr;F), y-=y(t^;F), yf = y(tf;F). (4.34) 

As has been mentioned, the representative point can leave the first quadrant only by intersecting 
the x-axis, and, hence, yf = 0. Since x = y(t;F) > 0 for t G coordinate x 

monotonically increases on this interval, and the curve 7 ^ can be represented as a function 
y = yi(x) defined for x G [x,",xf]. Denote by To the set of curves 7 ^ beginning on the y-axis, i.e. 
x~ = 0 and y~ > 0 for 7 ^ G To- Note that the set To is non-empty, if the set of all 7 , is non-empty. 
Indeed, according to the initial conditions in Eq. (4.31), the representative point of the system 
coincides with the coordinate origin at t = 0 (and, hence, belongs to the y-axis). The increase of x 
for y > 0 and the decrease for y < 0 imply that the representative point can enter the first 
quadrant for the first time immediately after the beginning of the motion or by intersecting the 
y-axis from the second quadrant. Thus, 71 G Tq. 

Consider the curves 7 ^ and j < m, such that 7 ^ and 7 ^ belong to To, whereas 7 ^ with 
•s = y -h 1 ,..., m — 1 does not belong to Tq. Note the number m depends on j. Sometimes, we will 
use notation m(y), if the omission of the argument can lead to confusion. We will perform some 
preliminary constructions. Consider first the curves 7 ^ and 7 ^+ 1 . These curves may or may not 
have a common point. If the former case occurs, we denote the coordinates of the first common 
point by xj^j and yj^j and form the ciuve Hj consisting of the segment of the curve 7 ^ from its 
beginning to the first intersection point with 7 jj.i and the segment of 7^+1 from the intersection 
point to the end of the curve 7^+1 (Fig. 4.7). Analytically, the curve Hj is represented by 
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yj{x), for xe[0,xi^^] 
yj+i{x), for X € 


(4.35) 


Denote by and Cj+i the instants of passing through the intersection point (xj^i. by the 
curves 7 ^ and 7 _,+i, respectively. Accordingly, 


^7 + 1 ^ [^7 ]i C7+I ^ 

F) = x(C^^,; F) = xP-^ (4 35) 

y{^]+i\F) = y{Q]+i\ F) = 

If the curves 7 ^ and 7^+1 have no common points (in this case, the curve 7^+1 lies between the 
curve 7 j and the x-axis as shown in Fig. 4.8), we will assume that the curve H] coincides with 7 _,, 
i.e., ^ 


yj(x) =y,(x), xe[ 0 ,xj] ( 4 . 37 ) 

In a similar manner, considering the curves H] and 7 ^+ 2 , we can construct the curve F;, and so 
on. The general procedure of constructing the curve when having constructed F'', where 
r = 1,..., m — j — 1 is as follows. 

Let the curve 7 ; for some / = ;+ 2,...,m-l intersect the curve FJ. Denote the coordinates of the 
first (after t = tf) point of intersection of these curves by xf and yj. The curve FJ"^^ is composed 
of the segment of the curve FJ (from its beginning to the point (xf’ , j/f)) and the segment of the 
curve 7 ; from the intersection point to the end point. Thus, the curve FJ"^^ can be represented as 


y = 



%{x), x€[ 0 ,x/'] 

yi(x), xe(x/’,x,'^] 


(4.38) 


If the curves FJ and 7 ; do not intersect, then we take the curve F)”^^ that coincides with FJ, i.e.. 


y]^\x) =f^{x). (4.39) 

Introduce the set Go of ciuves Fj containing all curves jj e Fq and all curves FJ constructed for 
the curves 7 ^ according to the above procedure. For convenience, denote Fj = 7 _, (accordingly, 
y'ji^) = yji^))^ so that the subscript p ranges from 0 to m{j) - j - 1. With each curve FJ € Vq, 
we associate the set 0J of phase points bounded by the curve FJ and the x- and y- axes (see Fig. 
4.9). According to the definition of the set Go, for any 7 ,, there exists a curve Fj such that 
7i € 0J. Thus, to prove that the phase trajectory of the system of Eq. (4.31) cannot leave the set 
immediately from the first quadrant, it is sufficient to show that curves FJ e Go do not 
intersect the ciuve 7 "^. 

Let us consider a curve FJ. For simplicity we assume that this curve consists of segments of only 
two curves, 7 j and 7 ^. Let x^ and be the coordinates of the point of intersection of the curves 


162 





7 j and 7 „, while and Q < C^) be the instants of passing through this point by the curves 7 ^ 
and 7 n, respectively. Consider the external disturbance 


I nt-^i + a), for 


(4.40) 


The disturbance F*{t) belongs to the class 4> of Eq. (4.6) if F{t) G $. The function provides the 
motion of the representative point along the curve Hj on the time interval [tj, C + ~ Cn]- Since 

y{t-, F*) > 0 on the interval (tj, C + ^1- Q) and, hence, x{t; F*) monotonically increases, one can 
parametrize the phase trajectory Hj and the time of motion along this trajectory by the 
coordinate x : 


y = y^{x), t = fj{x), xG[ 0 ,x;t' 


This parametrization induces the parametrization of the disturbance F*(t); 


(4.41) 


f-Ct'W) = 7(1), xe[ 0 ,x:|. 


The function ^{x) is the solution to the initial-value problem 


(4.42) 


dy _ h + cy ip{k, x) - Ff(x) 
dx V 


(4.43) 


The differential eqtiation in Eq. (4.43) is obtained by dividing the second relation in Eq. (4.31) by 
the first relation and replacing F{t) by Fj{x). 1?he initial-value problem of Eq. (4.43) can be 
represented in the integral form 




(4.44) 


r -j>r M h + c^{x) + ip{k,x) 
z[x,^{x)] =--. 

The following estimate is valid for the second integral in Eq. (4.44). 




(4.4.5) 


Recall the equation describing the ciurve 7 '’', that is the segment of the phase trajectory lying in 
the first quadrant, in the case of the instantaneous impact of intensity 5 {F{t) = S6{t)). This 

curve satisfies the initial-value problem (see also Eq. (4.33)). 
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Figure 4-9. Region 
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(4.46) 


dy h-\-cy + ip{k, x) 


, y(0) = 5. 


dx y 

This initial-value problem can be represented in the integral form 


y^{x) = S- [ 
Jo 

Subtracting Eq. (4.44) from Eq. (4.47) we obtain 


(4.47) 


= S -y, - 


F'd) 




- / ’)1C!^(0, 

Jo 


yoiO]d^- 


(4.48) 


T][x,y^{x),y^{x)\ =z[x,y^{x)] - z[x,y^{x)]. 

Now, we will prove that y^(a:) - ^(x) > 0 for x € [O.x;^]- This imphes that the representative 
point of the system cannot leave the set /i* in the first quadrant. Note that 
2/o (0) “ ^(0) = *5' — 2 /~ > 0 according to Lemma 4.1. 

Consider first the case y~ = y{tj;F) ~ S. It follows from Eqs. (4.27) and (4.30) that 

ii(^:^)l = |y(i;f)l < [ |T’(r)|dr. (4.49) 

Jo 

Hence, in the case in question, /o' |F(r)|dr = S and F[t) = 0 for t > t~. This implies that for 
t>t~, the system moves along the curve 7 + satisfying Eq. (4.46) and, hence, its representative 
point does not leave the set fx*. 

Now, let yj < S. Suppose that the inequality y/(x) - ^(x) > 0 is violated at some point 
X G [0,x;J']. Since functions y/(x) and ^(x) are continuous, this assumption imphes that there 
exists a point x* € [0,x+] such that 2 //(x*) = ^(x*), whereas y/(x) > ^(x) for x e [0,x*). In this 
case we have 


v[^,yj{^)^yoi^)] = + ^ < Q’ xe[o,x'). 


yj{^)yo{^) 

Use the inequalities of Eqs. (4.45), (4.49), and (4.6) to obtain the estimate 


(4.50) 


(4.51) 


= S-f 


lF(r)l dr >0 
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Setting X = X. in Eq. (4.4S) we find, taJdng into account Eqs. (4.50) and (4.51), that the 
right-hand side in Eq. (4.48) is positive, whereas the left-hand side is zero, according to our 
assumption. This contradiction proves that the inequality y^(x) - > 0 does hold for all 

x€[0,x;t]- 

4.2.1.12 Principal Result . Prove now that the worst disturbance of the class of Eq. (4.6) for anv 
isolator characteristic of the form of Eq. (4.22) is an instantaneous impact of intensitv S. i.e.. 

= ±S6{t). Here, Ff is the solution to Problem 4.3, and F^ is the solution to Problem 4 . 4 . 
It follows from Lemma 4.2 that the maximum displacement Ji(u, F) of the body being isolated is 
achieved for the instantaneous impact of intensity 5. It will be shown that the instantaneous 
impact of the intensity 5 also maximizes the peak acceleration J 2 {u, F) of the body. 

It follows from the form of the characteristic given by Eq. (4.22), the assumed properties of the 
function x), and the structure of the set shown in Fig. 4.6 that 


max lu(x,j/;/i,c,A;)| = max jhcy^(x) + 3:)| = 

= max |-/i + q/^(x)-(^(fc,x)|, 

xS[-XB,0\ ‘ 


(4.52) 


max |u(x,y;h.c.A:)| < max{/i+ c5,s?(A, xa)}- (4-53) 

Here, /i’ 3 (a^o 4 ) is the portion of the set is, lying in the first and the third (the second and the 
fourth) quadrants of the phase plane x, y; xg is the abscissa of the point B of the bormdary of 
the set is' (see Fig. 4.6); y^(x) and yj'(x) are the functions describing the curves and 7 ", 
respectively. Obviously, isl ^ 

It follows from Eqs. (4.52) and (4.53) and the definition of the functions y^ix) and y^(x) that 


max [^(x,y:h,c.A:)| = max \h + cy^^x) + ip{k.x)\ = 

(x,y)Sn' xe[0.xsl 

= max \-h +cyQ{x) - ^{k,x)\ = .J‘y{u,S5{t)) — Jo(u,-S6{t)) 

iS[-xs,0| 


(4.54) 


Since for any motion of the system of Eq. (4.31) the phase point (x, y) does not leave the set is', 
we have 

max Jn{u,F) = J 2 {u,S 6 {t)) = J 2 {u 2 , —S 6 {t)). (4.55) 

Thus, we have proved that solutions to both Problems 4.3 and 4.4 are given by the instantaneous 
impact of the maximmn allowable intensity, i.e. Ff = ±SS{t) and F® = ±S 6 {t), for any isolaror 
whose characteristic has the form of Eq. (4.22). 


4.2.1.13 An Example of an Isolator for which the Instantaneous Impact is not the Worst 
Disturbance. It can be shown that the result of the previous subsection is nontrivial. To do so, we 
Introduce an example of a system for which the instantaneous impact of maximum intensity is not 
The worst disturbance. Consider the system of Eq. (4.1) and choose as the isolator characteristic 
u(x. X, t) — —5x|xj — cx, and as the initial conditions x° = 0. and x° = 0. The constants b and c 
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are positive. In this case, the isolator involves quadratic and linear dampers, but no stiffness 
element. Since the isolator contains a quadratic damper, it does not belong to the parametric 
family of Eq. (4.22). First, let F{t) = S6{t). Without loss of generality we assume 5 > 0. In this 
case, the motion of the system is governed by the initial-value problem 


Xfex|x|-{-ci = 0, x(0)=0, x(0) = 5 (4.56) 

The motion of this system will continue until the velocity x vanishes and then will stop. During 
the motion, the coordinate x (the displacement of the body being isolated) monotonically 
increases, while the velocity monotonically decreases from the positive value S to zero. Since the 
velocity is nonnegative, the absolute value sign in Eq. (4.56) can be omitted. By considering x as 
a new independent variable, the system of Eq. (4.56) is reduced to the first-order system with 
respect to the velocity x : 


— + bx + c=^0, x(0) = 5. (4.57) 

This initial-value problem governs the phase trajectory of the system of Eq. (4.56). The solution 
to the problem of Eq. (4.57) is given by 


X = (^ + S)e (4.58) 

Let us find the maximum value of the coordinate x which we will denote by D+. Since the 
majdmum x corresponds to x = 0, we obtain D+ by setting x = 0 in Eq. (4.58) and solving the 
resulting equation for x. This yields 



c + Sb 
c 


Consider now the motion of the system when subjected to the external disturbance 


(4.59) 



for 0 < f < r* 
for t > t' 


(4.60) 


where constant /o > 0 and r* > 0 are related by /qt* = 5. On the time interval [0, r*], the motion 
is described by the initial-value problem 


X -f- 6x^ -I- cx = /o, x(0) = 0, x(0) = 0. (4.61) 

Equation (4.61) is a separable equation for the velocity x. By integrating this equation and taking 
into accoimt the second initial condition in Eq. (4.61) we obtain the solution, which in an implicit 
form is given by 
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(4.62) 



1 r , + , x{t)+v^, 

(c2 + 46/o)^/- V. V+ ' 

The value of i(r'*) is found by solving Eq. (4.61) for x and setting t = t" = S/Jq. It is given by 


- 1) ^ _ S{c^ + 46/o)^/2 

Xy^T ) . i\ ^ ^ r ' 

[v. - v+e^) fo 


(4.64) 


Let /o —» 0 in Eqs. (4.63) and (4.64), to find that 


Um x(t') = 0 , lim x(t*) = —. 
/o-O /0-.0 ^ ' c 


(4.65) 


Denote D, = S/c and compile the ratio 


£± 

D, 


ln(l + Q) Sb 

—i- '-< 1 , a = —, 

a c 


(4.66) 


where D+ is defined in Eq. (4.59).The inequality in Eq. (4.66) shows that in this example the 
maximum displacement caused by the disturbance of Eq. (4.60) can exceed the maximum 
displacement corresponding to the instantaneous impact F{t) = S5{t). Note that both of the 
disturbances belong to the class $ defined by Eq. (4.6). 


4.2.2 Limiting Isolation Capabihties. 


Let us return to the problems of finding isolator characteristics providing the guaranteed 
minimum of the isolation performance criterion (Problems 4.1 and 4.2 ). Let the class $ of 
possible external disturbances be defined by Eq. (4.6), and the class Y of admissible isolator 
characteristics by Eq. (4.22). As indicated in Section 4.2.1, these problems are then reduced to 
the problems of optimal protection against an instantaneous impact of the maximum allowable 
intensity, i.e. F = S6{t). The isolator design problems for a prescribed impulse disturbance have 
been treated in depth in Chapter 2. According to the results of Section 2.3.5, all isolators of the 
class of Eq. (4.22) with c = 0, ^p{k,x) = k, and h + k = U are solutions to Problem 4.1, i.e.. 
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Uo = hq + ksiga{x), h + k = U, ( 4 . 67 ) 

where q is the dry-friction characteristic defined in Eq. (4.22). In this case, the maximum (over 
F € $) of the performance criteria Ji(n, F) and J 2 (u, F) (see Eqs. (4.2) and (4.3)) are given by 

m^^ Ji(uo, F) = Ji(uo, S6{t)) = 
max J 2 {uo, F) = Joiuo, S6{t)) = U. 

Fe<i> 

% 

The characteristic of Eq. (4.67) corresponds to the passive isolator consisting of a dry-friction 
damper and a bang-bang spring, with the stiffness and the damping factors being appropriately 
adjusted. In particular, for /i = 0 and /c = {7 we have the undamped isolator with a bang-bang 
spring, whereas ioih = U and /c = 0 we have the isolator with the dry-friction damper alone. 

The particular values of the performance criteria indicated in Eq. (4.68) characterize the limiting 
capabilities of protection against the shock disturbance F{t) = S5{t). See Chapter 2, Section 2.2. 
Hence, according to the results of Section 4.2.1, the isolators with the characteristic of Eq. (4.67) 
provide the Umiting performance of protection against the disturbances of the class defined in 
Eq. (4.6). It is worth noting here, that the characteristic of Eq. (4.67) is optimal not only for the 
class of characteristics of the form of Eq. (4.22) but for the class of all piecewise continuous 
fimctions of the phase variables of the system of Eq. (4.1). It follows from Eq. (4.68) that the 
optimal value of the criterion to be minimized (the maximum displacement of the body being 
isolated) monotonically decreases with the increase in the value of the constraint parameter U, 
while the constrained functional (the peak absolute acceleration) assumes its maximum allowable 
value. Hence, according to Theorem 1.1, Problem 4.2, which involves the minimization of the peak 
acceleration of the body to be isolated with the constraint imposed on its displacement, is the 
reciprocal of Problem 4.1. The optimal values of the performance criteria in Problem 4.2 are given 
by 


max JsK, F) = JjK, S6[t)) = g, 

max Ji(tt°,F) = Ji{u^,S5{t)) = D (4.69) 

and the isolator characteristic that implements the optimum has the form 

vP = hq + ks\gu{x), h + k = S-/2D. ' (4.70) 

The isolators of the two-parameter family of Eq. (4.70) provide the limiting performance of 
isolation against the disturbances of the class of Eq.(4.6), in the case where the peak acceleration 
of the body being isolated is the optimization criterion. 

Recall that among the isolators implementing the limiting capabilities of protection against the 
instantaneous impact of known intensity (F(t) = S6{t)), there is an isolator with a linear spring 
and a quadratic damper (see Chapter 2, Section 2.3.5). It is interesting to investigate whether this 


170 




isolator also provides the best possible protection against the class of integrally constrained 
disturbances of Eq. (4.6). The ainswer is no. 

Consider, for example, Problem 4.2 for the case where the isolator consists of a hnear spring and a 
quadratic damper and at the initial instant the body being isolated rests at the state 
a:(0) = 0, i:(0) = 0. In this case, the system of Eq. (4.1) has the form 


X + ci"sign(i) 4-fcx = F(t), x(0) = 0, x(0) = 0, (4-71) 

where c > 0 and fc > 0 are the damping and stiffness coefficients to be found as a result of solving 
the optimization problem. 

Without loss of generality, assume 5 = 1 in Eq. (4.6) and D = 1 in the statement of Problem 4.2. 
To achieve this, introduce dimensionless (primed) variables and parameters 

= = c’ = cD, k' = k^. = (4.72) 

In the following, we use the dimensionless variables without primes. 

It was shown in Chapter 2 (Section 2.3.5) that the isolator with a quadratic damper and a Unear 
spring provides the best possible protection against the instantaneous impact of unit intensity 
{F{t) — 6{t)) if the damping and the stiffness coefficients are c = 0.5 and k — 0.5. This isolator 
would provide the optimal protection against the distxirbances of the class of Eq. (4.6) if the 
instantaneous impact F{t) — 6{t) were the worst (in the sense of Problems 4.3 and 4.4) 
disturbance. However, this is not the case. 

Let us consider the disturbance defined in Eq. (4.60) where /o and r" are related by /o r* = 1 eind 
calculate (numerically) the values of the criteria Ji and J 2 (Eqs. (4.2) and (4.3)) for the system of 
Eq. (4.71) with c = 0.5 and k = 0.5. The results axe presented in Table 4.1 for some values of r*. 

Table 4-1. The peak displacement and the peak acceleration versus the disturbance duration for 

the system with a Unear spring and a quadratic damper 


r* 

Ji 

J 2 

0.20 

1.01 

0.510 

0.50 

1.02 

0.527 

1.00 

1.04 

0.539 

1.80 

1.05 

0.535 


On the other hand, as shown in Section 2.3.5, if F{t) = 6{t), c = 0.5, and k = 0.5 in the system of 
Eq. (4.71), then Ji = 1 and J 2 = 0.5. By comparing these values with those given in the table, we 
see that there are disturbances belonging to the class of Eq. (4.6) that give rise to greater values 
for both the functionals Jj and J 2 than the instantaneous impact generates. Thus, the isolator 
with a linear spring and a quadratic damper providing the optimal protection against the impact 
F[t) = 6{t) is not an optimal isolator for the class of integrally constrained disturbances. 
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This conclusion applies for Problem 4.2. It is also valid for Problem 4.1. This follows from the 
reciprocity (in the sense of Theorem 1.1) of the problems. 

It was shown in Section 2.3.5 that among the passive isolators with power law characteristics only 
four kinds of isolators provide the best possible protection against the instantaneous impact. They 
are 

1) the isolator with the linear spring and the quadratic damper; 

2) the isolator with the dry-friction damper alone; 

3) the isolator with the bang-bang spring alone; 

4) the isolator with the dry-friction damper and the bang-bang spring. 

Of these isolators, isolators (2) to (4) also provide the best possible protection against the class of 
Eq. (4.6) of integrally constrained distmbances. Isolator (1) does not possess this property. 

4.2.3 Parametric Optimization. 

Consider a special case of Problems 4.1 and 4.2 where the set Y of admissible isolator 
characteristics is a parametric family of functions depending on x and x. In this case, the 
minimization in Eqs. (4.4) and (4.5) is performed with respect to a finite number of variables (the 
parameters of the family). However, in the general case, the problem is not reduced to the 
constrained minimization of a function of a finite number of variables, because for each candidate 
u € y we have to determine the maxima of the performance indices Ji and J 2 with respect to 
F e (Eqs. (4.4) and (4.5)). Since $ is not a parametric family, this can involve a rather 
complicated variational problem (see also Section 1.3 of Chapter 1). The computational 
techniques of Chapter 8 provide versatile alternatives for solving this class of problems. 

The situation is significantly simplified if it is possible to identify the disturbance F which is 
independent of u and maximizes both functionals Ji{u, F) and J 2 {u, F) for all u G Y. In this case 
the problem is reduced to the parametric optimization of the isolator characteristics. 

In Section 4.2.1, it was shown that for all characteristics belonging to the class of Eq. (4.22), the 
worst disturbance of the class of Eq. (4.6) is the instantaneous impact F = S6{t). Hence, if the 
parametric family F is a subset of the class of Eq. (4.22), Problems 4.1. and 4.2 for the 
optimization of isolators for the class of disturbances axe reduced to finding optimal parameters of 
the isolator to ensure the best protection from the instantaneous impact of given intensity. In 
other words, in this case, the problem is reduced to the constrained minimization of a function of 
a finite number of variables. 

Consider the example of linear spring-and-damper isolators with the characteristics 


u{x,x,c, k) = cx + kx, c > 0, k>0. (4-73) 

It is evident that the parametric family of characteristics of Eq. (4.73) is a subset of the class of 
characteristics of Eq. (4.22) where h = 0 and ip{k,x) = fc|a;|. Hence, the optimal parameters c and 
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k of the isolator (4.73) are those providing the optimal protection of the object being isolated 
against the impact F = S 6 {t) and we can make use of the results of Section 2.3.4. 

The optimal parameters minimizing the peak acceleration under the constrained displacement of 
the object are given by Eq. (2.131). In these equations, set 5 = 1, r = 1, replace /? by 5. and 
substitute for (c°)' and (fc°)' the appropriate values from Table 2.1. The corresponding optimal 
values of the performance criteria are given by Eq. (2.132). Thus, the optimal stiffness and 
damping factors of the linear isolator solving Problem 4.2 (for Y defined by Eq. (4.73)) are 

0.485^, A:0«0.36i|^, (4.74) 

and the optimal values of the performance criteria are expressed as 

max J 2 (u°,F) = J 2 {u^,S 6 {t)) = 0.521 — , (4.75) 


max Ji(u°,P) = Ji{u^,S6{t)) = D, 

where = c^x + k^x. 

Similarly, on the basis of Eq. (2.134), we obtain the optimal parameters of the linear isolator of 
Eq. (4.73) solving Problem 4.1 

U 

cq ~ 0.931—, fco ~ 1.330-^ 

and the corresponding optimal values of the performance criteria 

52 

m|^ Ji(uo,F) = Ji{tLo,S6{t)) = 0.521 — 

max J 2 {uo, F) — J 2 {uo, S5{t)) = C/, 

where uq = cqx 4- kgx. 

Note that Problems 4.1 and 4.2 for $ defined by Eq, (4.6) and Y defined by Eq. (4.73) are 
reciprocal to each other (in the sense of Theorem 1.1), and Eqs. (4.76) and (4.77) can be obtained 
from Eqs. (4.74) and (4.75) by applying Theorem 1.1. 

The comparison of the values of Eqs. (4.75) and (4.77) of the performance criteria with the 
corresponding values in Eqs. (4.68) and (4.69) characterizing the Umiting isolation capabilities 
shows that the optimal linear isolator provides rather effective protection, inferior to the limiting 
capabilities of isolation by only 4%. 


(4.76) 

(4.77) 
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4.3 OPTIMAL PROTECTION AGAINST SUCCESSIVE IMPACTS. 

4.3.1 Problem Formulation. 

In Chapter 2, we studied in some detail the problem of optimal protection of an object mounted 
on a rectilinearly moving base against a single instantaneous impact of known intensity. In actual 
operating conditions, a system with isolators can undergo several impacts separated by time 
intervals. As a rule, the directions and the intensities (absolute values of impact impulses) of the 
impacts, as weU as the time intervals between them, are not known precisely, and one can o-ive 
only some estimates for these characteristics of the applied disturbance. 

Consider again the object to be isolated mounted on a rectilinearly moving base. The object can 
move relative to the base along the line of the latter’s motion. The base is subjected to a 
succession of instantaneous impacts separated by time intervals. The body being isolated is 
assumed to rest (relative to the base) at the initial instant t = 0 at the position corresponding to 
X = 0. In this case, the relative motion of the object being isolated is governed by the initial value 
problem of Eq. (4.1), with to = 0, = 0, = 0, F(t) = ai5(t - T;). That is. 


x + u{x,x,t) 

x(0) = 0, x(0) = 0, 


(4.78) 


where Cj is the increment of the relative velocity of the body resulting from the ith impact, Ti is 
the instant of the zth impact, and N is the number of impacts. 


4.3.1.1 Problem 4.5 . Find a piecewise continuous isolator characteristic ti(x, x, t) which satisfies 
the constraint 


|u(x,x,t)| < U 

and minimizes the functional 


(4.79) 


under the constraints 


J{u) = max max max |x(t) | 

Ti Oi t 


(4.80) 


kl<^ Ti = o, r.+i-r, >To 
(z = l,2,...,iV), 


(4.81) 


where, U,A, and To are specified positive numbers and x{t) is the solution to the initial-value 
problem of Eq. (4.78). The constraints of Eq. (4.81) ensure that (1) the absolute value of the 
increment of the relative velocity of the body for each impact does not exceed A, (2) the first 
impact occurs at the initial instant t — 0 (this condition does not lead to a loss of generality), and 
(3) the time between two successive impacts is not less than Tq. 


Problem 4.5 is a particular case of Problem 4.1. For this 
fimctions of x, x, and t, and $ is the set of functions F = 
Eq. (4.81). 


case, Y is the set of piecewise continuous 
Ot^(t — Tj) satisfying constraints of 
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Note that Problem 4.5 involves constructing the optimal isolator characteristic in a feedback form. 
There have been numerous efforts to find the optimal feedback characteristics of shock isolators 
for the case of complete information about the external disturbance. For example, in Troitskii 
(1967, 1976), the optimal characteristic of a passive isolator is determined which provides the 
minimrun absolute value of the displacement of the body to be isolated under the constraint on its 
absolute acceleration, when the external disturbance is a single impact {F{t) = P6{t)). This 
characteristic has a form substantially different from the power law fimctions defined by Eqs. 
(2.30) and (2.112) and does not coincide with any of the optimal characteristics obtained in 
Chapter 2 for the same external disturbance. 

In Bolychevtsev (1971) the feedback characteristic has been synthesized which ensures the best 
protection against periodically repeated impacts that have equal intensities and act in the same 
direction {F{t) = - nT)), and in Bolychevtsev (1973) the optimal isolator has been 

developed for periodically repeated impacts having equal intensities and alternating directions 
{F{t) = Unlike the problems considered by Bolychevtsev, in Problem 4.5 

neither the intensities and directions of individual impacts nor the time intervals between them 
are fixed. 

4.3.2 Optimal Feedback Isolator for the Case of Two Impacts. 

In what follows, we present the solution to Problem 4.5 for the case of two impacts {N = 2). 
Without loss of generality we set 17 = 1 and A = 1. This corresponds to the use of the 
dimensionless (primed) variables 


x' = 

T v V n-’ 

n — -rioi 


4.1 _ U 4 rpt _ U rp 

t J-i — A^i, 


A 

a'. = Si 
— A' 


U = 


“~c;- 

For convenience, we will use the dimensionless variables without primes. 


We seek the optimal isolator characteristic in the form 


(4.82) 


u(x,i) =sign{/(a;,x)}, (4.83) 

where /(x,x) is a function of the phase coordinates to be determined. Then the problem reduces 
to constructing the switching curve f{x,x) = 0 for the optimal characteristic. We will solve this 
problem by investigating the phase trajectories of the system in question. 

4.3.2.1 Phase Trajectories . It follows from the equation of motion of Eq. (4.78) that during the 
time intervals between impacts, the representative (phase) point of the system moves along a 
parabola of the family 


X 


if a = 1 or along a parabola of the family 



(4.84) 
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X = 



(4.85) 


if u = -1. These trajectories are shown in Fig. 4.10. The direction of the motion is indicated by 
the arrows. Equations (4.78) also imply that the time of motion between two points along one 
of the parabolas of Eq. (4.84) or (4.85) is equal to the absolute value of the difference of the 
velocities corresponding to these points, i.e., 


tn = |ii - i2\ ■ (4.86) 

4.3.2.2 Solution of Problem 4.5 for Tp > 1 + V^ .It is shown in Troitskii (1967, 1976) that for a 
single impact {N = 1 in the formulation of Problem 4.5), the isolator u(x,x) =sign(x - l{x)) with 
the switching ciuve 


X = 




if X > 0 
if X < 0 


(4.87) 


is optimal. The curve of Eq. (4.87) coincides with the switching curve of the optimal control force 
driving a single-degree-of-freedom particle of imit mass to the origin of the phase plane {x,x} in 
minimal time, provided the absolute value of the control force is bounded by unity (Pontryagin, et 
al, 1962). The corresponding maximum (over time) of the absolute value of the displacement is 
equal to 0^/2 and the representative point of the system comes to the origin in the time 
t* = |ai| (1 + \/2). Time U is the minimum possible time of arrival at the origin. This indicates 
that in case the system is subjected to only one impact, the worst disturbance, leading to the 
maximum of the peak displacement, corresponds to |ai| = 1. If To > 1 + v^, then the isolator 
with the switching curve of Eq. (4.87) is optimal for an arbitrary number of impacts. In this case, 
the optimal value of the criterion of Eq. (4.80) is equal to 1/2. 


4.3.2.3 Solution of Problem 4.5 for 0 < Tp < 1 + y/2. Sufficient Conditions of Optimality . Let 
the coordinates of the phase point at the instant of the second impact be x and x. The worst 
impact corresponds to [oil = 1, since in this case the phase point jiunps to the parabola of the 
family of Eq. (4.84) or (4.85) with maximum |C| which corresponds to the maximum absolute 
value of the displacement. 


As a result of the impact with co = 1, the phase point can jump to the trajectory of Eq. (4.84) 
with 


C = C: = X + (4.88) 

or to the trajectory of Eq. (4.85) with 

C = C 2 = X - . (4.89) 
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Figure 4-10. 



N' 

Phase trajectories of the system x-^u=E^a. 5 {t-T^ during 
the time intervals between impacts for m=- 1. 
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As a result of the impact with co = —1, the phase point can jump to the trajectory- of Eq. (4.84) 
with 


(7 — C 3 — X 4- 


(x - 1)^ 


(4.90) 


or to the trajectory of Eq. (4.85) with 


C = C4 = X - 


(i- 1)‘ 


(4.91) 


Introduce the notation 


7?(x,x) = {minmaxmax|x(t)| |x(r 2 ) = x, x(T 2 )=x}, (4.92) 

where T 2 is the instant of the second impact. The expression in the curly brackets denotes the 
minmax of the function |x(t)| calculated imder the condition that at the instant of the second 
impact the phase coordinates of the system are equal to x and x. Denote by Q{T, Cj) the set of 
the phase points to which the system can come in a time not exceeding T after the fcst impact, 
provided the body being isolated has acquired the velocity x = oi as a result of this impact. 

By examining various directions of the second impact and analyzing the corresponding phase 
trajectories one can prove that 


(i,i)en(T,aj)na; 


rmn 

(i,i)6n(T,l)un(T,-l) 


if {x,x)euj, 

(4.93) 

r/(x,x)= nun 77(x,x), 

(x,i)en(r,oi) 

(4.94) 

r}{x,x) > min ti(x,x), 

(x,i)GU|e|<in(T,0 

(4.95) 


where, 


a; = {x > 0,x > 0} U (x < 0,x < 0} U {-1 < x < 0,0 < x < 1}U 
U{0<x<l,-l<x<0} 

The inequality of Eq. (4.95) indicates that the least favorable first impact corresponds to |ai| = 1. 
Without loss of generality we will assiune cj = 1. This can always be achieved by a proper choice 
of the x-axis direction. It follows from Eqs. (4.88), (4.91), and (4.93) that r]{x,x) > 1/2, the 
equality holding if and only if x = x = 0. This implies that the optimal value of the criterion J in 
Eq. (4.80) is equal to the corresponding value of r){x,x) and that the optimal value of the 
performance criterion in the case of two impacts is not less than in the case of a single impact. 
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On the basis of the above arguments, we can formulate the sufficient optimality conditions for the 
isolator. 


Proposition 4.1 . The isolator is optimal if it satisfies the following conditions: 

1. At the instant Tq (the nearest possible instant of the second impact), the system is at point 

of the region Q{To, 1) corresponding to the minimum value of r]{x,x). 

2. If the second impact did not occur at the instant To, then ri{x{t),x{t)) < t]{x'.x‘) for t > Tq 
until the second impact occurs. 


3. The value of |x(t)| does not exceed rj{x',x') at any time instant. 


By virtue of Eq. (4.94) we can change Q.{Tq, 1) for Q.{Tq, 1) Pi u; in condition 1. Accordingly, we 
will consider only the isolators satisfying the inclusion (x(To),x(To)) E ^{Tq, 1) fix- . 


Switching Curve of the Optimal Isolator. Consider the isolator with the characteristic 
uo(x,x) =sign(x — ij{x)) whose switching curve is given by 


where 


C £ + l[l - 73(3 - 2v^)]. 

X = 'lp{x) = < —X, 

[ -f-i[l-T3(3-2v^)l. 


if X < —xo 
if — Xo < X < Xo , 
if X > Xo 


(4.97) 


Xo = 1-^o(^/2-1). (4.98) 

The curve of Eq. (4.97) is shown in Fig. 4.11. It is symmetric with respect to the coordinate 
origin and consists of the segment of the bisector of the second and fourth coordinate angles and 
two parabolas. If Tq < (v^ is the time of motion from the point (0,1) along the parabola 

X = -x^/2 + 1/2 until the phase trajectory intersects the fine x = -x), then the isolator with the 
characteristic uo(x,x) brings the system for the time To from the position (0,1) to the point with 
the coordinates x, = —(1 — To)^/2 4- 1/2, x. = 1 — Tq. In this case, the representative point 
moves along the parabola x = -x-/2 + 1/2 . If Tq > V2, then the isolator with the characteristic 
uo(x,x) brings the system for the time To from the point (0,1) to the point (xq, -xq). In this case, 
the representative point first moves along the parabola x = -x^/2 +1/2 until it intersects the 
parabolic part of the curve of Eq. (4.97) and then goes along the parabolic part to the position 
(^0) ^o)- 

For further analysis, let us recall some properties of the time-optimal control, dri\'ing the system 
X + u = 0 from one point on the phase plane to another imder the constraint |u| < 1. It is well 
known, for example, from Pontryagin, et al, (1962), that the optimal control is equal to either +1 
or —1, has at most one switching point, and the switching curve consists of two parabolic parts, 
trajectories of the families of Eqs. (4.84) and (4.85) leading to the desired point P (Fig. 4.12). 
The phase trajectory of the optimal motion consists of at most two parts of parabolas of the 
families of Eqs. (4.84) and (4.85). the part leading to the desired point lies on the switching curve. 
This, in particular, implies that Tq is the shortest time for driving the system from the position 
(0,1) to the position (xq, —xq) if Tq > \/2. 
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Figure 4-11. Switching curve of the optimal control. 
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Let us show that the isolator with the characteristic Uq{x,x) is the optimal isolator. From Eqs. 
(4.88), (4.91), and (4.93), it follows that 


( IC4I, if X < -i: 

r]{x,x) = < |Ci|, if X > -X 

I |C'il = |C4l = f+ if x = -x 


(4.99) 


If To < V 2 , then 


dT}{x, x) 
dx 


-1, 

if 

X < —X 

1, 

if 

X > —X 

X, 

if 

X = —X 


where 


T}{x,,x,)= min ??(x,x), 
(i,i)en(To,i) 


(4.100) 


x. = -(l-ro)V2 + l/2, x. = l-To. (4.101) 

Indeed, it follows from Eqs. (4.101), (4.99), and (4.88) that t]{x„x,) = x. + (x. + lf/2. The 
aforementioned properties of the time-optimal motion and the relation of Eq. (4.86) ensure that 
the phase trajectory cannot intersect the line x = -x for the time less than \f2. Hence, if 
To < v^, then the phase points (x,x) satisfying the relation t]{x,x) < t}{x,,x.) he in the region 
defined by the inequalities 


(x + 1)^ (x,.+ l)^ 

< X. -t- ^ \ x>-x 


or, which is equivalent, by the inequalities 


(4.102) 


X + 


(x -t-1)^ 
2 


X. - 1 < 0, i > -X. 


(4.103) 


This region is shown shaded in Fig. 4.13. It follows from the properties of the time-optimal 
motion and from Eq. (4.86) that the phase point cannot enter the shaded region for the time not 
exceeding Tq. This completes the proof of the relation of Eq. (4.100). Similar arguments, although 
somewhat more complicated, prove that if To > V2, then 


ry(xo,-Xo)= min r]{x,x), (4.104) 

(i,i)en(To,i) 

where xq is defined by Eq. (4.98). Hence, the isolator with the switching curve of Eq. (4.97) 
satisfies condition 1 of Proposition 4.1, with x* = x. and x* = x., for Tq < ^2, and x* = xq and 
X* = -xo, for To > y/2. It also satisfies conditions 2 and 3. This follows from the shape of the 
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phase trajectories corresponding to this isolator and from the relation of Eq. (4.99). Hence, the 
isolator with the characteristic uq{x,x) =sign(x — ip{x)) is optimal. 

The value of the performance criterion of Eq. (4.80) corresponding to the optimal isolator is o-iven 
by 


r 2-To, if To <72 

= ( l + if V2<To<l + V2 . (4.105) 

[ 1/2 if To > 1 + ^ 

Note that xq -> 0 as To 1 + 72 and the switching curve of Eq. (4.97) tends to the switching 
curve of Eq. (4.87) corresponding to the control driving a particle to the coordinate origin in 
minimal time. It is evident from Eq. (4.105) that J{uq) —* 1/2 as Tq — ♦ 1 -f 72. 

Note also the presence of the sliding mode in the operation of the optimal isolator. The sliding 
mode occurs when the phase point moves along the bisector of the second and fourth coordinate 
angles. 

4.4 SUMMARY OF THE BASIC RESULTS. 

The single-degree-of-freedom system with the isolator consisting of a linear or nonlinear spring, a 
viscous hnear damper, and a Coulomb damper was considered. The system is subject to an 
unknown external disturbance which is assumed to belong to a prescribed class. This class of 
disturbances is defined as functions of time for which the integral of the absolute value does not 
exceed a specified number. It is established that the worst disturbance of this class is the 
instantaneous impact with the maximum allowable intensity. It is important that the 
instantaneous impact with the maximum allowable intensity provides the maximum value for both 
the peak displacement of the body to be isolated and the peak force transmitted to the body for 
any stiffness and damping coefficients of the isolator. Note that this property is proven only for 
the isolator consisting of a linear or nonlinear spring, a viscous Unear damper, and a Coulomb 
damper and is not vahd in the general case. For example, it is shown that for the system 
consisting of a hnear spring and a quadratic law damper, the instantaneous impact with the 
maximum allowable intensity is not the worst disturbance. 

The isolator consisting of the bang-bang spring and the Coulomb damper with the corresponding 
stiffiiess and damping coefficients implements the Umiting isolation capabilities for the class of 
disturbances subject to the integral constraint. 

The problem of the optimal isolation of a single-degree-of-freedom system for the case where the 
external disturbance is a series of instantaneous impacts was considered. The intensities and 
directions of these impacts, as well as the time intervals between them are not completely 
prescribed. It is known only that the intensity of each of the impacts does not exceed a specified 
value and the time interval between two successive impacts is bounded from below by a prescribed 
number. The force transmitted to the body to be isolated is subject to the constraint. The 
bang-bang feedback control of the isolator providing the minimum for the peak displacement of 
the body is constructed for the case of a series of two impacts. 
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SECTION 5 


OPTIMIZATION OF SHOCK ISOLATORS FOR AN OBJECT WITH 
INCOMPLETELY PRESCRIBED MASS 


5.1 STATEMENT OF THE PROBLEM. 

Consider a single-degree-of-freedom system subjected to an instantaneous impact of intensity /5 
(Fig. 5.1). This system is governed by the initial value problem (see also Eqs. (2.4) and (2.13)) 

mx + f{x,x)=0, x(0) = 0, x(0)=/3, (5.1) 

where f{x,x) is the passive isolator characteristic (the force applied to the body by the isolator) 
and m is the mass of the body. We assume that f{x,x) is a function of a certain class Y, which 
will be specified in what follows. The mass m is the unknown parameter that can take values in a 
prescribed interval mi < m < m 2 . 

We restrict our consideration to passive isolators having power law characteristics of the form 

/(x,x) = c|i|''sign(x) + fcla:l’'sign(x), r > 2, n > 1. (5.2) 

Thus, the class Y is a four-parameter (c, k, r and n) family of functions and the initial value 
problem of Eq. (5.1) becomes 


mx -I- c|x|’'sign(x) 4- A;lx|’'sign(x) = 0, r >2, n> 1, 


(5.3) 


x(0) = 0, x(0)=/3, me [mi,m 2 ]. 


Note that the isolator characteristics specified by Eq. (5.2) satisfy Assumptions 1 to 5, 
enumerated in Section 2.3.2, and the inequaUty of Eq. (2.77). For such characteristics, all 
properties of the performance indices established in Section 2.3.2 are valid. 

Let us fix the parameters r and n and consider the optimization with respect to the damping 
coefficient c and the stiffness coefficient k. The performance criteria are specified as 


Ii(c,k,m)= max |x(t;c, fc,m)|, 

£e[0,oo) 


(5.4) 


12 ( 0 , k,m) = max \x{t-,c, k,m)\ = 
tefo.oo) 


(5.5) 
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Figure 5-1. Single-degree-of-freedom model for an object 

connected to a moving base with a passive isolator. 
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— max lc|x(i;c, fc,m)|''sign(i(i;c, fc,Tn)) + A:|x(i; c, A:, m)|"sign(x(i; c, A:, m))|. 

m f€lO,oo) 

where x{t;c,k,m) denotes the solution of the initial value problem of Eq. (5.3). In what follows, 
we will often omit the parameters c, A:,and m in the list of the arguments of the function x so that 
x(t; c, k,m) will be written as x{t). Criterion ly defines the maximum value of the displacement of 
the body being isolated, while criterion h the maximum value of its absolute acceleration. 

5.1.0.1 Problem 5.1 . Find parameters Cq > 0 and Atq > 0 such that 


max /i(co, A:o,m) = min majc Ii{c,k.m), 

m€[Tni,m 2 l mC[mi,7712] 


max l 2 {co,ko,m) < U. 


(5.6) 

(5.7) 


5.1.0.2 Problem 5.2 . Find parameters c° > 0 and A:° > 0 such that 


max l 2 {c^,k^,'m) — min max l 2 {c,k,Tn), 
m€(mi,m 2 l c>0,fc>0 mSlrru.mj] 


(5.8) 


max I\{(P,k^,m) < D. (5.9) 

In Problem 5.1, the guaranteed minimum of the peak displacement of the body to be isolated is 
sought, with a constraint being imposed on its absolute acceleration. In Problem 5.2, which is the 
reciprocal of Problem 5.1, the guaranteed minimum of the peak acceleration is sought with a 
constraint on the displacement of the body to be isolated. 

Note that the maximum of the function / 2 (c, k,m) of Eq. (5.5) with respect to m expresses the 
mavimiiTn (with respect to m) of the peak acceleration of the body being isolated. The maximum 
of the peak acceleration of the body and the maximum of the peak transmitted force correspond 
to different values of m. As a consequence, unlike the ceise of a fixed m. Problem 5.2 is not 
equivalent to the problem of maximization of the peak force transmitted to the body being 
isolated. Also, the constraint of Eq. (5.7) on the maximum (with respect to m) of the peak 
acceleration is not equivalent to the constraint on the maximum (with respect to m) of the peak 
force transmitted to the body. 

5.1.0.3 Example 5.1. Maxima of the Peak Force and the Peak Acceleration. Undamped Linear 
System. Set c = 0 and n = 1 in Eq. (5.3). Then this equation becomes 


mx + A:x = 0, x(0) = 0, x(0) =/3. (5-10) 

The solution of (5.10) is given by 
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(5.11) 


x{t) =13 




Differentiate function (5.11) twice with respect to time to obtain 


which gives the peak acceleration 


i(f) =/? 




(5.12) 


and 


max 

t 


|f(t)l =/3 



(5.13) 


max max|i(t)| 

m€(Trn,m2) t 



(5.14) 


On the other hand, according to (5.10), the force acting on the body is equal to -kx. Accordingly, 
the peak magnitude of the force is 


and 


max |A:x(t)| = mpc 




(5.15) 


max max.\kx{t)\ = (5.16) 

m€[mi,m2] t ' ' 

It is evident from (5.14) and (5.16) that the maximum of the peak acceleration occurs at m = mi, 
whereas the maximum of the peeik force occurs at m = m 2 . 

5.2 ANALYSIS OF THE OPTIMIZATION PROBLEM. 

5.2.1 Formulation of the Problem in Dimensionless Variables. 

Begin by solving Problem 5.2, where the performance index to be minimized is the peak 
acceleration of the body to be isolated, while the peak displacement of the body is subject to a 
constraint. Recall that we are considering the case where the system is subjected to an 
instantaneous impact from which the body receives an initial velocity f3. Introduce the 
dimensionless variables and parameters 


X = 


X s ign(/?) 
D 


t' = 


tm 

D 


c = 


cD|,5|'-- 


k' = 


m> 


m20- 


(5.17) 
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7712 ^2 

m ’ TUx 

The value of the dimensionless parameter a changes as the mass m of the body changes. Since m 
belongs to the interval mx < m < m 2 , the dimensionless parameter a falls in the interval 
1 < a < ao- Substitute the expressions of Eq. (5.17) into Eq. (5.3) to obtain 


X + ac|i:|''sign(i:) + Q:A:lx|”sign(a:) = 0, r > 2, n > 1, (5-18) 


x(0)=0, x(0) = 1, ae[l,Qo]. 

In Eq. (5.18) and in what follows, the primes indicating the dimensionless variables are omitted. 
In the new variables, Problem 5.2 is reformulated as 

5.2.1.1 Problem 5.2a . Find c° > 0 and > 0 such that 


max 72(c°,fc°,a)= min max 12 ( 0 ,k,a), (5.19) 

ae[l,ao| c>0,fc>OQ€[l,aol ^ .. 


Here, 


max /i(c°,fc°,Q:) < 1. 

ct€[l,cto] 


(5.20) 


Ii{c,k,a)= max !ar(t)|, (5.21) 

t€[0,oo) 

/ 2 (c, A:,q) = a max |c|x(t)l''sign(x(t)) + fc|x(t)|”sign(x(t))|, (5.22) 

t€[0,oo) 

where x(t) denotes the solution of the initial value problem of Eq. (5.18). Note that the 
optimization problem defined by Eqs. (5.18), (5.19), and (5.20) contains only one parameter, 

Qg = 7712 / 7711 , to characterize the uncertainty in the magnitude of the mass of the body to be 
isolated. 

5.2.2 Preliminary Consideration. 

According to Proposition 2.3 in Chapter 2, the fimction Ix{c, k, a) monotonically decreases as the 
products ac and ak increase. Hence, the criterion Ix{c,k,a) monotonically decreases as the 
variable oc increases, and, therefore, 


max Ix{c,k,a) — Ix{c,k,l). (5.23) 

Qe[l,aol 
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Physically, this result is expected. For prescribed initial velocity and isolator parameters, the 
greater the mass of the body to be isolated, the greater the maximum of its displacement. 

Since we assumed r > 2 and n > 1 in Eqs. (5.3) and (5.18), the function / 2 (c, k,a) can be 
represented as 


l 2 {c,k,a) = amax{c,k[Ii{c,k,a)]^}, Qe[l,Qo], (594) 

according to the results of Section 2.3 of Chapter 2 . In this case, the maximum value of the 
absolute acceleration of the body to be isolated occurs either at the initial time instant or at the 
instant at which the body’s relative velocity vanishes for the first time. According to Eqs. (5.23) 
and (5.24), Problem 5.2a can be reformulated as 

5.2.2 .1 Problem 5.2b . Find the optimal parameters c® and such that 


max max{ac°,QA;°[/i(c°,A:°,a)]”} = min max maxfac, qA:!/, (c, fc, a)!"}, 

ae[l,aol c,k a6[l,Qol L IV . . /J 


provided the constraint 


(5.25) 


/iCc”,*”,!) < 1 (5.26) 

is satisfied. 

It can be shown that the optimal parameters lie on the curve 


Fi = {c,fc :/i(c,A:,l) = 1 }. (5.27) 

To prove this fact, it is sufficient to show that the parameters c and k minimizing the criterion 
h{c, k, a) of Eq. (5.24), under the constraint of Eq. (5.26), for any fixed a, belong to the curve Fi 
of Eq. (5.27). The proof of the latter property virtually coincides with the proof of Proposition 
2.7 in Chapter 2 . 

According to Proposition 2.3, the criterion Ii{c,k, 1 ) monotonically decreases with respect to c 
and k. Hence, by the implicit function theorem, the equation /i(c, fc, 1 ) = 1 specifying the curve 
r 1 , can be represented as a monotone decreasing function 


k = ki{c). (5.28) 

Substitute the variable k of Eq. (5.28) into Eq. (5.24) to obtain the function 

6>(c,q) = l 2 {c,ki{c),a) = maxfac, aA:i(c)[Ji(c, A:i(c), a)]'*}, (5.29) 

which represents the criterion l 2 {c,k,a) on the curve Fi. Since the optimal parameters c° and k^ 
belong to the curve Fi, to solve Problem 5.2b one should find the optimal parameter from the 
minmax condition 
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(5.30) 


max 0(c°,Q;) = min max 9(c, 

ae[l,ao] c>0 aS[l,Qol 


q) 


for the fimction 9{c,oc). Then the optimal parameter k° is determined by 


A:° = A:i(c°). ( 5 . 3 I) 

With allowance for the properties of the function ki{c) of Eq. (5.28) and the fimction 9{c.a) of 
Eq. (5.29), we can find an interval [ci,C 2 ] 7 ^ [0, 00 ) to which the optimal parameter c° belongs. 
This simplifies the solution of the minmax problem of Eq. (5.30). 

Consider the curve 


= (c, A: : c = fc[/i(c, k, a)]”} (.5.32) 

dividing, for a fixed a, the first quadrant of the cA:-plane into two regions (Fig. 5 . 2 ). To the right 
of and below the curve the criterion 72 (c, k,oc) is represented as 


12 ( 0 , k, a) = Qc 

and the inequaUty 

(5.33) 

c > fc[7i(c, A:, O')]" 

is satisfied. To the left of and above the curve B°‘, 

(5.34) 

/ 2 (c, k, q) = aA;[/i(c, k, a)]". 

and the inequality 

(5.35) 

c < A:[/i(c, fc, a)]” 

(5.36) 


is satisfied. The curve has properties similar to those of the curve B given by Eq. (2.123). In 
particular, the curve can be specified as a function 


k = kB{c,a) (5.37) 

which monotonically increases with respect to c, and, in addition, A:s(0, a) = 0. According to the 
definition of the ciuve B° (Eq. (5.32)), the function kB{c.a) is defined implicitly by the equation 

c = k[Ii{c,k,a)]^. (5.38) 

In Section 2.3.4 of Chapter 2, it was established that the optimal parameters in Problem 2.4, for 
isolator characteristics specified by Eq. ( 2 . 112 ) with r > 2 and n > 1 , are the coordinates of the 
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Figure 5-2. General view of the curve 5“ 
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point of the intersection of the curve B and the curve Fi specified by Eq. (2.117). By using 
arguments similar to those employed in Section 2.3.4 to prove the analogous property, one can 
show that, for a fixed a, the parameters c and k minimizing the criterion of Eq. (5.24) imder the 
constraint of Eq. (5.26) are the coordinates of the point of the intersection of the curve B° with 
the curve Fj of Eq. (5.27). Hence, the optimal point corresponding to the optimal parameters c° 
and in Problem 5.2b (and, consequently, in Problem 5.2a) should be sought among the points 
of intersection of the curve Fi with the curves B° for q € [1,Qo]- 

Denote by c*(a) the value of the parameter c corresponding to the point of the intersection of the 
curves B° and Fi. The function c*(a) is illustrated in Fig. 5.3. Since the curve B° is represented 
by Eq. (5.32) and the curve Fi is represented by Eq. (5.27), the fimction c*(a) is defined 
implicitly by the equation 


kB{c,a) - ki{c) = 0. 


(5.39) 


5.2.2.2 Lemma 5.1 . The function c*(q;) monotonically decreases. 

5.2.2.3 Proof . To prove this lemma, let us show that the left-hand side of Eq. (5.39) 
monotonically increases with respect to both variables c and a. Then, according to the impUcit 
function theorem, the function c*(q:) will be monotonically decreasing. The monotone increase of 
the left-hand side of Eq. (5.39) with respect to c follows from the monotone increase of the 
fimction ksic, a) with respect to c and the monotone decrease of the function A:i(c). Now, let us 
show that the function A:b(c, a) monotonically increases with respect to a. Calculate the partial 
derivative of kB{c,ct) with respect to a using Eq. (5.38), which defines the function A:s(c, a) 
implicitly. This yields 


dkB{c,a) _ f dlk{h{c,k,a))-'] 

n(cliUc,fc.a)l ^ ^ 

The derivative dli{c, k,a)/da is negative, according to Proposition 2.3. The expression in the 
braces on the right-hand side of Eq. (5.40) is positive, according to Lemma 2.1. Thus, the 
right-hand side in Eq. (5.40) is positive, and, hence, function kB{c,oc) monotonically increases 
with respect to a. It is evident from Eq. (5.39) that the left-hand side of this equation also 
monotonically increases with respect to a. 

This completes the proof of the lemma. 

Figure 5.4 illustrates the relative position of the curve Fi and the curves on the cfc-plane. 
Since the function ^^(c, a) monotonically increases with respect to q, all curves lie between 
the curves B^ = {c, k : k = kB{c, 1)} and B°‘° = {c,k : k — fcs(c, Qq)}- Moreover, the larger the 
value of Q, the higher the position of the curve B“. 

It follows from Lemma 5.1 and Fig. 5.4 that the optimal parameter c° in Problem 5.2b belongs to 
the interval [ci, C 2 ], where 


) 


-1 


(5.40) 


Cl = c*(ao), C2 = c*(l). 


(5.41) 
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Figure 5-3. Definition of the function c*(a). 
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0 ^ ^1 c*{a)C2 


Figure 5-4. Relative position of the curves /"j and 5“ on the c^-plane. The 
parameter a lies in the interval \< a < Oq, cf= c-f^ c*(l). 
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Thus, the minmax condition of Eq. (5.30) can be rewritten as 


max ^(c°,q)= min max 0 (c,a). 

06(1,ao] c€[ci,C2| q6[1,qoI 


(5.42) 


From the definition of the function d(c,a) in Eq. (5.29), it follows that 


max ^(c,a) = max{ max ac. rnax {aA;i(c)[/i(c, fcJc),a)]"}} 

06(1, Qo| Q€[l,ao| 06(1,001 ^ 

Introduce the notation 


Then Eq. (5.43) becomes 


7 = -f(c,a) = Q^i(c)[/i(c,fci(c),Q)]", 
cr(c) = niax 7(c,a). 

a€[l,ao] 


max d(c,a) = max{aoc,< 7 (c)}. 

q€[1,oo| 


(5.43) 


(5.44) 

(5.45) 


(5.46) 


5.2.2.4 Lemma 5.2 . The function cr(c) of Eq. (5.45) monotonically decreases. 

5.2.2.5 Proof . The function 7(c,q) of Eq. (5.44) monotonically decreases with respect to c for 
any a. Indeed, according to Lemma 2.1, the function k[Ii{c, k, a)]" monotonically increases with 
respect to k. According to Proposition 2.3, the function /i(c, k,a) monotonically decreases with 
respect to c. As was mentioned above, the function ki{c) monotonically decreases with respect to 
c. The monotone decrease of the function 7 ( 0 , a) with respect to c follows from the cited 
properties of the functions k[Ii{c,k,a)]'^, Ii{c,k,a), and fci(c). Since the function 7 ( 0 , a), which is 
maximized with respect to a in Eq. (5.45), monotonically decreases with respect to c for any a, 
the function cr(c) decreases monotonically. 

Denote the right-hand side of Eq. (5.46) by ^(c), i.e.. 


^(c) = max{aoc, a{c)} (5.47) 

and investigate the function ^(c) on the interval [ 01 , 00 ]. Let us show that either 


or 


^( 0 ) = aoo for oG[ei,Oo' 


(5.48) 
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(0.49) 


''('=). forc€[ci,c) 

' \ aoc, forcG[c, C 2 ] 

The function qqC monotonically increases. The function cr(c) monotonically decreases, according 
to Lemma 5.2. These properties imply three possibiUties for the behavior of the fimction ^(c) of 
Eq. (5.47). 

Case 1. If aoCi > cr(ci), then the line qqc lies above the cimve a(c) on the interval (ci,C 2 ], and 
^(c) = aoC for c € [ci, C 2 ]. See Fig. 5.5. 

Case 2. If aoC 2 < crico), then the line QqC lies below the curve cr(c) on the interval [ci,C 2 ), and 
^(c) = (t(c) for c€ [ci, C 2 ]. See Fig. 5.6. 

Case 3. If neither case 1 nor case 2 occur, i.e., the inequahties aoCi < cr(ci) and Q 0 C 2 > cr(c 2 ) hold 
simultaneously, then the line aoC and the curve (t(c) intersect at some point c € (01,03). See Fig. 
5.7. 

Case 1 corresponds to Eq. (5.48). Case 3 corresponds to Eq. (5.49). Case 2 is impossible, since 
the inequality 

aoC2 > cr(c2) (5.50) 

holds. Indeed , the curve lies below all the other curves B°, a e {I, cto], as shown in Fig.5.4. 
The point with the coordinates c = C 2 and k = A:i(c 2 ) belongs to the crurve B^ and, hence, 
according to Eq. (5.32), 


C2 = A:i(C2)[/i(C2 , fci(C2), 1)]". (5.51) 

Since the point with the coordinates c = co and k = ki{c 2 ) belongs to the curve it lies below 
all the curves B°‘, a € (l,Qo], and according to Eq. (5.36), 

C2 > A:i(c 2 )[/i(c 2 ,A;i(c 2 ),a)]”, Qe(l,Qo]- (5.52) 

Multiply Eq. (5.52) by a to obtain 

ac2 > afci(c2)[/i(c2, A;i(c2),a)]", q € (l,ao]. (5.53) 

With allowance for Eq. (5.44), this inequality can be rewritten as 

ac2 > 7 (c2,Q:), cv € (1,Q:o]. (5.54) 

Since Oq > a, Eq. (5.54) implies 

aoC 2 > 7 ( 02 ,a), ct € (l,ao]. (5.55) 
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Figure 5-7. The function (^c) for the case where qtqCj < a(cj) 
and aQC 2 > o{'^ 2 ) ■ 
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According to Eqs. (5.44) and (5.51), 7 ( 02 ,1) = C 2 , and, since ao > 1 , we have 


aoC 2 > 7(c2,1). (5.56) 

Equations (5.55) and (5.56), combined with the definition of the function cr(c) in Eq. (5.45), imply 
Eq. (5.50). 

It is evident that the minimum of the function ^(c) is provided by the point c = Ci for the case of 
Eq. (5.48), and by the point c for the case of Eq. (5.49). 

5.2.3 Algorithm for Calculating the Optimal Parameters. 

An algorithm for solving Problem 5.2b can now be outlined. To find the desired optimal 
parameters c° and one can follow the steps: 

Step 1. Calculate the function fci(c) of Eq. (5.28) by solving numerically the equation 
/i(c, fc, 1 ) = 1 with respect to k. 

Step 2. Solve the equation c = fci(c)[/i(c, fci(c),Qo)]" for c to find Ci = c*(q:o). 

Step3. Solve the equation c = /!:i(c)[/i(c, ki{c), 1 )]” for c to find ci = c*(l). Note that, according to 
the definition of the curve Pi in Eq. (5.27), Ii{c,ki{c), 1) = 1, and the equation 
c = fci(c)[/i(c, ki{c), 1 )]” becomes c = fci(c). 

Step 4. Calculate cr{ci) for the function cr defined by Eq. (5.45). 

Step 5. If cr(ci) < ocQCi, then the desired optimal parameters are given by 

c° = Cl, k° = fci(ci). (5.57) 

Step 6 . If cr(ci) > aoCi, then solve the equation 


qqc = <t{c) (5.58) 

for c to find the point c in Eq. (5.49). The desired optimal parameters are given by 

c° = c, fc° = fci(c). (5.59) 

Step 7. Calculate the optimal value of the peak acceleration of the body being isolated as 


max / 2 (c°, A;°,q) = ^(c°) (5.60) 

ae[l,ao] 

where the fimction ,^(c) is defined in Eq. (5.47). 

5.2.4 Solutions of the Optimization Problems in the Original Variables. 
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5.2.4.1 Problem 5.2 . In the previous section, we presented an algorithm for the solution of 
problem 5.2b, which is Problem 5.2 represented in the dimensionless variables of Eq. (5.17). We 
can return to the original variables to obtain the formulas for the optimal parameters of the 
isolator and the corresponding values of the performance criteria. Thus, we arrive at the final 
solution of Problem 5.2 


^0 ^ ’^ 2 |/?|' '■ 




(5.61) 


max /2(c°,ifc°,m) = — max /o[(c°)', (A:°)', a], 
me(mi,m2l I? a€[l,Qo| ^ 


(5.62) 


max /i(c°,fc°,m) = Z), (5.63) 

where primes indicate the corresponding quantities represented in the dimensionless variables. 

5.2.4.2 Problem 5.1 . It is evident from Eq. (5.62) that the optimal value of the criterion to be 
minimized in Problem 5.2 monotonically decreases as the variable D, characterizing the 
constraint, increases. Also, as follows from Eqs. (5.63) and (5.9), the optimum occurs on the 
boundary of the admissible set of design variables specified by Eq. (5.9). Hence, Problems 5.1 and 

5.2 are dual to each other, in the sense of Theorem 1.1. Apply Theorem 1.1 to the solution of 
Problem 5.2, given by Eqs. (5.61) to (5.63), to arrive at the solution to Problem 5.1: 


Co 


moC/ f 

W I 


/1.0V 


a€[l,Qo| 


fcn = 


moU 


n+1 


lo^raol 


max /^[(c7 ,(;:7 ,q; 


max h{co,kQ,m) = ^ max 
me[mi,m2l U ae(l,Qol 


max hico, ko, m) = U. 

Tn€[nii ,ni2j 


(c°)', 

(5.64) 

-(n+l) 



(5.65) 


(5.66) 


(5.67) 


5.3 OPTIMAL PARAMETERS FOR THE ISOLATOR WITH A LINEAR SPRING 
AND A QUADRATIC DAMPER. 

5.3.1 Preliminary Analysis. 


Turn now to the problem of finding the optimal parameters of the isolator with a linear spring and 
a quadratic damper. This corresponds to n = 1 and r = 2 in Eqs. (5.3) and (5.18). For this 
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isolator, Eq. (5.18), which governs the motion of the body being isolated when subjected to an 
instantaneous impact, becomes 


X + acx\x\ + akx = 0, 


(5.68) 


2 ( 0 ) = 0, i:(0) = 1, a€[l,Q!o]. 

Recall that a = m 2 /m, and Qq =”^ 2/^11 where m is the incompletely prescribed mass of the 
body to be isolated, and mi and m 2 are, respectively, the lower and upper bounds for the range of 
m. Thus, as m ranges through the interval mi < m < m 2 , the dimensionless parameter a ranges 
through the interval 1 < a < qq. 

According to Propositions 2.1 and 2.2 of Chapter 2, both the peak displacement and the peak 
acceleration of the body occur on the interval 0 <t <t„ where f, is the instant at which the 
velocity x vanishes for the first time. On the interval 0 < f < t,, the velocity is positive (i > 0) 
and, hence, the coordinate x monotonically increases and is noimegative. Therefore, we can take x 
as a new independent variable. This reduces the second-order equation (Eq. 5.68) to the 
first-order equation for the variable y = x 


y~ + acy^+ akx = 0 , y(0) = 1. (5.69) 

Introduce the variable w = y^ to reduce the nonlinear Eq. (5.69) to the linear equation 

dw 

——h 2acw = —2akx, ii;(0) = 1. (5.70) 

The solution to the initial-value problem of Eq. (5.70) is given by 


w{x) = |l 


-—2 [1 ~ exp(2acx)(l — 2aca;)] | exp(—2 q:cx), if c ^ 0 


w{x) = 1 — akx^, if c = 0. 


(5.71) 

(5.72) 


Let us show that for the system described by Eq. (5.68), the relationship 


<7(ci) = aoCi (5.73) 

holds and, hence, according to Step 5 of the algorithm presented in Section 5.2.3, the 
dimensionless optimal parameters are determined by Eq. (5.57). Here, the function cr(c) and the 
value Cl of the parameter c are defined by Eqs. (5.45) and (5.41), respectively. 

5.3.1.1 Lemma 5.3 . For the system of Eq. (5.68), the function ali{c,k,a) monotonically 
increases with respect to the variable a for any c > 0 and k > 0. 
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5.3.1.2 Proof . Since the velocity y of the body being isolated vanishes at the point at which the 
maximum displacement occurs, the equation for Ii = /i(c, k, a) can be obtained by substituting 
X = Ii into the right-hand side of Eq. (5.71) and setting the expression in braces to be equal to 
zero. This yields 


1 - 7^ [1 - exp(2Qc/i)(l - 2ac/i)| = 0. 

Introduce the notation 


(5.74) 


^ = och, 


to express Eq. (5.74) as 


F(c, k,a, z) = I - 


k 

2ctc^ 


[1 


- exp( 2 c 2 )(l - 2cz)] 


(5.75) 


F{c,k,a,z) = 0. (5.76) 

Equation (5.76) specifies the function z{c,k,a) = a/i(c, A:,a) impHcitly. According to the impUcit 
function theorem, the derivative dz{c, k,a)/da is expressed in terms of the function F as 


dz{c,k,oc) dF{c,k,a,z) 


da 


da 


dF{c, k, a, z) 
dz 


-1 


(5.77) 


Differentiation of the function F(c, k, a, z) of Eq. (5.75) with respect to a and 2 yields 


da 


k 

2a2c2 


[1 


— exp{2cz)(l - 2cz )], 


(5.78) 


^ -—zexp{2cz) (5.79) 

It is evident from Eq. (5.79) that dF/dz < 0 for 2 > 0. It can be shown that the e.xpression in 
brackets in Eq. (5.78) is positive for 2 > 0. To prove this, note that the expression in brackets is 
equal zero for 2 = 0. Its derivative with respect to 2 is equal to 4c-2 exp(2c2) and, hence, is 
positive for 2 > 0. Thus, the expression in brackets in Eq. (5.78) monotonically increases as 2 
increases and, hence, dFfda > 0 for 2 > 0. Since dFjda > 0 and dFjdz < 0, the expression of 
Eq. (5.77) implies 


dz{c,k,a) 

da 

Thus, the fimction z{c,k,a) = a/i(c, A:,q:) monotonically increases with respect to a for any 
prescribed c > 0 and A: > 0. 


(5.80) 


This completes the proof of the lemma. 
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It follows from Lemma 5.3 that the function 7 ( 0 , a) defined by Eq. (5.44) monotonically increases 
with respect to a for any c > 0. In turn, this property implies that the maximtun of the fimction 
7 (c, a) over q € [l,Q:o] occurs at a = qq for any c. Hence the function cr(c) of Eq. (5.45) in the 
case in question, is given by 


(t(c) =7(c,q:o) = aofci(c)/i(c,fci(c),Q:o)- (5.81) 

Now calculate cr(ci) according to Eq. (5.81). Recall that the function ki{c) specifies the curve Fi 
defined by Eq. (5.27). The point with the coordinates Ci and ki{ci) is the point of intersection of 
the curve Fi and the curve B°‘, defined by Eq. (5.32), for a = qq- According to Eq. (5.32), the 
relation c = kli{c, k, a) is valid on the curve B^. Hence 


(t(ci) = aoki{ci)Ii{ci,ki{ci),(yo) = aoCi. (5.82) 

Thus, we have proved Eq. (5.73). 

5.3.2 Calculation of the Optimal Parameters. 

According to the algorithm presented in Section 5.2.3, if the relationship of Eq. (5.73) holds, then 
the optimal damping and stiffness coefficients are given by (see Eq. 5.57) 

c° = ci, k° = ki{c.i). (5.83) 

The point with the coordinates given by Eq. (5.83) is the point of intersection of the curve Fi, 
specified by the equation (Eq. 5.27) 

/i(c,fc,l) = l, (5.84) 

and the curve B°°, specified by the equation (Eq. 5.32) 

c = A:/i(c,fc,ao). (5.85) 

First, let us show that Ci ^ 0. It was estabUshed previously that Eq. (5.85) implicitly defines the 

monotonically increasing function k = keic, a) satisfying the relation fcs(0, a) = 0. Hence, c = 0 
implies k = 0. However, for c = 0 and k = 0, the solution of Eq. (5.68) is given by x{t) = t. This 
solution is unbounded and, hence, the values c = 0 and A: = 0 do not satisfy Eq. (5.84). Note also 
that ki{ci) 0. It follows from the fact that the point with the coordinates Ci and fci(ci) is the 
point of intersection of the curves k = A:i(c) and k = ^^(c, qq). However, a point with c 0 and 
k = 0 cannot belong to the curve k = ^^(c, ao). 

It was shown above that if c > 0, then the quantities Ii{c, k, a), k, c, and a are related by Eq. 
(5.74). Hence, by substituting A = 1 and a = 1 into Eq. (5.74) we obtain 

1 - ^[1 - exp(2c)(l - 2c)] = 0, (5.86) 
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which is equivalent to Eq. (5.84). Similarly, by substituting ly = c/k and a = Qq into Eq. (5.74), 
we obtain 


1 


k 

2qoc2 


1 — exp 




which is equivalent to Eq. (5.85). Multiply Eq. (5.87) by 2aoC-/k and find 


2q!oc^ 

k 


For c ^ 0 and A: 7 ^ 0, Eq. (5.88) implies 



(5.87) 


(5.88) 


k = 2aoc^. 

Substitution of Eq. (5.89) into Eq. (5.86) leads to 


(5.89) 


1 - Q!o[l - exp( 2 c)(l - 2 c)] = 0 . (5.90) 

The solution of Eq. (5.90) for c is the desired value ci. 

Equation (5.90) has the unique solution c = Ci and, moreover, Cj € (0, 1 / 2 ). The uniqueness of the 
solution follows from the monotone decrease of the left-hand side of Eq. (5.90). The localization 
of the root of Eq. (5.90) within the interval (0,1/2) follows from the fact that the left-hand side of 
Eq. (5.90) is equal to 1 for c = 0 and is equal to 1 - qq < 0 for c = 1/2. Thus, to calculate the 
root of Eq. (5.90) for any Qq > 1 one can apply the bisection method on the interval [0,1/2). 

According to Eq. (5.83), the value c = Ci is equal to the optimal damping coefficient c°. As follows 
from Eq. (5.90), the value of c° depends on the parameter Oq, i-e., 


c° = c°(ao). (5.91) 

Figtue 5.8 plots c° versus qq. 

From Eq. (5.89), the optimal stiffiaess coefficient is 


k°{ao) = 2ao[c°(ao)]-. (5.92) 

The value of k^ is plotted in Fig. 5.9 as a function of Oq. 

The optimal value of the peak acceleration of the body being isolated is calculated according to 
Eq. (5.60). For the isolator with a linear spring and a quadratic damper, the function ^(c) is given 
by Eq. (5.47) and, hence, 


max / 2 (c°,A:°,a) =^(ci) = ^(c°(qo)) = aoC°(ao). 

a€[l,ao] 


(5.93) 
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The optimal value of the peak acceleration of the body is plotted in Fig.5.10 as a fimction of qq. 
5.3.3 Asymptotic Behavior of the Solution for Large oq. 

Let us investigate the asymptotic behavior of the curves c°(oo), A:°(qo), and qoC°(qo) for large qq, 
where Qq = 1712 /mi. As was mentioned above, the value c°{qo) is the root of Eq. (5.90) for c. 
Divide Eq. (5.90) by oq to obtain 


1 - exp(2c)(l - 2c) = —, (. 5 . 94 ) 

•ao 

where qq = m 2 /mi is the ratio of the upper bound of the range of the mass of the body to be 
isolated to the lower bound of this range. As Oq —► 00, Eq. (5.94) becomes 


1 - exp(2c)(l - 2c) = 0. (5.95) 

It is readily verified that c = 0 is a root of Eq. (5.95). The derivatives of the left-hand sides of 
Eqs. (5.94) and (5.95) are equal to 4cexp(2c). This final expression is positive for c > 0. Hence, 
Eqs. (5.94) and (5.95) have only one root. Since c = 0 is the root of Eq. (5.95), which is the hmit 
case of Eq. (5.94) as oq —> 00, one can expect that for large oq, the root of Eq. (5.94) will be close 
to zero. Expand the left-hand side of Eq. (5.94) into a Taylor series and retain only the first 
nonzero term. Then Eq. (5.94) is approximately 



Solve Eq. (5.96) for c to obtain the desired asymptotic relation 


(5.96) 


c 


0 



ao » 1. 


Substitute Eq. (5.97) into Eqs. (5.92) and (5.93) to find the asymptotic relations 


(5.97) 


a; 1, Oq :§> 1, 


(5.98) 


max /o(c°, A:°,q) « 
aell.aol 



Oq ^ I 


(5.99) 


for the optimal stiffness coefficient and the ma^dmum of the peak acceleration of the body being 
isolated, for large qq- 


It follows from Eqs. (5.97) to (5.99) that the dimensionless damping coefficient c° tends to zero as 
ao tends to infinity, the dimensionless stiffness coefficient tends to a finite limit, and the 
dimensionless optimal value of the performance index tends to infinity, as oq —♦ cc. 


Recall that, according to Eq. (5.17), 
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(5.100) 


m2 



where mi and mo are, respectively, the lower and upper bounds for possible values of the mass of 
the body to be isolated, represented in dimensional variables. As follows from Eq. (5.100) the case 
of large qq corresponds to either m 2 —► oc or mi —>■ 0. In other words, the larger the uncertainU- in 
the knowledge of the mass of the body, the greater the value of the parameter ocq. 

The asymptotic relations of Eqs. (5.97) to (5.99) can appear to be useful for the practical 
calculation of the optimal parameters. The as^miptotic relations relieve the designer of the 
necessity to construct numerically the curves shown in Figs. 5.8 to 5.10 for large qq. To find the 
value of ao beyond which the curves need not be calculated, one may proceed in the following 
manner. Plot the curves according to the closed-form relations of Eqs. (5.97) to (5.99). Then plot 
numerically the curves specified by Eqs. (5.91) to (5.93), proceeding from qq = 1- The numerical 
construction can be halted when the numerical curves come sufficiently close to the as\TQptotic 
curves. 

Finally, represent the asymptotic relations of Eqs. (5.91) to (5.93) in the original dimensional 
variables. The dimensional and the dimensionless variables are related by Eq. (5.17), in which we 
set n = 1 and r = 2, since the isolator with a linear spring and a quadratic damper is being 
considered. The asymptotic relations in the dimensional variables have the form 



(5.101) 



max / 2 (c°,A:°,m) w 
me[mi,m2l D y 2mi 


mo 

— » 
mi 


1 . 


(5.103) 


Equations (5.101) to (5.103) provide the asymptotic solution of Problem 5.2. To obtain the 
solution to Problem 5.1, one may use the relations of Eq. (5.64) to (5.67), where (c°)', [k^)', and 7^ 
correspond to the solution of Problem 5.2 in the dimensionless variables. 


5.4 CONCLUSIONS. 


In this chapter, we have investigated problems of the optimization of characteristics of isolators 
protecting a body from an instantaneous impact when the mass of the body is not precisely 
prescribed. Let us summarize the basic results. 

1. For isolators with the power law characteristics of Eq. (5.2), with the exponents n and r 
satisfying the conditions n > 1 an.d r > 2, the optimal damping and stiffness coefficients lie on the 
boundary of the admissible domain. The admissible domain is specified by Eq. (5.7) for the 
problem of minimization of the maximtun displacement, and by Eq. (5.9) for the problem of 
minimization of the maximiun acceleration. 
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2 . An algorithm to calculate the optimal parameters has been outlined in Section 5.2.3. 

3. The complete solution to the problem of the choice of the optimal damping and stiffness 
coefficients for the isolator consisting of a linear spring and a damper with quadratic characteristic 
has been constructed in Section 5.3. This solution is represented by the plots in Figs. 5.8 to 5.10 
and the asymptotic relations of Eqs. (5.97) to (5.99). 

4. For the system with a linear spring and a damper with a quadratic characteristic, the maximum 
displacement occurs for the maximmn of the possible values of the mass of the body being 
isolated, whereas the maximum of the peak acceleration occms for the minimum value of the mass. 
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SECTION 6 


IMPLEMENTATION OF OPTIMAL SHOCK ISOLATION SYSTEMS 


6.1 CLASSIFICATION OF SHOCK ISOLATORS ACCORDING TO TYPES OF 

CONTROLLERS. 


The isolation systems used in practice can be classified into passive isolation svstems. active 
isolation systems, and adjustable isolation systems. 

Passive isolators that contain elastic and damping members and do not use energ\' sources and 
automatic control systems are most commonly used. The major advantage of these isolators is 
relatively low cost and operating reliability. 

Active shock and vibration isolation systems require a power supply as well as sensors and 
controllers to form the control force to be applied to the object to be protected. Currently, active 
isolation systems have been used in Russia mostly for the protection of devices and equipment 
from low-frequency vibrations. Active systems for shock isolation are relatively rare in practice. 
Possibly, a reason for this is that active shock isolation systems would require a powerful energv- 
supply and high-speed (low response time) controller. 

Adjustable isolators use passive elements (e.g., stiffness or damping elements) that can be adjusted 
(timed or regulated) to the disturbance when operating. For example, isolation systems with 
adjustable hydraulic dampers are controlled by a throttle valve which regulates the conditions of 
flow of the damping liquid. The essential difference of adjustable systems from active ones is that 
in active systems energy is spent directly for the control of the object to be protected, whereas in 
adjustable isolators energy is spent for the control of a tuning device for passive elements. For the 
hydraulic damper, for example, the tuning device is the throttle valve. The control of the tuning 
device require much less energy than the direct control of the object to be protected. 

It is possible, of course, to utilize more than one of the above isolator types in a single isolation 
system. 

The design of the isolation system is critically dependent on the excitation of the base for the 
object to be protected. For example, this base could undergo translation or rotation or could 
perform a more complicated motion. 

6.2 DESIGN OF SHOCK ISOLATION SYSTEMS. 

The major task of the design of shock isolation systems for machines or devices is to provide an 
effective protection from shock excitations and at the same time to ensure that the peak 
displacement of the object to be protected relative to the base lies within admissible limits. 

The design process can be divided into four stages; 
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1. Analysis of characteristics of the shock disturbances on the basis of the statistical processing of 
data of full-scale tests and modeling. Mathematical description of the shock disturbance in the 
form of a set of deterministic excitations or in the form of a stochastic process. 

2 . Determination of maximum loads allowable for the object to be protected and admissible 
overall dimensions of the system. At this stage, the data of the mathematical simulation and 
bench testing of the system to be design are used. 

3. Research and Development: 


The choice of the tvpe of the isolation system (active, passive, adjustable, or combined). 
The choice of the design schematic of the system. 

Construction of the mathematical model of the system and the determination of the desicm 
variables. 


4. Creation of the prototype of the system and testing in various operating conditions. 

Let us discuss in more detail the Research and Development substages. 

The type of the isolation system is determined with allowance for complexity, reliabihty, mass, and 
cost of the system, as well as technological capabilities for manufacturing of systems of this kind. 

The selection of the design schematic of the isolation system involves the selection of the design 
and type of the units of the system, in particular, elastic and damping members. The designer 
makes a final decision after having compared various available units according to the complexity, 
size, mass, cost, and other criteria. 

The construction of the mathematical model and calculation of the design variables of the 
isolator, as a rule, consists of two stages: 


• Creation of a simplified mathematical model for the analytical investigation of the behavior 
of the system to be designed and preliminary determination of the design variables. 

• Development of the complete mathematical model, computer simulation of the system, and 
the final determination of the design variables. 

The natural tendency of designers to make the system more compact and to reduce the force 
transmitted to the object to be isolated leads to the necessity to use methods of optimization in 
designing shock isolation systems. 

The statement of the basic optimization problems and methods for their solution were discussed 
in previous chapters. It should be noted that practical implementation of optimal shock isolation 
systems designed according to the solution of optiihization problems encounters substantial 
difficulties. Let us outline some sources of these difficulties. 


214 



1. Currently, optimal feedback controls have been constructed only for relatively simple systems 
with one degree of freedom. Actual systems, as a rule, are more complex. It should be noted that 
optimal open-loop controls have been constructed (in particular,numerically) also for multi-body 
systems with many degrees of freedom. But practical implementation normally involves a 
feedback system. The synthesis of optimal feedback controls for systems with manv degrees of 
freedom is a challenge. 

2. The designed optimal isolators are optimal only for certain disturbances and can be nonoptimal 
for other ones. Actual systems, as a rule, are subject to unpredictable distmbances that are verv- 
difficult to allow for in designing the optimal isolator. Thus, almost inevitably, the theoretically 
optimal isolator will turn out to be nonoptimal for some of the disturbances. 

On the other hand, it would be a mistake to consider that the mathematical theory of optimal 
design is fully abstract and cannot be applied in design practice. Of great importance for practice 
is the analysis of the isolation system to be designed for the fimiting capabilities (limiting 
performance). The limiting performance analysis involving the solution of optimal control 
problems allows one to evaluate a lower bound for the performance index of shock isolation, for 
example, the peak displacement of the body to be isolated or the peak force transmitted to it. It 
is appropriate to imderline here that, although the limiting performance analysis, as a rule, yields 
an optimal control in an open-loop (feedforward) form, it is not the optimal control that is most 
valuable. More important is the lower boimd of the performance index corresponding to the 
optimal control. Having the lower bound for the isolation performance index available, the 
designer then can construct a feedback controller approximating the lower bound of the 
performance index of the system. At this stage, various methods of parametric optimization can 
be applied. 

6.3 IMPLEMENTATION OF OPTIMAL SHOCK ISOLATORS. 

Consider now designs of optimal shock isolators implemented in the former Soviet Union. We will 
concentrate on passive isolators. So far, active and adjustable isolators have not been used in 
practical systems of shock isolation. Only experimental investigations have been carried out. 

As shown in Chapter 2, for a single-degree-of-freedom system subject to an impulse, the optimal 
isolator minimizing the peak force transmitted to the body to be protected under the constraint 
on its peak displacement must act with a constant force until the peak displacement is reached. 
Recall the problem of limiting capabilities of isolation of a single-degree-of-freedom system from 
an impulsive impact (Fig. 6.1). 

The velocity V can be interpreted either as the velocity at which the object is approaching a fixed 
base or as the relative velocity of the body with respect to the base resulting from an impulsive 
loading applied to the base. The former interpretation is relevant for problems of isolation of an 
object from the shock due to an impact on a fixed solid surface. This is the case, for example, for 
the design of aircraft landing gears or railroad car shock absorbers. The latter interpretation is 
relevant for problems of protection of occupants or devices inside a moving vehicle subject to an 
impact. This is the case, for example, for problems of injury protection of occupants of an 
automobile in crash situations. 
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X is the coordinate of the object relative to the base; 

V is the initial velocity of the body relative to the base; 

-u is the control force transmitted by the isolator to the object 


Figure 6-1. Single-degree-of-ffeedom system. 
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Equation of motion: 


mx + u{t) = 0. 


Initial condition: 


a:(0) = 0, i(0) = V. 


Performance criteria: 


Ji{u) = maxt |x|— peak displacement; 

J 2 {u) = maxt luj— peak force transmitted to the body. 

6.3.0.1 Problem : Find an open-loop control uo{t) such that 


= min J 2 (w), J\{y) < D. 


Solution: 


t£o(t) 


^ 0<t<^ 


771 

= D. 


From the time history of the optimal control, it is apparent that on the time interval from the 
beginning of the control to the instant at which the velocity of the body vanishes, the isolator acts 
on the body with a constant force of magnitude mV'^/{2D). 

In Chapter 2, it was proven that the constant force isolator provides the limiting performance for 
the isolation of an object from an impulsive (instantaneous) impact. Also, passive isolators 
providing the limiting performance of isolation were identified, among which is the Coulomb 
damper and the isolator with a linear spring and quadratic law damper. The constant force 
principle underlies the design of a number of shock isolators which are cmrrently in use. 

6.3.1 Railroad Car Shock Absorber with a Dry-Friction Damper. 

Railroad car shock absorbers are placed at attachment devices of cars and serve for mitigating 
impacts of cars against one another in the formation of a train. 

6.3.1.1 General Schematic of the Shock Absorber . Let us outline the operation of this device. 
WTien the rod (pusher) enters the cylinder, it moves the sliders apart and presses these against the 
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rough internal surface of the cylinder (Fig. 6.2.) This causes friction force between the contact 
surfaces of the sliders and the cylinder. For the rod moving in the positive direction of the x-axis 
the magnitude of the force acting on the rod (by the sHders ) is defined as 


sin/?(sinQ; +/cosq) 

Fix) = P{x) -)--— - - - 

'^sinQ(sin;3 - / cos 3 ) 


( 6 . 6 ) 


where / is the friction coefficient, a and 8 are the angles defined by the geometrical shape of the 
sliders, and P{x) is the force due to the deformation of the elastic member. 


The elastic member is usually either a spiral spring or a pneumatic spring. The pneiunatic sprint- 
is a device containing a compressible volume of gas. For such springs, the ’’elastic" force P is due 
to the gas pressure inside the vohune. Usually, the elastic member is designed so as to make the 
function P{x) is relatively smooth. See, for example, the plot of P(x) for the pneumatic sprint- 
(Fig. 6.3.) 

In Fig. 6.3, D is the design stroke of the rod (the length through which the rod is allowed to move 
into the cyUnder), and Pq is the initial force of the elastic member (for the rod not exerting 
pressure on the sliders). If the operating stroke of the rod is relatively small, the shock absorber 
generates a near-constant force. 

6.3.1.2 Design Calculation . The design variables of this absorber can be adjusted so as to provide 
the constant force Uq to be generated by the optimal isolator for the instantaneous impact. The 
design variables Pq, a,0, and / must be adjusted to satisfy the relation 


IT _ _ p sin/^(sinQ + /cosq) 

2D °sina(sin/3 —/cos/?) ’ 

If the design variables differ from the optimal ones, the force generated by the isolator will 
accordingly differ from the optimal value. To illustrate this, consider a simple example. 

Let us analyze the process of attachment of a car to a train. Let mo be the mass of the car to be 
attached to the train, Vq the velocity at which the car is approaching the train, and Dq the 
maximum allowable stroke of the shock absorber. For the optimal absorber designed for these 
parameters, the design control force is 


Uq 


mpUp- 
2Dq ■ 


( 6 . 8 ) 


Note that we are considering a passive isolator. Hence, the design variables are fixed and cannot 
be adjusted during the operating of the device. Suppose now that the actual mass mi of the car is 
different from the design mass mp. The optimal control force adjusted for the mass mi, the 
velocity of the car and the stroke of the absorber being unchanged, would be 




miVQ- 

2Dq 


(6.9) 
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2- Rod 

3- Sliders 

4- Elastic precompressed member 


Figure 6-2. General schematic of railroad car 
shock absorber. 
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P{x) 



Figure 6-3. Characteristic of pneumatic spring. 
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However, the absorber has been designed for the mass m = mo of the car and, hence, although the 
actual value of m is mi, the control force will be Uq. The actual peak displacement of the car will 
be 


D, = 


( 6 . 10 ) 


From (6.8), (6.9), and (6.10), it is apparent that 


> Uq. Di > Dq 


( 6 . 11 ) 


for mi > mo, and 


Ui < Uq, Di < Dq (6.12) 

for mi < niQ. Hence, for the actual mass exceeding the design mass of the car, the constraint on 
the maximum displacement will be violated. For the actual mass being less than the design mass, 
the absorber will operate within the hmits of the constraints, but the force Uq generated by the 
absorber will exceed the force Ui optimal for the mass m = mi. Thus, in both cases, the 
performance of the shock isolation will be different from the optimal performance. 

A similar analysis can be carried out for the case where the actual velocity V) of impact is 
different from the design velocity Vq. This yields the relations 


u„ Do V?’ 


(6.13) 


where Uq and Dq are the design values related by (6.8), is the optimal value of the force U 
corresponding to the velocity VI, and Di is the peak displacement of the car equipped with the 
absorber designed for the velocity Vq if the actual velocity is Vi. The quantities Ui and Di are 
defined as 


r-r _ ^oVi R rnoV^ 
— “ 7777 "' -^1 = ~ 7777 ~' 


(6.14) 


^ 2Do ’ ^ 2l7o ■ ^ ' 

From (6.13) and (6.14) it is apparent that for the car equipped with the shock absorber designed 
for the impact velocity Vq, we will have 


Di > Dq, Ui > Uq 


for Vi > Vq and 


(6.15) 


Di < Dq, Ui < Uq 


for Vi < Vq. 


(6.16) 
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In the ca^e of ( 6 .I 0 ) the actual displacement of the car wiU exceed the maximum allowable ^ulue 
Dq. In the ca^e of (6.16), the constraint on the maximum displacement wiU be satisfied bv the 
actual control force Uq but the optimal control force L\, corresponding to the velocity V, ' ufill be 
exceeded. ' 

These simple considerations demonstrate that a passive optimal isolator provides the optimal 
performance of isolation only if the actual external disturbance coincides with the desi<m 
disturbance to which the design variables correspond. ° 

In practice, railroad car shock absorbers are designed for the macdmum allowable mass of the car 
and the maximum allowable impact velocity. This is sometimes referred to as the ujorst-case 
design. It provides the guaranteed minimum for the performance index. This means that shock 
absorber so designed demonstrates the optimal performance for the worst disturbance, and for the 
other possible disturbances all constraints are satisfied and the value of the performance index 
does not exceed that corresponding to the worst disturbance. For a disturbance other than the 
worst disturbance, such an absorber is, in general, nonoptimal. 

6.3.2 Hydraulic-Pneumatic Shock Isolator for Aircraft Landing Gear. 

Landing gear shock absorbers are intended for the reduction of forces transmitted to the aircraft 
from the impact during landing, as well as from the disturbances due to unevenness of the runway. 
To be effective, shock absorbers must have appropriate elastic and dissipative characteristics. 

^•3-2.1 ^ Design Schematic of Hydraulic-Pneumatic Absorbers . The shock absorber consists of a 
steel cylinder and a rod which can move in the cylinder in two guide bearings (Fig. 6 . 4 .) One of 
the guide bearings is rigidly attached to the rod and moves together with it^and the other is 
attached to the cylinder. Between the inner surface of the cylinder and the outer surface of the 
rod, in the bottom part of the cyUnder, there is a seahng packing. The guide bearing attached to 

the rod has holes through which the damping liquid can flow into the space between the cylinder 
and the rod. 

Inside the cylinder, there is a tube plunger with holes for the damping hquid to flow through. The 
plunger is attached to the cylinder at the top part. In the space between the internal surface of 
the cylinder and the rod, back valves are placed to hamper the flow of the hquid into this space 
during the backward motion of the rod, thus increasing the damping effect. 

6-3-2.2 Operation of the Shock Absorber. If the shock absorber is unloaded (for e.xample, when 
the aircraft is approaching the landing but has not yet touched down on the rimwav), the rod is 
mo'ved as far as possible out of the cyhnder and the gas in the pneumatic spring chamber occupies 
the maximum possible volume. When the external force is appUed to the shock absorber (for 
e.xample, bv the wheels of the landing gear), the rod moves into the cylinder, and the damping 
liqTiid partially fills the chamber, compressing the gas. This leads to the elastic reaction of the 
pneiunatic spring. As the rod is moving, the liquid flows through the holes in the tube plunger 
producing the damping effect. ° 


6-3.2.3 Forces Acting on the Cylinder when the Rod Moves into it . When the rod moves in the 
cylinder, the latter is acted upon by 
















• the force due to the gas pressure, Fg\ 

• the hydraulic drag force, Fh.', 

• the force of (dry) friction in the guide bearings, F/. 


The total force acting along the axis of the cylinder is 


^ — fg + Fh, + Ff. 


(6.17) 


The major contribution to the total force is that of the components Fg and F/,. The friction force 
Ff makes up about 10% of F. 

Consider the dependence of the forces Fg and F/, on the shock absorber design variables and 
characteristics of motion of the rod in the cylinder. 

6.3.2.4 Gas Pressure Force . We assume the working medium in the pneumatic spring of the 
absorber to be an ideal gas and the process of compression to be polytropic. By definition, a 
polytropic process occurs at a constant heat capacitance. In particular, if the heat capacitance is 
zero, the process is said to be adiabatic. The polytropic process with an ideal gas is characterized 
by the equation 


pt;^= const, (6.18) 

where p and v are the pressure and the volume of the gas, respectively, and x is the poly tropic 
exponent. 

Let po and vq be the pressure and the volume of the gas, respectively, for the home position of the 
rod at which it is moved out of the cylinder by the maximum length; Ai the cross-sectional area of 
the cylinder corresponding to the inner diameter of it; and x the length by which the rod is moved 
into the cylinder. Then the current volume of the gas, corresponding to the position x of the rod. 
is 


v==vo-Aix. (6.19) 

According to (6.18), we have 

pv^ = pov^, ( 6 . 20 ) 

where p is the current pressiue of the gas. Solve (6.20) for p to obtain 

P = Po(^)'. (6.21) 

On substituting (6.19) into (6.21), we arrive at the expression 
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P = Po 


vq 

Vq — AyX 


X 


( 6 . 22 ) 



f," = A.p„, H„=^. (6,24) 

6.3.2.5 Hydraulic Drag Force . Consider a perforated piston (plxinger) moving into a cylinder filled 
with a liquid. In hydraulics, the difference of pressmres of the liquid at the inlet and outlet of a 
channel (hole) is defined as 


Ap = p+- p_ 


cP^l 


(6.25) 


where and p_ are the inlet and outlet pressure, respectively, p is the density of the liquid. Vh is 
the average velocity of flow of the liquid through the channel, and ^ is the drag coefficient. The 
coefficient ^ is determined experimentally. It depends on the viscosity of the liquid and the shape 
of the channel. As a rule, ^ ranges between 2 and 3.The velocity vh. can be expressed through the 
velocity x of motion of the rod from the continuity equation 


v^a — Aox, (6.26) 

where a is the total area of the holes in the plimger and A 2 is the working area of the rod. Solve 
(6.26) for v/i and substitute the result into (6.25) to obtain 


A rP-^2 -2 

~ ^2'^^ ■ 

To determine the force /), acting on the plunger, multiply (6.27) by A.. This yields 


(6.27) 


F;, = ApAo = ^~x-. (6.28) 

^ a 

6.3.2.6 Design Calculation . A simple example can be helpful in studying the process of design of 
the shock absorber for the aircraft landing gear. Consider a one-leg model of landing shown in 
Fig. 6.5. 

The mass of the landing gear, which is much less than that of the aircraft, is neglected. We also 
do not take into account the compliance of the wheel tires. This model corresponds to the 
single-degree-of-freedom system 
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Figure 6-5. One-leg model of landing. 
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mx =-F{x,x)+mg{l — 13), (6.29) 

where x is the length by which the rod of the shock absorber is naoved into the cylinder (the 
coordinate of the system); m is the portion of the mass of the aircraft borne by the leg; vq is the 
vertical velocity of landing; F{x, x) is the magnitude of the force acted on the aircraft, by the 
shock absorber; and (3 is the lifting force coefficient. Since we are considering landing, we assume 
the coefficient (3 to range from 0 to 1. The greater the P, the larger the portion of the weight of 
the aircraft compensated for by the lifting force. In what follows, we assume, for simpliciU', that 
/3 = 1, i.e., the weight of the aircraft is completely coimterbalanced by the lifting force. 

An essential stage of the design of the aircraft landing gear involves the calculation of the design 
variables of the shock absorber so as to provide an effective isolation of the aircraft from the 
impact from landing. 

According to the results of the hmiting performance analysis, the optimal isolator (shock absorber) 
must act with the constant force mVp/{2D), where D is the maximum allowable stroke of the rod 
of the shock absorber (equal to the maximum allowable vertical displacement of the aircraft). 
Hence, to implement the optimal isolator we should choose the design variables so that the relation 

F(x(t),x(t)) = (6.30) 

holds. 

According to (6.17), the force F is the sum of three components, specifically, the gas pressure 
force Fg of (6.23), the drag (damping) force Fh of (6.28), and the force of friction in the guide 
bearings. The friction component is considerably smaller than the other two components and, 
hence, will be neglected in what follows. With allowance for (6.17), (6.23), and (6.28), the isolator 
characteristic F{x,x) can be represented as 


F{x,x) = qx~ + (^(x), 

where 


(6.31) 


^ ^2 a2 ’ 


= K 


^{l-x/H,)^- 


(6.32) 


If the parameters q,Fg, and Hq are constant, then it is not possible by selection of these 
parameters to provide a constant force F. To ensure the constant force, the shock absorber is 
designed so that the coefficient q depends on x. 


Let us find the dependence q{x) providing the constant force ensuring the limiting isolation 
capabilities. The limiting performance of the isolation system corresponds to the following motion 
of the object to be protected (the aircraft): 


x{t) = Vot - 


0<t< 


W 

Vo’ 


(6.33) 
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The decelerating force 




(6.34) 


Fix{t),xit)) = ^ (6.35) 

is constant during the optimal motion. During the motion described by the expressions of (6.33) 
and (6.34), the coordinate x and the velocity x are related by 

•2 1 / 2/1 ^ \ 

^ - K) (1 ~ (6.36) 

into this relation. Substitute (6.35) and (6.36) into (6.31) 


= (6.37) 

The solution of (6.37) for q yields 


To verify (6.36), place (6.33) and (6.34) 
to obtain 

2D 


q{x) 


2 D-x 


(6.38) 


Since the force qx^ is a damping force, the function q{x) must be positive for x < D. Hence, the 
numerator of (6.38) must be positive for x <D. Note that the denominator of (6.38) vanishes at 
X = D, i.e., at the time instant when the displacement of the rod in the cylinder reaches its 
maximum value. Hence, to avoid the tendency of q(x) to infinity as x —*■ D, the numerator of the 
expression of (6.38) must approach zero so that the Umit of the ratio remain finite. These two 
requirements must be satisfied by adjusting the design variables of the pneumatic spring which 
has the characteristic 


where and Hq are defined by (6.24). For the shock absorber under consideration, the 
coefficient has been chosen to be 


Note that 




mvi( py 

2D \ Ho) 


(6.40) 


D<Fo, 


(6.41) 
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since Hq = I’o/Ai is the length of the portion of the cylinder filled with the gas when the rod is in 
the home position. The displacement of the rod cannot exceed this value. 

To provide the value of (6.40) for the coefficient F^. an appropriate amount of gas is pumped 
inside the cyUnder. The final expression for the dependence of the damping coefficient of the 
absorber on the coordinate x has the form 


^ ■m [(I-x/Fo)-^-(l-D/go)x] 

6.3.2.7 Implementation of the Dependence q{x). According to (6.32), we have 


(6.42) 


where p is the density of the damping liquid, Ao is the working area of the rod, and a is the total 
area of the holes of the plunger through which the liquid fiows when the rod moves. To proride 
the dependence q{x) of (6.42), the shock absorber is designed so that the area a \aries as the rod 
moves, the law of variation of a being matched with the function q{x) of (6.42). By virtue of 
(6.42) and (fi.43), we have 


a(x) = 


\cP.M 


V2q{x) 

The function a(x) of (6.44) is plotted in Fig. 6.6. 


1 / 2 - 


(6.44) 


Technically, the variability of the area of the holes through which the damping liquid fiows is 
implemented as follows. A needle of a variable cross-section is attached to the rod (Fig. 6.7.) As 
the rod moves, the needle moves through a hole (channel) and cheinges the clearance through 
which the liquid can flow. By appropriately profiling the needle along its length, we can provide 
the required dependence for a(x). 


6.3.3 Recoil Hydraulic-Pneumatic Isolator for the Barrel of an Artillery Gun. 

When an artillery gun is fired, gim powder gases exert pressure on the bottom of the barrel of the 
grm. To reduce the force transmitted to the gun carriage, the barrel is attached to the grm 
carriage by means of the recoil absorber, which is a sort of shock isolator. The task of the design 
of the recoil absorber involves the determination of the design variables of a hydraulic-pneumatic 
derice so as to minimize the force transmitted to the gun carriage, provided the displacement of 
the barrel does not exceed the maximum allowable value. 


6.3.3.1 Design Schematic of the Recoil Absorber . The design of the recoil absorber has much in 
common with that of the shock absorber of the aircraft landing gear. A design schematic of the 
recoil brake is shown in Fig. 6.8. WTien rod 2 moves into the cylinder, the liquid is displaced 
through channels 4 into chambers Ila and III and compresses the gas. W'e \rill refer to this process 
as the forward movement. It occurs during the barrel recoil. The forward movement is followed by 
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a{x) 



Figure 6-6. Area of hole as the rod moves forward. 
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Gas 


1- Cylinder 

2- Rod 

3- Plunger 


4- Channels for flow of damping liquid 
(forward movement) 

5- Channels for flow of damping liquid 
(backward movement) 


Figure 6-8. Recoil hydraulic-pneumatic isolator for the barrel of an artillery gun. 


the backward movement during which the gas expands, displacing the hquid from chamber II into 
chamber Ila and pushing out the rod. During the backward movement, the velocity of the rod is 
decreased by the hydrauhc drag due to the displacement of the liquid from chamber Ilb through 
channels 5 into chambers I and Ila. ° 

In what follows, we will consider only the forward stroke, since it is this stage of motion in which 
the peak force transmitted to the gun carriage occurs. The design task is to reduce this peak bv 
controlhng the cross-sectional area of channels 5 depending on the displacement of the rod in the 
cylinder. 

6.3.3.2 Mathematical Model ofRecoil . The recoil process can be modeled bv the 
single-degree-of-freedom system shown in Fig. 6.9. The system consists of a body which is 
attached to a fixed base by a hydraulic-pneumatic device and can move along a rough plane 
inclined at the angle with respect to the horizontal. Coulomb friction acts between the body 
and the plane. The system has a stop which prevents the body from moving beyond it. When the 
body is set against the stop, the pneumatic spring acts on the body with a nonzero force pointing 
to the stop. The body is identified with the barrel of the gun, the base, including the inchned 
plane, with the gun carriage, and the hydraulic-pneumatic device with the recoil absorber. The 
angle V'o is the angle of inclination of the gun barrel with respect to the horizontal. 

Introduce the coordinate axis pointing downward along the inclined plane. Place the origin of the 
coordinate system at the position corresponding to the body set against the stop (Fig. 6.9.) 

The motion of the system is described by the differential equation 


mx — —R{x, x) -I- TUffsinpo + t R{t) 

with the initial conditions 


(6.45) 


x(0)=0, x(0)=0. (6.46) 

Here, m is the mass of the barrel, ,R(x,x) is the magnitude of the force exerted on the barrel by 
the recoil absorber, g is the acceleration due to gravity, N is the force exerted on the barrel by the 
gun carriage, and R{t) is the disturbance force due to the firing. The force N is the friction force 
if the barrel does not have contact with the stop. Otherwise, the reaction force of the stop must 
be added to the friction force. 

The characteristic R{x, x) of the hydraulic-pneumatic shock absorber has the form 


R{x,x) 


<Fo 


2a^x) {l-x/Ho)^' 


(6.47) 


(See the section devoted to the shock absorber of the aircraft landing gear.) The first term in 
(6.4/) describes the characteristic of the hydraulic damper and second one the characteristic of the 
pneumatic spring. 
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Figure 6-9. Model of recoil. 
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The time of action of the disturbance R{t) is much less than the time of recoil. Hence, at least at 
the first stage of the design, it is reasonable to assume that the barrel undergoes an impulsive 
shock. Then the barrel instantaneously acquires the initial velocity V, and the motion of the 
system after the shock during the forward movement is described by the equation 


with the initial conditions 


mx = —Rq{x, x) + mg sin jjjQ 


(6.48) 


x(0) = 0, x(0) = V. 


(6.49) 


The quantity Rq in (6.48) is defined as 


Ro(x,x) = R(x,x) + gmg cos t/jq- (6.50) 

The first tern in (6.50) is the isolator characteristic of (6.47) and the second term is the Coulomb 
friction force; g is the friction coefficient. The quantity Ro{x,x) is the force transmitted to the 
gun carriage. 

The design task involves the determination of the law a{x) of variation of the area of the channels 
for the damping liquid flow, depending on the position of the barrel. The function a{x) can be 
constructed so as to provide the minimum peak force transmitted to the gun carriage, satisfying 
at the same time the constraint on the displacement of the barrel. 

The solution of this problem does not differ essentially from that of the problem of the optimal 
design of the shock absorber for the aircraft landing gear. The desired function a{x) is constructed 
so as to ensure that the force transmitted to the grm carriage is constant throughout the forward 
movement and corresponds to the limiting performance characteristic. Accordingly, the quantity 
Ro{x, x) of (6.50) must be a constant defined as 


Ro{x,x) 

Denote the right-hand side of (6.51) by U : 


mV^ 


mg sin ipo- 


U = 


•ml/2 


Solve the equation of (6.50) for R to obtain 


(6.51) 


(6.52) 


• 771 V 

R{x,x) = Ro(x,x) — /^mg cosi/jQ — -I- mg{sin'tpo — ficosxpo). (6.53) 

Equate the right-hand side of (6.53) to the right-hand side of (6.47) and then solve the resulting 
equation for a to obtain 
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D — X 

mV'^/{2D) + mg{smij;o — pcosipo) - (p{x) 


(6.54) 


where 


(/?(x) = 


{l-x/Ho)^' 


The function ip{x) is the characteristic of the pneumatic spring. 
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